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I. Applications of Elastic Solids to Metrology. 
By C. Cunxk, Sc.D., LL.D., F.R.S.* 
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Fundamental Equations. 


$1. THE ordinary conception of a solid is apt to be that 
of a body whose shape and volume are variable only with 
temperature. Elastic changes in dimensions are necessarily 
small in most bodies of limited size, and they are often 
negligible even in exact metrological work. Tbe present 
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tendency is, however, to aim at an increasing accuracy in 
physical measurements, and it is open to doubt whether the 
steps taken in this direction are always guided by a sufficiently 
lively apprehension that solids are elastic, not rigid. The 
object of this paper is to exemplifv the bearing of elasticity 
on physical measurements. Some of the points dealt with 
have met with previous recognition, but so far as my know- 
ledge goes there has been no previous systematic treatment 
of them by an elastician. Many of the mathematical results 
used in this paper depend ultimately on a previous paper *, 
published in 1892, in which I obtained expressions for the 
mean strains and for the change in total volume of any 
homogeneous elastic solid, acted on by any given system of 
forces throughout its mass or over its surface. 

When the material is isotropic, E denotes Young's modu- 
lus, n the rigidity, n Poisson’s ratio, and k( = 1E/(1-29)) the 
bulk modulus. 

When the material is aeolotropic but symmetrical with 
respect to 3 planes—supposed parallel to the coordinate 
planes—the suffixes 1, 2, 3 distinguish the directions parallel 
respectively to the axes of z, y, and z. Thus E, denotes 
Young's modulus for tension parallel to the z-axis, while 
ms: (=) is Poisson's ratio when the tension and the 
corresponding strain are parallel, the one to x the other to y. 
In all cases v represents the total volume of the solid, p its 
density, X, Y, Z the components of the bodily and F, G, H 
of the surface forces; A is the dilatation, a, 8, y, the elastic 
displacements, and e, f, g ( — da/dx, &c.) the expansion strains. 
Mean values are distinguished bv a horizontal line, e. g. e, 
while 8 denotes (elastic) change in a dimension or in volume. 

For an isotropic material the general formule obtained in 
the paper referred to above were of the types : 


Ev = sff dæ dy d: 
-((4Zz—(X«- Yy) Hzdydz + 4 Hz —5 (Fo Gy)}d8, (1) 


3:8 (Xa Yy+Zz)dedydz+(\(Fr+Gy+Hz)dS; . . (2) 


* “Changes in the Dimensions of Elastic Solids. ." Camb. Phil. 
Trans. vol. xv. p. 313. 
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where the triple integrals are taken throughout the entire 
volume of the solid, the double integrals over its whole 
surface or surfaces. The coordinate axes are rectangular, 
the origin being at any convenient point in the solid. For 
aeolotropic solids there are analogous equations, for which 
reference may be made to the original paper. 


Suspended and Supported Solids. 


$2. Equation (2) gives the increment ðw in the total 
volume, and thence the change in the mean density ; while 
(1) gives the change in the mean length of a right cylinder. 
Thus, suppose a cylindrical bar of any form of section o hung 
up by an end so that its axis—taken as axis of z—is vertical. 
We then have, measuring z downwards, 
X=Y=0, Z=gp, 
where g is “ gravity.” If we neglect the pressure of the 
surrounding medium, F, G, H vanish everywhere except at 
the top of the cylinder, where H answers to the tension of 
the string or support. We may avoid the necessity of con- 
sidering this tension by simply supposing the origin of 
coordinates in the upper end of the bar; for then z, and so 
Hz, vanishes everywhere where H itself does not vanish. If 
then l represent the mean change of the length l (7. e. the 
mean for all the vertical “ fibres constituting the bar), we 
have by (1) 


eit = {|dedy( Po: 


= alles da dyd: = A pla, 
whence Olflmypl/2B. . . . . . . . . . (3) 
Similarly froin (2) 
v= (1/3k)|\\gpz da dy dz, 
whence Sv/v=gpl/6k . . . . . . . . (4 


Here ôl and 8v represent how much the length and volume 
are greater than they would be in the absence of gravity. 
If the bar instead of being suspended were supported in 
the same position, whether on a smooth plane or on a series 
B2 
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of points lying in one horizontal plane and exercising no 
frietion, we should find in place of (3) and (4) 


Si/l==—gpl/2E,. . . . . . (5) 
vv —gpljók. . . . . . . (6) 

By taking the arithmetic mean of the lengths or volumes 
of the bar when suspended and when supported, we clearly 
eliminate the action of gravity. 

Even when the bar is kept in a uniform position, its length 
and volume are affected by any change in g such as follows 
change of place on the earth's surface. Again, as the elastic 
constants E and k will vary in general with the temperature, 
the changes in length and volume which accompany changes 
in temperature are in part—generally of course only in small 
part—of elastic, not of direct thermal origin. 


- Pressure of Surrounding Medium. 


$3. The expressions (3) to (6) neglect the pressure of the 

liquid or gaseous medium surrounding the solid. As this 
may vary, it is desirable to estimate its effect. So far as 
* change of volume is concerned this is easily done as follows, 
for a body of any shape. The densities p, p’ of the solid and 
surrounding medium are supposed uniform. Take the case 
when the solid is suspended, and let p denote the pressure in 
the medium at the level of the centre of gravity of the solid. 
Take the origin of coordinates at the centre of gravity, and 
suppose that the axis of z is drawn vertically upwards. We 
know by elementary hydrostaties that the point of suspension 
must be in the same vertical as the centre of gravity ; it thus 
lies on the axis of z at a height of, say, € above the C.G. In 
the present case Z= — gp, thus by (2) 


3kdbv0= —(\\gezdadydz TC z + Gy + Hz)dS + ai} Hd8’, . (7) 


where dS’ is a portion of the infinitesimal surface where the 
suspending cord is attached, while dS is an element of the 
general surface of the body. By elementary statics, 

({Has’ — tension of stringz W —W', 
where W is the weight of the solid in vacuo, W' the weight 
of the displaced medium. Again, if A, u, v be direction- 
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cosines of the outwardly drawn normal at dS, we have 
F/A=G/p= H/v= —(p—gp'), 
and Xc d MY +VZ=e, 


where « is the perpendicular from the C.G. on the tangent 
plane to the surface at z, y, z. Also, as the origin is at the 
C.G., the triple integral in (7) vanishes ; thus we have 


310v = — ped ge [ril TW — W!. 


But (\adS = 3v, 
and (fed =0, 
as follows from the consideration that the C.G. lies in the 
plane z=0, 
Thus we have 
l 
v= 3i (ov -woccap V, ye 4 (8) 


which may be put in the alternative form 


bv/v= —Sp/p= {a(p—p')E—3p}/3k . . . (8) 


The change of volume,or mean density, may thus be regarded 
as composed of two distinct parts, the first representing the 
influence of the “ apparent weight " of the solid in increasing 
the volume, the second the influence of the pressure of the 
surrounding medium in reducing the volume. The second 
part is the same as if the pressure in the medium were 
everywhere the same as at the level of the C.G. of the solid. 
This result, it will be noticed, is true irrespective of the shape 
or absolute size of the solid. 

If the solid, instead of being suspended, had been supported 
on a horizontal plane, at a depth $/' below the C.G., we 
should have got in place of (8) and (8), p having the same 
meaning as before, 


óv— —((W—W^t -3pe]2£, . . . (9) 
óc[v — —Sp/p= —ig(p —p)P 3pH8k. . . . . (9) 


The direct effect of the pressure exerted by the surrounding | 
medium is the same in the two cases, | 
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We can eliminate the influence of the support on the 
volume in three ways, by : 
i. Having the support at the level of the C.G. ; 
ii. Selecting for the surrounding medium a liquid of the 
same density as the solid ; 
iii. Taking the arithmetic mean of results from cases of 
suspension and of support in which (=€. 

$4. The results (8) and (9) have a special interest in 
connection with determinations of specific gravity. The 
ordinary method is to compare the weight of a body in air, 
after making allowance for the weight of air it displaces, 
with the loss of the apparent weight when it is weighed in 
water. | 

Now (8) and (9) call attention to the fact that the volume 
of the solid and so the weight of the medium it displaces 
depend both on the pressure of the surrounding medium and 
on the method of suspension. For instance, when a solid is 
weighed in water its volume, and so the volume of the water 
displaced, is diminished if it is sunk more deeply in the 
water, or if the atmospheric pressure on the surface of the 
water is increased. Again if, as is usual, the body rests on 
its base when weighed in the air, but is suspended by a wire 
when weighed in water, there is a change in its volume 
irrespective of any change in the pressure exerted by the 
medium. | 

We see from (8) and (9) that the influence of change ot 
pressure on a given volume is independent of its shape, 
whereas the difference between the results in the suspended 
and supported positions increases as the vertical dimension. 
Ceteris paribus, the influence of pressure on total volume 
varies as the third power of the linear dimensions, whereas 
the influence of the mode of support varies as the fourth 
power. The latter influence thus tends to become relatively 
unimportant when the linear dimensions are very small. 

As numerical examples, consider the effect of transfer 
from ordinary atmospheric pressure to a vacuum on the 
volume of (i) steel, (ii.) brass, (iii.) lead. The elasticity of 
these materials has a pretty wide range, but if we assign to k 
the respective values* (i.) 18 x 108, (ii.) 10 x 108, (iii.) 2 x 108, 

* Cf. the tables in Lord Kelvin's article on Elasticity in the Enc. Brit. 
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in grammes weight per sq. cm., we shall obtain fairly 
representative results, 

The supposed change in p is 13°6 x 76, or 1034, in grammes 
wt. per sq. em., and we get the following approximate 
results : 
5v/v= —8p[p = 58 x 10-8 in (i.), 2108 x 10-? in (ii.), 

=517 x 1075 in (iii.). 

As a second example, consider what would be the difference 
in the volume of one of the international standard kilograms 
of platinum iridium, if, instead of being supported on its base 
in air, it were suspended from the top. The form is approxi- 
mately a right circular cylinder of height equal to the 
diameter, and the specific gravity is approximately 21:55; 
thus the height must be approximately 3:90 cm. The value 
of E is given by Benoit* as probably about 19°7 x 10? in 
grammes wt. per sq. cm., and if we suppose 9— 1/3 we have 
k=. The difference in question is thus according to (8) 
and (9), neglecting the weight of the air displaced, 


ôv = W (£4 U)/8k 103 x 3'9- (59 x 109), 
or 0v— 66 x 10-? c.c. approx., 
6p— —31 x 107? approx. 


If the kilogram were in water the difference would be 
about 5 per cent. less than the above. If the kilogram were 
transferred from air at atmospheric pressure into a vacuum, 
the increment in volume would amount to about 24 x 10-79 c.c. 

In the original work on the prototype kilograms by Marek t 
volumes are recorded to 1x10- c.c., so that in absolute 
strictness a standard pressure ought to be assigned at which 
a kilogram has its normal volume. Apparently, however, the 
last figure in Marek's results is treated as ornamental, the 
probable error affecting the previous significant figure. In 
Benoit's later work on the subject, while the observational 
volumes of the kilos are sometimes recorded to 1 x 10-75 c.c., 
the final statement of the accepted results gives two figures less. 


* Trav. et Mém. Bureau International des Poids et Mesures, tome vii. 
4 Rapport” by Benoit, p.27. Benoit's value is given in connexion with 
the meter prototypes, which seem made of the same alloy as the kilo- 
grams.] 

+ Trav, et Mém. du Bureau International, tome iii. 
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We may thus conclude that for the highest degree of accuracy 
aimed at up to now, the laying down of a standard atmospheric 
pressure, or of a precise type of support, is unnecessary whether 
the kilo be in air or at a moderate depth in a liquid. If, 
however, a kilo were used at a great depth in a heavy liquid, 
or under a high gaseous pressure, the compressibility would 
require to be taken into account, and no very great increase 
in the accuracy aimed at by Marek and Benoit will be 
possible without making such an allowance. The fact that 
compressibility might come in was not overlooked by Marek, 
who gives (l. c. tome iii. p. D. 80) a formula equivalent to 
v/v — — p/k, where p is the pressure at the level of the C.G. 
of the kilogram in a liquid in which it is being weighed. 
He gives, however, no explanation of how the result was 
reached, and it had probably no strict mathematical basis, 
but simply represented an assumption that the change of 
volume was the same as if the pressure over the surface of 
the kilogram had everywhere the mean value for the volume 
of liquid displaced. "When the variation of pressure over 
the surface of the solid is relatively small, it is of course 


obvious a priori that an assumption of the kind cannot be 
much in error. 


Solid surrounded by Varying Medium. 


§ 5. The results (8) and (9) treat the density of the medium 
surrounding the solid as uniform. Strictly speaking, this 
can never be true. Ordinary liquids are much more com- 
pressible than solids ; e. g. the values of k for water and for 
alcohol are of the orders 20x 10° and 12 x 10° in grammes 
wt. per sq. cm. Thus increase in the depth to which a solid 
is immersed in a specific gravity experiment may be of most 
importance from its enhancing the density of the liquid. 
If p' and p' represent pressure and density in the liquid at 
depth z, Il' the atmospheric pressure on :=0, po’ the density 
of the liquid if under zero-pressure, we have—neglecting 
(p/k) —: 

dp! =gp'dz, 
p'— p, (1-E pl[E), 
and when z=(, poll, 
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Proceeding by successive approximations, treating p’/k’ as 
very small, we get 
p’=po{1+(IH+ap'2)/h},. . . . . . (10) 
pall 49gpfzil-(II'/&) -goy2/(24)]. . (11) 
Also for the weight of the liquid displaced by the solid we 
easily find 
W'cgpjvil--(I.-go/OJEM], . . . (12) 
where v represents the volume of the solid as reduced by the 
pressure to which it is subjected, its density, however, being 
treated as uniform. The formule (8’) aud (9’) assumed the 
density of the medium uniform. If, however, we assumed 
that p', instead of being constant, varied according to the law 
(10), we should clearly add to the right-hand sides of (8) 
and (9^) only terms'involving the product (1/4) x (1/4), and 
unless &/k were very small, the retention of these terms 
would be open to criticism. Under ordinary conditions we 
may utilize (8), supposing the solid is suspended, and replace 
(12) by 


W'gp/* | 1+ IT gp (p — z) 9t pok}. a2) 


Here vo, Pos po refer to the ideal state of absolute freedom 
from pressure ; but inside the square bracket the distinction 
between p and po, or p' and po is negligible to the present 
degree of approximation. In general it would be more 
convenient in practice to have a standard atmospheric 
pressure II. If v, p, and p! refer to this, then (12") becomes 


W'egp'o f 1400-0 eget ( — F) +I- eon ) 18) 


For the weight W" of air displaced in a weighing in air, 
we may take 


(p— i n 
W'egp's f 1492 EOS Mb LUE , + (14) 


where v is the volume of the solid, unaffected by gravity, 
under standard pressure II, while II" is the atmospheric 
pressure, and p" the density of the air at the time of weighing. 
II" and p! should be measured at the level of the C.G. of the 
body, which is supposed suspended. In general, the term 
—gp'b/8k inside the bracket in (14) might be neglected, 
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$ 6. When the variation in density of the liquid is taken 
into account, the integrals appearing in the expression for 
the change in volume of tl:e solid would probably prove 
tractable only in particular cases. The case of a right circular 
cylinder or prism with its axis vertical may be treated as 
follows, the law of variation of the density with the depth 
being supposed continuous. 

Let the'origin of coordinates be at the upper end of the 
cylindrical axis, z being measured downwards ; and let the 
density of the liquid follow the law p! z f (2). 


Let $(z) =| ‘seus TETTE 


xo ec. 2. (16) 


If the pressure be II at 220, then at depth z it is given by 


pesl-9ó(2. . .. . . (7) 
For the change in the volume of the cylinder we have 
by (2) 
Bkêv =f gpzdædydz -q (Ax + py )pd S —{j lpdzdy, 


where / is the length of the cylinder, A, u, 0 the direction- 
cosines of the outwardly drawn normal to the cylindrical 
surface. The first double integral is taken over the cylin- 
drieal surface (or vertical faces, if the body is prismatic), the 
second double integral over the lower face zz. 

If now œ be the perpendicular drawn from the axis of the 
cylinder on the tangent at (z, y) to the horizontal section, we 
have 


(Ac + uy)dS = (wds)dz, 


where ds is an element of the perimeter of the cross section. 
Also 
(eds 2c, 


where c is the area of the cross section ; 


and over the lower face 


Windedy =14 M -rgo( to. 
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Thus we obtain 
Bkdv==gp (I[2)v — 291 IL gx (D) 1 — vi +D}, 
or 8e/v= 1gp(1[2) — g($(7) + 2x (D) —3II1/3&. . (18) 


This is true for all cases of continuous variation of density 
with the depth. In the particular case dealt with in $ 5, 
where the change of density arises from the compressibility, 
we have 


f (z) z po | 14 (II + gpdz)| Y. 
Thus $(z) = po jz(1 E TI/E) + godz |k}, 
x(2) = po { $2(1+ II/E) +ẹgpo 2] V ; 


and after reduction we have 
l II 5 l 
o= { gp5 —31—gp\( 242, + Zgo p) }/3k. (19) 


Treating as negligible powers of II/4' and gpd'l/k above the 
first, we can put this in the form 


Jos l L gpo'l II em) 
hem [905 — sors (rne Ge 


m deol, H, sev! y 

BY + eu Be) bY], 
But we have l 

gpv = W, the weight of the solid, 


/ 
9po v (1+ 7 spe = W!, the weight of the liquid displaced, 


i2 — €, the depth of the C.G. of the solid, 
5( 1+ ee) ze, T 5 5 „ liquid displaced, 


II + 9pd 5(1 + D 4 geo Y p; the mean value of the pressure 
2 yg 3H 
between 220 and zz. 


Thus (19) is equivalent to 
óv—-(Wt—W't—83pv)3k.  . . . (20) 


§ 7. As an example of discontinuous variation of pressure, 
take the case of a cylinder or prism supported on its base 
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z — 0, surrounded to the height z=/, by a liquid of density p’, 
and throughout the remainder l, of its height by a liquid of 
density p". If II be the pressure in the liquid when 2-0, 
then the pressure elsewhere is given by 


p=II—gp'z between z=0 and zzi, 
p—1I—9p!l, —gp'(z—l;) between zz, and zz. 
Employing these values we easily find from (2) for the 
change in volume of the solid 


137 4311 —25(71, + 9") —9(0' pal (a) /8k. (21) 


For given values of lı, ls, pı, and p,, the reduction in the 
volume is least when—as is necessary for stable equilibrium — 
the heavier liquid is at the bottom. | 


vv — \9p 


Aeolotropic Solids. 


$ 8. As an example of an aeolotropic solid, take the case 
of a right prism or cylinder of density p, whose shape is 
symmetrical with respect to three planes of elastic symmetry, 
suspended with its axis vertical in a homogeneous liquid of 
density p'. In this species of material the general formula 
for the elastic change of volume is in place of (2) * 


v= 1 (1— 55 — 3) CX z/Bi) + (1—75 —7533) (Yy/ E) 
+ (1—93 — Mms) (Zz/Es) }dx dy dz 
+ WW (1—ms3— m3) (Fz/E,) + (1—13 — ns) (Gy/E;) 
*(l—7n—74)(HzE,]dS. . . . . (22) 


Noticing that the modulus & of resistance to compression 
under uniform surface-pressure is given by 


1/k= (1—2 3E. -ü <a) E; + (1794 —q) ES", 
we find without much difficulty 
5v/v=9(p—p’) (1—95—m3)(f/E) —p/k, . (23) 


where {is the depth of the C.G. of the solid below the point 
of suspension, and p the pressure at this depth in the liquid. 


Camb. Trans. 7. v, 
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If the cylinder were supported on its base we should get in 
place of (23) 
Sve/o= —9 (p—p)(1—95 — m) (C/Es) —p/k, . . (24) 


where ¢’ is the height of the C.G. above the support, p having 
the same signification as in (23). 

The last terms in (28) and (24) are the same as if the 
solid were subjected to a uniform pressure p; they are inde- 
pendent of the orientation of the axes of elasticity. The first 
terms, however, representing the influence of the apparent 
weight, depend on which of the three principal axes of elas- 
ticity is vertical. 

. If the body were a cube of side 2a, supported in turns with 
the three principal axes vertical, the corresponding changes 
óv, 5y,, dvs in the volume are connected by the elegant 
relation 

5v, + êv, + ôr 22 — 1((W — W^)a--8pe]/k, . . (25) 
where W is the weight of the cube, W' the weight of the 
liquid displaced. 

The formule (23), (24), (25) apply equally whether the 
surrounding medium be a liquid or a gas, but in the latter 
case p'/p, or W'/W, would usually be negligible. Supposing, 
for instance, a cylinder to be suspended first in air then in a 
liquid of density p’, the barometer remaining steady, the 
relative increment óp in its density in the latter case would 
be given by 

6p—gppi(l—7m — ms) (Es) -U/k]. . . (26) 
Here the density of the air is neglected, the axis of z is sup- 
posed vertical, ¢ is the depth of the C.G. of the solid below 
the point of suspension, and @ its depth below the surface of 
the liquid. 
Cylinder suspended from the rim. 


$9. The formuls (8) and (9) apply whatever be the shape 
of the body ; thus the change in volume of a suspended or 
supported solid is always ascertainable, neglecting variability 
in the surrounding medium. Changes of linear dimensions 
are, however, less manageable. As we shall see presently, we 
can obtain a complete solution when a right cylinder has its 
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axis or a rectangular prism one of its sides vertical; so that 
in that case we can do better than use the formula (1). In 
many cases probably it would be difficult to make much even 
of (1). The following, however, is a case where it applies 
satisfactorily. 

An isotropic right circular cylinder of density p, radius a, 
and height h, is suspended by a point in its rim, in a liquid 
of density pl, to find the elastic change in its volume. 

Take the origin of coordinates at the centre of the upper 
face, the axis of z along the axis of the cylinder, aud the 
plane of xz to contain the point of suspension (—a, 0, 0). 
As the C.G. must lie on the vertical through the point of 
suspension, the axis of the cylinder must be inclined to the 
vertical at the angle a where 

aztan-!(2a]h. . . . . . (27) 

The data required as to the components of the fluid pres- 
sures are as follows, II denoting the pressure in the liquid at 
the centre of the upper face :— 


Surface. Values of Specified Components. 
Upper plane race, z=0, FzGz0, 
Lower , 5, zz, » ,Hz-lI-4gp(h cos a4- x ein a)], 


Cylindrical surface H=0, F/v=G/y= —a- iI + gp'(z c08 a 4- t sin a)!. 
Throughout the volume X 2gp sina, Y=0, Z2 gp cosa. 

At the point of suspension z=0, e=—ua, and the com- 
ponent of the tension of the supporting string parallel to æ is 
given by 

= \)FdS=—a(p—p')whg sin a. 

Tt is unnecessary to reproduce the calculation, which pre- 
sents few difficulties. The final result may be put in the 
form 
Sh/h= (1/E) {g(p —p')($h cos a—na sina)—(1—2n)p}, — (28) 
where p is the pressure in the liquid at the depth of the centre 
of gravity of the cylinder. An alternative form, see (27), is 

Sh/h= (Eg lpo- p) 2) — — (1-2) p} (28') 

[h= (1/E)tg BODEA npr. - 

The direct influence of the support on the length thus 

vanishes if 


n= (h/2a)*. 
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On the theory of uniconstant isotropy n=1/4; in a material 
for which this held, the above relation would become 

h=a, 
or the height would be equal to half the diameter. 

If in (28) we suppose afh vanishingly small, we obtain the 
correct result for the elastic stretching of a cylinder whose 
axis is vertical ; while if we suppose A/a negligible, we get the 
mean elastic reduction in thickness of a thin disk supported 
from a point in its rim with its plane vertical. 


Solid Cylinder or Prism with axis vertical ; 
Complete Solution. 

§ 10. As already stated, the cnse of a right cylinder or 
prism with the axis vertical can be solved completely. 

Take the origin at the C.G., the axis of z being drawn 
vertically upwards, and let A denote the length of the axis or 
vertical edges. If p’ be the density of the liquid, and p the 
pressure in the liquid at the level of the C.G., then the pres- 
sure at a height z is p—gp’z. 

The yu stress equations are 

dex dzs , dzy de at 4 yy - | 


dz 
— mem 


Gta a d 
db P e á (29) 


On the curved surface, or vertical sides, the direction co- 
sines of the normal being as before à, 1, 0, we must have 

Quz + py) (ry + pug)|am —(p—gplz). . . (30) 

The conditions over the flat ends vary according to the 


special cireumstances. 
The equations (29) and (30) are satisfied by 


we = yy — (p—gp'z), 
-— e. e e 5 5 à (Bl) 


—— S m 


=rz2=y7=0. 
As to the conditions over the ends :— 
(i. If the cylinder has its upper end held—whether sus- 
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pended or pushed down—the base being freely exposed to 
the liquid, 
y 0 when z=A/2, for, say, 2230, 
22 — (p + gplh[2) when z= —h/2. 
The latter condition gives 
C= —ptg(p—p)A; 
and the complete solution will be found to be 


a= yy = — (p—gp'z), ] 


WV“ rh Jc 
ait Sia © e ee + e (82) 
a Pm nd 

zy =gz=yz=Q ; 


[s By — (1/E) [0 -2mp + ngle p 5 +set- (1n) J, | 
y= ae = 2) [a —29)p— g (3p —2(1+n)p} — àgz(p — 2np') | (33) 


+ LEG y) tpe - (1—7)p’}. J 


The force per unit area exerted at the top of the cylinder 
or prism, i. e. the value of zz when z zA[2, is 


gph —(p+gp'h/2). 


It is thus—as follows from ordinary Hydrostatics—a pull 
or a push according as the weight of the cylinder is greater 
or less than the pressure exerted by the liquid on the base. 

The elastic increment in the height is deducible from (33), 
whence 


Sh/h=g(p—p’)(h/2E) — (1—29)p[/E. . . . . (34) 


(i. If the cylinder or prism is supported on its base, the 
upper surface being freely exposed to the liquid, the terminal 
conditions are 


=0 when zz — 4/2, for, say, 22920, 


zz-= —(p —gph[2) when z= +h/2. 
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The solution will be found to be 


ee yy = —(p—gp'z), 
zz=—p—glp—p') 5 -— 


z|z— Bly = — (1/8) ( (1-2n)p—ng(e—p') 5 * 4+ gz{np— 41 
E apps tse) ae] (36) 


+ 52 (0? +y"){np—(1—n)p'}. 


The pressure per unit area exerted at the base of the 
cylinder or prism, 7. e. the value of —2zz when z= —h[2,is 


gph + ( p—gp'h[2). 

Tne total pressure thus equals, as it ought, the weight of 
the solid plus the total pressure exerted by the liquid on the 
upper flat surface. 

Our assumption that the vertical displacement y vanishes 
when 2=y=0 over the upper surface z= h/2 in case (i.), and 
over the lower surface z = — h/2 in case (ii.) is really arbitrary. 
The making a displacement vanish at a particular point is 
merely equivalent to introducing a constant into the expres- 
sion, and this is without effect on the ecran. or stresses. 
Case (i.) includes several sub-cases. Thus if p'= =p it applies 
to a cylinder or prism floating z wholly immersed in a liquid 
of equal density, The stress zz at the upper face then be- 
comes a pressure and equals as it ought, the pressure 
p—9p'^[2 at the same depth in the liquid. If p exceed p' 
we have the case of a cylinder supported from above, with 
the whole, or a portion A, of its length immersed. Supposing 
the portion A alone immersed, the atmospheric pressure on 
the liquid surface being II, the value of zz over the surface 
z= +h/2 becomes 


Jg(p— p')h — Il. 
It is thus a pull or a push according as 


9g(p— p)h» or «II; | 
VOL. XVIU. C 
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i. e.. according as the length of the immersed portion of the 
cylinder is greater or less than the barometric height as 
given by a barometer containing a liquid whose density is 
p—p. - 

If the whole of the cylinder be immersed, then the liquid 
must not have access to any part of the upper.surface, other- . 
wise the sfress could not differ from the liquid Pressure at 
that depth. 
`. If p be less than p' the cylinder may be held down Wes 
partly immersed, or fully immersed but with its upper surface 
not exposed to the liquid, or it may float with a length 1’ 
emergent. 

In the latter event zz over 2=A/2 must represent the 
pressure exerted on its base by a cylinder of density p and 
height A’, whose upper surface is exposed to atmospheric 
pressure. Thus, neglecting the variation of atmospheric 
pressure throughout the height h’, we have 

— gph'=gph—gp'h, 

| p(b-+h!) =p'h, 
in accordance with elementary Statics, 

‘Case (ii.) in like manner includes various sub-cases. The 
first thing to notice is that unless p=p’ the solution assumes 
that the liquid cannot reach any part of the base ; otherwise 

zz could not have the value assigned to it hor zz —h/2. 
This explains why the solution does not in itself introduce 
the restriction p» p. In practice, a solid lighter than a liqui 
in which it is immersed almost invariably rises to the surface 
of the liquid, but if the lower surface of the solid and the 
bottom of the vessel holding the liquid be both perfectly 
smooth, this need not happen. Usually liquid would force its 
way under the base, so that in practice the solution would 
apply only to a cylinder cemented to the bottom or projecting 
up through it like a pile. When a cylinder or prism rests 
on, or is supported from, a series of isolated supports, the stress 
zz is not uniform over the erosa section, and -the. previous - 
solutions do not strictly apply. If, however, the height À be 
great compared to the largest horizontal dimension, the 


or 
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solutions will be very approximately true except in the imme- 
diate neighbourhood of the supports. 


Flask containing Liquid. 


§ 11, In obtaining (8) and (9) we tacitly assumed that 
there were no. cavities in the solid, or that the liquid pressure 
was the same at all points in the same horizontal plane. 
When cavities exist complications arise. It is always possible 
to find the change in the volume of the material itself; but in 
the case, for example, of a flask containing liquid, what is of 
most interest is not the change in volume of the material 
but the change in the volume contained by the inner surface. 
The change in volume of the material of the flask may be 
obtained, at least very approximately, as follows :—Take the 
origin in the inner surface of the base of the flask, whose 
bottom is supposed a plane surface z= —t; take the axis of 
z vertically upwards, and let h be the height of the liquid 
surface above 220. The material being supposed of density 
p, the change in its volume is given by (1). Throughont the 
volume . 

X=Y=0, Z=—gp; 
and supposing p' the density of the liquid, we have, over the 
inner surface S, 


F/Az G/u— H[v— gp (h— z), 


where A, p, v are direction-cosines of the normal (above 
the level of the liquid F=G=H=0, neglecting the atmo- 
spheric pressure). Over the outer surface no force is supposed 
to act, except over the lower surface 8’ of the base where H 
alone exists. Thus we have 


8k8v  — (V gpzda dy dz + op (h —2) Qe + my +¥z)d8 + (\(—t) Hd’. 
The values of the several integrals are as follows :— 
— {ij gpzd« dy dz= —gpzv, 
GaP h-a) Me + my rS gp (8h42), = 
j(-oHdS m pr 


c 2 
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Here v is the volume of the material of the flask, z the height 
of its C.G. above the upper surface of its bottom ; v similarly 
is the volume of the liquid, 7! the height of its C.G. 

In all we have 


v= —gpv(z 4- t)/ (8k) + ap! (Bh—42!—0)/3k. . . (87) 


This expression becomes neater if instead of Z, z', and h we 
use ¢, £', and H, the heights repectively of the two C.G-'s 
and the liquid surface above the lower surface of the bottom 
of the flask (i. e. &—2-Ft, &c.). We then get 


3v — —gpvt/ (84) + ap (3H —4¢")/3k, . . (37) 


v= — WE/(3k) + W/(3H—42)/3k, . . . (37) 


where W and W' are the weights of the flask and of the con- 
tained liquid. We have neglected the influence of atmo- 
spheric pressure, which is the same as in (8) or (9). For 
comparative results we may also neglect the influence of 
the flask’s own weight, supposing it supported in an invariable 
way, and confine our attention to the effect of the weight of 
the liquid, as practically the only variable. For this we have 


6L— W(3H—4Q)/3k. . . . . (88) 


For given values of W’, H, ¢’, and k, the change in the total 
volume of the flask's material is the same for all values of that 
volume. A thin-walled flask suffers exactly the same change 
of volume as a thick-walled flask. This seems rather paradox- 
ical at first sight. It simply means, however, that the mean 
expansion per unit of volume varies inversely as the whole 
volume. The thin-walled flask, owing to its smaller volume, 
has the larger expansion per unit of volume, and so the 
larger internal strains and stresses. 

The change ôv refers to the whole flask ; but in such a 
case as that of a litre or 500 c.c. flask filled up to the 
mark, óv would practically apply to the portion below the 
mark. | 

If the flask, instead of being supported, floated immersed 
to a depth H’ in the liquid, we should obtain in place of (37"), 
neglecting atmospheric pressure as before, 


So= — W ¢/3k— W"(3H'—4t")/3k, . . (89) 


or 
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where W” is the weight of the liquid displaced, £" the height 
of its C.G. above the base of the flask. 

Ordinarily, internal liquid pressure will tend to increase 
and external liquid: pressure to diminish the volume of the 
walls of the flask. If, however, £/ exceed 3H/4, and £" 
exceed 3H'/4, the reverse will be the case. 

If the inner surface of the flask be cylindrical or cup- 
shaped, % will be less than 3H/4. The two would become 
equal if the inner surface were a cone vertex downwards, 
and £' would exceed 3H/4 for certain cusped forms of 
surfaces. 

Thus, theoretically, a flask whose inner surface was a cone, 
of any solid angle, vertex downwards, would have the curious 
property that the volume of the material would be unaffected 
by the pressure of any liquid it might contain. 


Hollow Cylinder containing or surrounded by Liquid. 

§ 12. As already stated, we cannot in general determine 
the effect on the internal capacity of.a flask due to the 
pressure of contained liquid. We can, however, obtain this 
information when the walls of the flask are coaxial right 
circular cylinders, the common axis being vertical. Take 
the origin at the lowest point of thc axis, and employ 
cylindrical coordinates r, $, z. For generality suppose that 
gravity acts, while pressures II-- Cz and II'J4- O/z act re- 
spectively on the outer surface r=a and the inner surface 
ra. These are typical of pressures exerted by surrounding 
or contained liquids of uniform density. Employing a 
method of solution given in the Camb. Phil. Trans. vol. xiv. 
pp. 828 et seq., I find for the values of the stresses 


r= — (Ilo! — N'a + (II — IT (aar)? + (Cc — 'a'*): 
l + (C — C)z(aa![r)* 3] (à — a"), 
$$ — {1a — IIa? (TI I (od/7)* + (Co? 25): 
+ (C— O)e(aa' [6 3/ (a! — a"), 
z2= = ZI — gpl + gpz, | 


. (40) 


or = r2= $20; 
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where Z is a uniformly distributed longitudinal stress sup- 
posed to act at the height z=/. The corresponding values 
. of the displacements, u along r and w parallel to z, are 


u=(r/E) faz +gpD= (1— 9) dee } - e 


Ca? — C'a's C—O) a%a'22 
- 89°" — purus 0- du Sumo 
> (41) 


= (2/E) " -Z-gpl + mq H7 Don as m Tr Gron) 


CaCa" C~C/a*a? og 


where rı is a constant, which can be determined so as to 
make w vanish at any assigned value of r when z=9. 

The general form of the solution, when II and II’, C and 
C' are unequal, implies that the external and internal liquids 
are of unequal densities and do not communicate at all, or 
only at a level where the pressures are equal Thus, in 
general, we must suppose that the cylinder is closed at the 
lower end, or that ii is carried liquid-tight on, or through, 
the supporting solid surface underneath. On either alterna- 
tive, the conditions in the immediate neighbourhood of <= 
are determined partly by the flat base or the supporting flat 
solid ; and if the cylinder be short compared to its diameter, 
more especially if its walls be thick, the solution we have 
obtained above will not be satisfactory. If, however, the 
walls be thin, as in an ordinary glass beaker, the solution 
will, I think, prove in general sufficiently accurate. 

As illustrating the nature of the solution, suppose the outer 
cylindrical surface free of stress, whilst iuside there is liquid 
of density p'to a height h. Then, if IL, be the atmospheric 
pressure at the surface of the liquid, the pressure at a height 
z above the base of the cylinder is IL,--gp'(h—2). As this 
equals by hypothesis II’ 4- C'z, we have 


II'ZII,4gph, C=—gp. 


The law of pressure holds only between the values 0 and À 
of z, and the solution must be similarly restricted. In such 
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a case we should take 
. l=h, 
7 (a? — a?)Z = weight of tube above level of liquid. 


$ 19. The internal and external pressure systems in (40) 
and (41) are quite independent, but for brevity we shall 
regard them as coexistent and applicable up to the same height 
h above the base. Let p and p' be the external and internal 
pressures at the height 4/2 above the base, and H + 4/2 the 
total height of the cylinder, so that 


II +4C0h =p, 
I'44OAmp, 5. . . . . .(4a2 
Z t igph-gpH | 


The volumes enclosed by the outer and inner surfaces up to 
a height A in the original unstrained state are 


v =ra h, v, a". 
The elastic increment in the volume within the outer 
surface i is giv en by 


" 
ôv = = 3| Upagil2-+ Ta? UzzAT Urzolrma 25 
0 


and the corresponding increment 8v; of the volume within the 

inner surface is given by ar analogous formula. After some 
reduction we obtain from (41) and (42), noticing that l= A, 

Se fe __yH_ a? p-y/ _ 2 p?—pa^ 
t479— Y gta? n 3k a*—a? ^? | 
9H | « p- 2 papa? 

ove, — 3k ata? n 3k ai—a? ^" H (43) 


év,—u) 8 a! — ya^ 
goo Do eo { yp 29^ = b. | 


The elastic changes in the volume: v, and vj as ; well as in the 
volume v(=v,—v,) of the cylindrical walls, are exactly the 
same as if the pressure over each surface had a constant 
value equal to its mean value. . 

The term gpH/(3&) depends only c on the weight and elastic 
properties of the tube itself, and so may be left out of account 
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in considering the influence of the liquid pressures. Omitting 
it, we see that if a circular tube be filled with liquid of 
density p! to a mark at height A, the volume within the tube 
up to the mark is increased to an extent 5v, which is given by 


8v,[v, gp h((a*/m) +2(a'9/3k)} /(a? —a'?) 
— gp'À1(1-4- 9)a* -- (1—29)a*)/(E (a? —a”)}. . (44) 


If the thickness ¢ of the walls of the tube be small compared 
to a, this becomes approximately 

bv,/v=top h(a/t)(2—n)/E. . . . . (45) 
The increase in volume per unit of volume inside a thin- 
walled tube thus varies directly as the density of the liquid, 
the height of the murk, and the radius of the tube, while it 
varies inversely as the thickness of the wall. We see that 
for exact purposes the cubic capacity of a tube cannot be 
defined without reference to the density of the liquid which 
it is to contain; also all copies of a standard of capacity 
should be identical in height, diameter, thickness, and 
elasticity. 

As a numerical illustration, suppose a tube of glass 1 cm. 
radius, with walls 1 mm. thick, to hold (i.) water, (ii.) mercury, 
toa height of 16 cm. This gives a content of about 50 c.c., 
and the increments in the capacity in the two cases are 
approximately, if we assume 7=1/4 and E=6 x 10° grammes 
weight per sq. cm., 

(i) 00,212 x 1079 e.c., 

(ii.) 07,216 x 1075 e.c. 
[n case (ii.) the tube holds fully 2 milligrams more of mer- 
cury than if it were absolutely non-elastic. 

. As a second example, take the case of a glass tube whose 
height is 12:7 cm., internal diameter 10 cm., thickness 1:5 mm., 
for which E and 7 have the values assumed above. The 
internal capacity is approximately 1000 c. c., and the elastic 
increments when the tube is full of (i.) water, (ii.) mercury, 
are approximately | 

(i. 8v,2 62 x 10> c.c., 
(ii.) 85,2 84 x 107* c.c. 
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This tube thus holds about 0°11 gramme more mercury than 
if it were wholly inelastic. 


Spherical Shell containing and surrounded by Liquid. 


$14. Another instance in which we can find the changes 
of the volumes enclosed by the outer and inner surfaces of a 
hollow vessel, containing and surrounded by liquid, is that of 
a spherical shell; but only when it is in equilibrium under its 
own weight and the pressure systems. Thus external pressure 
is necessarily existent, though internal pressure is not. 

Take the origin at the common cenire, the outer and inner 
surfaces being respectively of radii a and a’. Draw the 
axis of z vertically downwards, and suppose the pressure to 
be p+ gp’: outside and p’ + yp’’z inside, so that p', p" represent 
the densities of the liquids. In order that equilibrium may 
exist, the density p of the shell must be connected with the 
densities of the liquids by the relation 


pl —a'*) 2p'a*—p"a*. . . . . (46) 

There is obviously symmetry round the vertical diameter, 
and the displacements u along, and w perpendicular to, the 
radius vector r depend only on r and the inclination 0 of r 
to the axis of z. The values of the displacements are 
pag. cla) pe M) 
(8m—n)(a*—a") ^  4n(a*—a^) 

gr! cos 0 f ES Ends _ ae i-i 
T &(m 4 n)(9m —2) 2(m —2n) - —(Sm—n) n 
. gr-1cosÓ(p' —p")(ua')" ^ gr-3cos " —p")(aa!" 
an(a? — a/*) ^ — 9(m4n)(d—a*) ' 


u= — 


(47) 


Mf td 


grsin 0 p'a? P [ — pa 
V= $m n) (m —1) | (m—n) Se —2(2m+n) eee} 
ie gr—'sin O(n + 2n)(p! — p") buy pet 0(p' — p") (aa^ y (48) 
6n(m 4- n)(a* —a^*) 18(m+n)(a’—a"*®) °° " 


As rcos@=z, all terms in u which depend on @ change 
sign as we cross the horizontal plane through the centre. 

The change in the volume v,(=47rr*/3) enclosed by any 
spherical surface concentric with the shell (a>r>a’) is 
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given by 
òv, — ("2mrur* sin dð. 


As the integral of sin 6 cos 0 between 0 and 7 vanishes, the 
only terms in v which contribute to ôv, are those containing 
p or p’; and it will be found that the increments in the 
volumes within the outer and inner surfaces and in that of 
the material are respectively given by 


Sv [vo — (pa? — p'a?)/ (k) - 3(p —p')a*/(4n)] +(e —a^), 


bv; [v= — ( (pa? — p'a')/(k) + 3( p —p^)a*| (4n)  2- (09 — a9), ¢ (49) 


óv|[v = — (pa? —p'a* | + {k(a—a)}, 
or v= — 4v (pa! — p'a!) 8k. 


These changes are the same as if the outer and inner 
surfaces were exposed to uniform pressures p and pl. They 
do not depend directly on p, p’, or p”, and at first sight one 
might be tempted to assume that the expressions were 
perfectly general. This, however, is not the case. If, for 
instance, the vessel were wholly or partially supported on a 
horizontal plane, we should obtain from the general formula 
(2) for the change in the volume v of the material of the 
shell 

òv = —4m(pa? —p'a?)/(8k) — Zalk; . . - (50) 
in: Z = (4/3)mg(p(a? —a*) — (pa* —p"a/)3 . (51) 


is the total upward thrust exerted by the supporting plane. 

This expression for dv accords with the previous one only 
when Z vanishes, 2. e. when no part of the weight is borne 
by the plane. 

Another limitation to the generality of the results (49) is 
that the pressures p 4 gp'z and p’+gp’z are assumed to hold 
over the whole of their respective surfaces. Thus the shell 
must be wholly immersed, and it must be either quite full or 
quite empty of liquid. 

The results would doubtless be very approximately true 
for a wholly immersed flask consisting of a -spherical body 


and narrow cylindrical neck, the contained liquid, if any, 


extending into the neck. If necessary an allowance might 
be made, from the data in § 12, for the change in volume of 
the neck. 2 
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- Cylinder under Pressure a Quadratic Function of z. 

$ 15. The method of § 6 would enable us to calculate the 
change in the total volume of a solid vertical cylinder of any 
form of section when exposed to a pressure which is a 
quadratic function of the vertical coordinate z. When the 
section is circular we can obtain, however, what is in most 

cases a satisfactory complete solution for this law of pressure. 
. As we have already dealt with the case when the pressure is 
a linear function of z, we need consider in addition only the 
elastic displacements, strains, and stresses due to a pressure 
varying as z?, Employing r, z as in $ 12, and making use 
of my solution * in ascending powers of r and z, I find for 
the axial and longitudinal displacements due to a pressure 
q 2? on the cylindrical surface r=a, 


uz (JE) 3or(a! - 77) — 1.2), i3 E" 
w= (g'|E) 4(1—)2(27* EE QUE | 
The corresponding stresses are 
MEM 


laud “i= ati re 
an) be (58) 


am mm 
why —— 


Zea ph 
rp= r2= 2-0. 


This solution is not altogether complete, supposing ‘no 
forces to act except on the curved surface ; for, instead of 
making zz zz vanish at every point of the flat ends, it only gives 


IN Imrezdr=0. 


According, however, to St. Venant's theory of equipollent 
systems of loading, this defect is very trifling in a long 
cylinder except in the immediate neighbourhood of the ends. 

As an example, suppose the pressure arises from a liquid 
whose density follows the law p!(1—2qz), where z is measured | 
upwards from the base of the cylinder. This includes the 
case of a compressible liquid treated in $ 5. The pressure p 
in the liquid follows the law 


p^ II —gp'e(1—g2), A22. (54) 


* Camb. Phil. Trans. vol. xiv. J. c. - 
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where II is the pressure at the level of the base of the 
cylinder; thus in applying the solution just obtained we 
replace g' by gp'g. The complete values of the displacements 
and stresses are as follows, the notation being as before, and 


the cylinder being supposed suspended :— 
u= — E-7!r[(1—29)II + gz(9p— (1—9)p' 1] 
+ E7!gp'ar(3n(à? — 7) — (l=) 2}, (58) 
w= -E-[(1—29)II—39:(p —29p)] + 4E7!g? (np —(1—00'] 
t E~lgp'gz{4(L—1)(2r? —a?) + $02}; 


~ ~ 1 ra f Di 
= bb—9 T P qz — IL gp'z(1— 42) | 
41 7] , 2.2) — yale 
+77 i+” gp'q (« ? ) Jp 173 , i (56) 


zm — Il + gp: 5 14 Tl 2 (P a), 


(bur = $z =0. J 

Over the base z=0 the mean value of —zz is II, that being 
by hypothesis the pressure at this depth in the liquid. 

If À be the height of the cylinder, the suspending forces 
are given by 


zz= — II + gph + 49p'g(2r* —a*)/(1+7), 


the mean value over the cross section being — II +gph. This 
is a pull or a push according as gph or II is the larger. 
The elastic change in the radius at height z is given by 


aJa — — { (1 — 29) II + ggnz — gp' (1. —2)2(1 —g2) }/E. (57) 

The mean change in height (i. e. the mean difference 

between the values of w over the cross sections z= h and 220) 
is given by 

Sh/h= (2«p— (11—49pA)) /E, . . . (58) 

where p-lII—igeh(»—3qA). . . . . (59) 


is the mean value of the liquid pressure throughout the height 
of the cylinder. 

The modification required to adapt the preceding solution 
to the case when the cylinder is supported on its base is 
easily applied. 
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General Properties ; Influence of Cavities ; Gravitation, ác. 
$ 16.. Same general conclusions may be derived from (2) 
as to the influence of cavities in solids exposed only to 
surface forces. If we distinguish the external surface and the 
several internal surfaces limiting cavities, with their respective 
force systems, by suffixes, (2) becomes in the absence of bodily 
forces 


As each of the surface integrals is self-contained, we see 
that if a given system of forces act over a given surface, 
the total change produced in the volume of the material is 
independent of the existence of cavities. For instance, if 
given forces act over an outer spherical surface, the change 
in the total volume of the material within it is the same 
whether the sphere be absolutely solid, or whether it contain 
a cavity or cavities over whose surfaces no forces act. If 
there is a large cavity, the mean change of volume per unit 
volume is correspondingly greater. 

If a uniform pressure p, act over a surface S, the 
corresponding change of volume is given by 


akóv- — pilos T uy + vjz)d S, = — 3p, 
oP r= = pwk, e ........ . (61) 


where v, is the volume of the space enclosed by §). 

If, then, uniform pressure of given intensity be applied 
over the surface of a cavity, the total change of volume in 
the material depends only on the volume of the cavity, and is 
independent of its form or position, or of the extent of the 
solid, supposing it bounded by free surfaces. 

$ 17. There are also some simple general properties de- 
ducible from (2) in the case of isotropic material acted on 
only by bodily forces following the gravitational law. 

Thus, suppose a centre of gravitational force at the origin 
of coordinates, and so 


X/zrzY[|y2Zl;--—m[r*,  . . . (62) 


where m is a constant, The corresponding elastic increment 
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in the volume of the solid is by (2) 
= — (m/3k) N r7ldg dy del, . . (68) 


the integral extending throughout the whole solid. 

But the integral, within the square brackets, simply repre- 
sents the potential at the origin answering to a distribution 
of unit density throughout v. Thus the change in volume of 
the solid varies as the value of its potential at the centre 
of force, and ean be caleulated when the potential can. 
If, for instance, the solid were a sphere whose centre was at 
a distance R from the centre of force, we should have 

évc|v —m[(MR). . . . . . (64) 

It is clear from (63) that the change of volume is unaltered 
by moving the centre of force from any one point to any 
other point which lies on the same equipotential surface of 
the solid. 

In applying (63) it must be borne in mind that in general 
a body cannot be in equilibrium under the action of a single 
centre of force, and that when equilibrium exists under the 
joint action of a number of centres of force it is to a certain 
extent arbitrary to regard the effect of one as independent of 
the others, In the case of a planet, for instance, the “ cen- 
trifugal force" in the orbital path balances the sun's 
attraction. If we regarded the planet as an elastic solid 
describing a circular path, and neglected for the time being 
the effects of self-gravitation and rotation about an axis, we 
should find its elastic change of volume given by two terms. 
One of these terms would be of the type (64), depending on 
the mass of the sun ; the other would depend on the angular 
velocity in the orbit. The persistence, however, of the 
planet in its orbit implies a necessary relation between the 
gravitational and “ centrifugal " forces, so that the two terms 
in the expression for óv could be combined into one, con- 
taining as we choose the angular velocity or the gravitational 
constant, 

$ 18. In obtaining (63) we treated the source .of the 
gravitational forces as wholly external to the solid. In a 
self-gravitating momogencous Spero “earth” of radius a, 
we should have : 


K/a=Y/y=Z/z= ~ g'pļa, 
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where g' is “gravity” at the surface. Substituting in (2) 
we easily deduce 
Sv/v=—aq'pa/5k. .. . . . . (65) 

As I have repeatedlv remarked elsewhere, the application 
of such a formula to the actual earth—or other principal 
planet—leads to numerical results which cannot be reconciled 
with the fundamental hypotheses of mathematical elasticity 
unless k be much larger than in known materials under the 
conditions existing near the earth's surface. 

In small bodies, on the other hand, the effects of self- 
gravitation are very small. For instance, for a sphere of 
iron (p=7°5, k=15x 10? grammes wt. per sq. em.) of one 
metre radius we should get from (65) 

óv[r = —2x 10-74, 
or Sa= —7 x 107? mm. 


Standards of Length. 


$19. If a rectangular prism of horizontal length L be 
placed on a perfectly smooth and horizontal plane, we find 
from (36) for the elastic increment in the length at a height 


a+? above the plane (A being the vertical dimension of 


the prism) the formula 
SL/L = — (129) (pf E) +-2g(p—p') (h/2E) — gz (np — (1—n) 9 HE. (66) 


Here p represents, as before, the pressure in the liquid or 
gaseous medium surrounding the prism at the level of the 
C.G., i. e. at the height h/2 above the plane. This result 
should apply to an ordinary standard yard, and to most 
commercial standards of length, if supported throughout the 
entire length on a perfectly smooth table. If, as in the 
standard yard, the scale is divided on the upper surface 
z-h[2, we have for its elastic stretching 


= (1—2n) ' h 
BL/Le — RP (p—yp'5) 
=—P/3k, 2.5... .. (D 


* (Oct. 1901.—A formula apparently equivalent to this is given with- 
out proof by Mr. Chaney, on pp. 86, 87 of the Procès Verbawr of the - 
International Committee of Weights and Measures for 1899. It is given 
as applicable to the standard yard, without explicit reference to the 
method of support, and is illustrated numerically.] 
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where P is the pressure in the medium at the level of the 
divided surface, and & is the bulk-modulus. 

When the prism is not of rectangular section, or when, 
being of rectangular section, it is supported on points or 
roller surfaces situated in a horizontal plane, we have to 
content ourselves with the mean change in the length of the 
longitudinal **fibres." For this we find from (1), H being 
the height of the C.G. of the section above the supports, 

èL/L= —(1—25)( p/E)  ng(p—p)(H/E), . (68) 
where p is the pressure in the surrounding medium at the 
height H. 

In the case of the rectangular section, with the base 
uniformly supported, it follows from (66) that the mean 
change in the length is the change actually occurring at the 
level of the C.G. ; but we are not entitled to assume that this 
is true generally. This is a question of some theoretical 
importance in view of the now common practice of dividing 
standards of length along the so-called “ neutral ” surface, 
i. e, the horizontal plane containing the C.G. 

$ 20. To afford a more exact idea of the problems actually 
arising in metrology, I give in fig. 1 some representative 
forms of cross section in standards of length. The sides 
shown vertical in the figure are vertical in ordinary use ; 
the numerals refer to the dimensions, and are in millimetres. 
A refers to a standard yard, B to the international prototype 
metres of the so-called X-section, C to a working standard 
belonging to the Bureau International, D and E to deflexion- 
bars used in magnetometers. A and C are divided on their 
upper surfaces, B on the neutral plane, D on one of the 
vertical faces ; E has holes on its upper surface into which a 
plug fits. B and C are copied from vol. vii. of the Bureau 
International's Travauc et Mémoires. Their shape is de- 
vised partly with the object of facilitating equalization of 
temperature throughout the bar. Most modern standards are 
supported not over the whole lower surface but on two 
symmetrical rollers, or on three points, one at one end of the 
bar, and two—in the same cross section—at the other end. 
This mode of support is intended to promote uniformity of 
temperature, the bar being surrounded by liquid, and to 
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remove the uncertainty as to the distribution of surface- 
pressure when a bar rests on an ordinary table, and not on 
an ideal smooth plane *. 
Fig. 1. 
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An exact solution of the elastic problem presented by a 
heavy bar supported on points or rollers has not yet been 
obtained even for a rectangular section, and the best thing 
to be done is probably to apply the ordinary approximate 
Bernoulli-Euler solution. From the researches of St. Venant, 
Pearson, and others we have grounds to believe that for bars 
like standard yards and metres, whose length is a large 
multiple of their greatest lateral dimension, the Bernoulli- 
Euler solution represents a high degree of accuracy except 
perhaps in the immediate vicinity of the supports. Actual 
observations on standards of the types B and C by Broch and 
Benoit (Trav. et Mém. l. c.) seem to bear this out. The 
Bernoulli-Euler method of solution is so well known that it 
is unnecessary to describe it, and the results which I am now 
about to give are deducible from the solution without much 
difficulty. Some of them have, I find, been given by Airy 
and by Broch, 7. c., and possibly this remark applies to more 
than I am aware of; but I do not think they are generally 


known. | 
2 * See Airy (Phil. Trans, for 1857). 
VOL. XVIIT, p 
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Applications of Bernoulli- Euler Method. s 


$ 21. In figs. 2 to 6, OB represents the half of a bar of 
uniform section w and total length 2/ supported symme- 
trically at two points in a horizontal plane at a distance 2a 
apart. From the symmetry the tangent at the middle point 
O is horizontal ; this is taken as axis of z, the axis of y being 
drawn vertically downwards. In fig. 2 the support shown, A, 
is comparatively near the centre. In such a case O is the 


Fig.2. 0 


B. 
Fig. 5. — M RR 


B 
o 
Fig. 6, 0— 


highest point of the bar bent under its own weight, and 
the curvature is of one sign throughout. In figs. 3 to 6 the 
supports are at a greater distance from the centre, and the 
curvature changes sign between O and A ; this is the normal 
condition in modern standards of length. The scale to which 
the ordinates are drawn is the same in all the figures 2 to 6, 
the bending being much exaggerated. 

The notation employed is as follows:—E is Young’s 
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modulus, p the density, 2l the complete length of the bar, 
œ the cross section, w (= gpe) the weight per unit length, 
wx? the moment of inertia of the cross section about the 
perpendicular through the C.G. to the plane of bending. 

In the absence of gravity the bar would be strictly hori- 
zontal ; y denotes the vertical displacement, when gravity 
acts, at the distance x from 0 along the “neutral” line, or 
line of centres of the cross sections. What principally con- 
cerns us at present is the inclination or “slope” and the 
curvature, so I give the values of dy/dx and d*y/da* as well 
as y ; the results of course are well known. They are as 
follows, y being taken positive downwards. 

Between 0 and A :— 


y = (w[Eox*) (40(41— a) 2* + text}, 
dy[da = (vo]Ecox$) 11(4 1— a)z +}2°}, | 
Vyjde = (w/ Ee?) (4 | — a) + $ «31. 
Between A and B :— 
y= (w/Eo«*) {tla — (5 -- Al (P — 8a?) + dd 
(10) 


(69) 


dy[d« — (w/Bax*)} (((P — 8a?) — (1—2)*], 
d*y[dz? = (w/Eax*)4 (1— x)”. 


$ 22. On the Bernoulli-Euler theory the elastic extension 
in an element ds of a longitudinal “ fibre" at a distance h 
above the neutral plane is (h/R)ds, where R is the radius of 
curvature of the bent neutral line. But if y= tan-!(dy/d«), 
we have 


1/R— dyyfde, 


(h/R)ds=hdy. 

Thus the total stretching c, in the portion of a longitudinal 
fibre—distant A from the neutral plane—extending from the 
central section z—0 to the section where the slope is , is 
given by 


and so 


V 
=| h dy =h 
0 
shdyfdz,. . . . . . . (11) 
when (dy/dx)? is neglected compared to unity. 
In fig. 2, dy/dz and d*y/dz? are positive for all values of «x 
from 0 to /; thus a longitudinal fibre is stretched at every 
D2 


36 DR. C. CHRER : APPLICATIONS OF 


point of its length, or contracted at every point of its length, 
according as h is positive or negative, 7. e. according as the 
fibre lies above or below the neutral plane. _ 
In fig. 3, a longitudinal fibre above the neutral plane would 
shorten in its central portion, while lengthening near its ends. 
The ordinary expression for the curvature, viz.: 


1/R= (d*y/dz*) (1+ (dy/de)*)-¥, 
is on the Bernoulli-Euler theory replaced by 
1/R=d*y/dz? ; 

so that (dy/dz)? is neglected as compared to unity whenever 
the use of this theory is warranted. 

On the theory, the length of the neutral fibres (for which 
À 0) measured along the arc is unaffected by stretching. In 
standards of length, however, it is the horizontal projection 
of the graduated surface that usually concerns us. We thus 
require to know how much shorter z is than s, the latter 
denoting the length of a neutral fibre measured from the 
centre of the bar along the arc. 

We have in any plane curve 


iem | 40+ (dyldey)—1}de 5. (72) 


As (dy/dz)* is supposed neglected compared to unity, we 
ean consistently retain only the lowest power of dy/dz in 
such a formula as (72), and so get 


s— “= NO box a Wu (2) 


For instance, we have from (69) and (70) for the difference 
between are and chord for the entire length of the bar, 


2(s,—-l)= f (e/Eoc) | I —a 44e 4- a? pda 
t J emer t- ios aca 
SEC Bi PEE 8 () + a(1)- is (1) * sa (4) yos 


An equivalent formula is given by Broch (l. c. formula (16) 
p. B. 67). The right-hand side represents the quantity by 
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which the distance between the extreme ends of the bar is 
shortened through the bending which it experiences under 
gravity, when supported symmetrically at two points at a 
distance 2a apart. 

It will be observed that c, is of the order dy/dx, or 
A (we [Eox?), and s—. is of the order z(w?/Eex3)*; while by 
the hypothesis made as to the smallness of dy/dx we must 
suppose wi*/Ecew* a small quantity. Thus unless «/À be 
very big, ¢. e. unless we have a very long bar, or are consi- 
dering fibres very close to the neutral plane, the difference 
between chord and arc is small compared to the direct 
stretching or shortening of the fibre. 

$ 28. Owing to the symmetry, we need consider only the 
half of the bar for which < is positive. In all cases dy/dx 
vanishes ut the centre. It also vanishes at a point (real. or 
imaginary) between the centre and support whose abscissa.is. 
given by 

wgsel{3(2afl—1)bh . . . ... (74) 

To apply to our problem, z, must be real and less than a ; 
this is true only when a/l lies between 05 and 3— V 6, or 
"5505. 

Between the support and the end, dy/dz vanishes for a 
point whose abscissa is given by — 

a,-l—l(1—3a3I)$. . . . . . (15) 

This applies to our problem only when a/l lies between 3— v6 
(or 5505) and * 1/8 (or 0:57735). 

In all cases d*y/dz* vanishes at the end of the bar. It 
vanishes at the centre when a/l=1/2. Between the centre 
and the support it vanishes at a point whose abscissa is 


given by l 
|" A,-l(2a[|—1)); . . v . . (16) 


and at this point we find | 

(dy/da) , = — (wl /Bwox!) § (2, /0)*==— (wl Bort) (2/1— 1)1. (17) 
These values of « and dy/dx are real, and apply to our 

problem whenever a/l exceeds 1/2. When a/l>1/2, we have 

dy[dx negative and d*y/dz* positive at 2=.r,; and it follows 


that dy/dæ, numerically considered, is here a maximum. When 
afl is less than 1/2, dy[d« is positive between the centre and 
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the support, and its value at the support is greater than at 
any point nearer the centre. At the support we have 


(dy/de), = (wl*/Box?)}(a/l) {(a])*—6(a/l) 3]. . (78) 


This is positive or negative according us afl is less or greater 
than 0:5505. Beyond the support d?y/dz? can vanish only at 
the end, where we have 


(dy/d.c) = (wP/Eoxs)]11—8(a/D3). . . (79) 


This is positive or negative according as afl is less or greater 
than 1/V3. When dy/dz is positive for a certain value of z, 
the total length ofa longitudinal fibre between the central 
section z =0 and the section considered is increased when 
the fibre lies above the neutral plane ; and the element of the 
fibre answering to this value of « has also its length increased 
— if d*y[dz* be positive. If, on the other hand, while dy/d« is 
positive, diy/da? is negative, the element is shortened though 
the total length is still increased. Answering to d'y/da3— 0, 
we get, included between the corresponding value of x and 
the centre, that particular length whose total extension is a 
maximum. If dy/dx vanishes for two values of x, then the 
portion of any longitudinal fibre included between the two 
corresponding transverse sections has its total length un- 
changed by stretching. These remarks will, it is hoped, suffice 
to expláin how the conclusions in the next paragraph are 
reached. 

$ 24. The bending of a symmetrically supported bar under 
its own weight may be conveniently dealt with under several 
cases as follows :—- | 


Case (1.) Fig. 2, a/l<0°5. 
The upper surface is everywhere convex (stretched). The 
slope vanishes only at the centre, and is greatest at the end. 


Case (ii.) Fig. 3, 0°5505 >a/l>0°5. 

The upper surface is concave (contracted) between z-2 
and zzz, (where z,«a), and convex (stretched) between 
x=, and the end. The * summit," where the slope vanishes, 
occurs at 224 (where 2,=3!.r,) between the centre and the 


support. 
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Between the centre and the summit the steepest slope 
occurs at z-2,; beyond the summit the slope is steepest at 
the end, and the slope at the end is greater than at v=x. 


Case (iii.) Fig. 4, 0°5654 >a/l>0:5505. 
is agrees with Case (ii) except in the following 
respects : — 
The summit occurs at x=, between the support and tke 


end. 
The slope is greater at x= x, than at the end when aJ» 0:5. 


Case (iv.) Fig. 5, 0°57735 » a[0» 05654. 

The upper surface is concave (contracted) between x20 
and v=x, (where z,« a), and convex (stretched) between 
2-2, and the end. 

The summit occurs at z=2x, between the support and 
the end. 

The slope is greatest at v=x, between the centre and the 
support, and is greater at the support than at the end or at 
any intermediate point. 


Case (v.) Fig. 6, a/[12 0:57785. 

This agrees with Case (iv.) except that the slope vanishes 
only at the centre. 

What is said above of the “upper surface” applies to all 
longitudinal “ fibres " above the neutral plane. For absolute 
accuracy the decimals 0:5505, 0°5654, and 0°57735 are to 
be respectively replaced by 3— 4/6, the positive root of 
23 —92 --8z 4-120, and 71/3, 

$ 25. Every element of the upper surface is stretched in 
Case (i). Thus it is impossible to keep the length of any 
finite portion of the upper surface unaffected unless afl exceed 
0:5. By altering a/l we can secure that any symmetrical 
portion we choose of ihe upper surface shall have its length 
unaffected. We have only to make the slope nil at the ends 
of the portion considered. 

Denoting the symmetrical length to be kept unaffected by 
2b, we have the position of the supports given by one or other 


of two equations, viz. :— 


allzi-iQG)09,. . . . . . (80) 
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when bfl lies between 0 and ‘5505; 


afl=[3{1—(1—0/D?} B, . . . . (82) 
when b/l exceeds *5509. 

Any given arrangement of the supports secures the un- 
changeability of only one definite symmetrical portion of the 
length. We may, however, have unchangeability of length 
in an asymmetrical portion. Supposing the unchanged 
length wholly included between the centre and a support, its 
terminal abscisse being £É, and £, we find by equating the 
terminal values of dy/dz, 


E? 4 EE; + EP = 3(2al — P) . " e . e (82) 
= 32,7, or x; by (76) and (74). 

Regarding ğı and £, and so z,, as known, we determine 

the position of the supports from the equation 
a[l—3 tAE FEE FED PL LH Cein .— (83) 

This applies only when afl exceeds 0'5. 

Answering to any given value of ajl exceeding 0°5, we 
have an infinite number of pairs of values £,, £y. The ends 
of the asymmetrical portion necessarily lie on opposite sides 
of the point «=. where the slope is a maximum. 

In cases (iii), (iv.), and (v.) we can have unchanged length 
in an asymmetrical portion whose ends lie on opposite sides 
of a support, though still on the same side of the centre. 
The abscisse of the extremities of this portion being £, and 
E, the corresponding position of the support is given by 

a=§+ ((-5y- (I — £)* p68), «o (84) 
or — — b= i— (m? —n)i (8), . ake . (84^) 
where b=l—-a, =l- — $, bdo P | 

These results have a real significance only when a/l 
exceeds 0:5505. 

We can also in cases (ii.), (iii.), ind. (iv.), have unchange- 
ability of length in an asymmetrical portion which includes 
the centre. 


Supposing the abscissm of the two extremities Ei and —&,, 
we require the values of dy/dx answering to -- E, und +£, 
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to be equal and opposite in sign. The points answering to 
+£,and + £, must thus lie on opposite sides of the “summit,” 
where the slope vanishes. 

Supposing & larger than £j, then in case (ii.) £j must be 
less than a, while in case (iii.) £, must exceed a ; in case (iv.) 
both £, and £; must exceed a. The position of the support 
is easily found ; thus when £, and £, are both to exceed a 
we find 


afl= V 2 =m) — QmD*y6,. . . (85) 


where 7, (or /—&,) and n, (or |—£,) are the distances of the 
ends of the asymmetrical portion from the two ends of 


the bar. 


Bar under additional weight. 


$26. In dealing with the bending of a bar under its own 
weight we have assumed it homogeneous, and of uniform 
section, and symmetrically supported. By having the 
supports unsymmetrical one could obtain unchangeability of 
length in an infinite variety of ways, but to discuss this fully 
would require more space than the practical importance of 
the subject seems to warrant. Before passing, however, to 
the practical applications, there is one point requiring notice. 
A bar not infrequently has to carry a weight additional to 
its own. For instance, the deflexion-bar of a magnetometer 
supports a magnet and its carriage on one arm, and unless 
clamped it carries, or at all events should carry, a counter- 
poise on the other arm. It is thus desirable to investigate 
the additional bending due to this cause. We shall suppose 
symmetry as before, the weight carried on one side of the 
centre being W, and its distance from the centre c. As 
before, O represents the centre, A the support, B the end of 
the rod ; also C denotes the position of the weight. The 
notation used is the same as in $ 21. The results given by 
the Bernoulli-Euler method are as follows, it being assumed 
that C lies between A and B: 

Between O and A, 


ye) Sj) = T -(W[Eee)(—a). . (86 
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Between A and C, 
y= (W[Eox?)1 (a? — 3a? + 8er?— 2°), 
dy[dz  (W[Eox?)3 ( —2a? + 2ce — 2?), . « (87) 
dy/dz*=(W/Eax")(c— x). 


Between C and B, 
y= (W[Eoc)4(a* — c + en 
dy[da= (W [Eew?)4 (c? —a*), . . (88) 
d*y[da? — 0. í 


To take account of the rod's own weight, we simply add 
the values of y &c. given in (69) or (70) to the corresponding 
values given above. 

If the weight W were between the centre and the support, 
(86) would apply to the portion of the rod between the 
centre and the weight, while (88) would apply to the portion 
between the support and the end. For the portion between 
the weight C and the support A we should have 


y = — (W[Ewx?)4 (Bar? — e —3632 +c), 
dy[dz zz —(W[Ecx$?)4(2az — a* — e), . . (89) 
d*y[d&? = — (W[Eo?) (a — c). 


In these last equations c is less than a. Equations (89) 
are deducible from equations (87) by altering the sign of W 
and interchanging a and c. We have spoken of W as a 
weight depending from the bar. By supposing W negativo, 
however, we have the effect of an upward pull, relieving part 
of the weight of the bar. We may suppose this obtained 
from a belt passing over a pulley fixed above the bar. 

$ 27. By the use of symmetrical auxiliary weights, we can 
without altering the position of the supports vary the portion 
of the bar whose length is unaffected by bending. Suppose, 
for instance, the bar carried by rollers in the position 
answering to a/[—1/ 3, for which the total length is un- 
affected when the bar is unloaded. Then to secure that a 
symmetrical central portion 25 shall have its length unaffected, 
we select the auxiliary weights and their position so that one 
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of the following three equations holds :— 
W(c—a)4*wii?—al-103120,. . . . . . (90) 


W(—a? + 2—8?) + 2 U(P —34*) — (—0)*1 =0, (91) 
W(—2*)4- 2 {U(P— 3a?) — (1—0)*) =0. . . (92) 


The first equation will apply when 5 « a, or the end of the 
unaffected portion lies between the centre of the bar und 
the support; similarly the second equation applies when 
c»b»a, and the third when b>c. In all three cases we 
have supposed c» a. Under certain circumstances it might 
be necessary to have W negative, i. e. to have not a weight 
but an upward pull from a belt. 

Suppose, as a particular case, that the auxiliary weight is 
applied at the end, and that a?=/7/3, so that the bar when 
unweighted bas its whole length unaffected by bending. The 
relations then are :— 
for b>a(>lx 0°5774), 

W =w(l —b)F + {2P—3(—b)7$5; . . . . (98) 
for b<a, Bu ] 

Wzw((2 /8—8)P—P}+{(6-2 Va)lt. . (94) 
In both these cases the value of W is always positive. 

As a second example suppose that the bar is supported at 
its centre so thata=0. We then find from (91) and (92) 


Wz-34w(8—(I—-0)9-(3—(c—0)9. . (95) 
or —-—jw(P-—(I—59--cd, . . . . . (96) 
according as c is greater or less than b. 

In both instances W is negative and so represents an 
upward pull If this pull is applied at the extreme end of 
the bar we have 

—W=}wl{ 1- (1—b/0?} +11- (1—b/)°}; . (97) 
so that the pull (— W) increases from (wl/3) to (wl/2), as 
the portion of the bar to have its length unaffected is reduced 
from being the whole length to being an infinitesimal length 
at the centre. 
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Numerical Applications to Standards of Length. 


$ 28. To illustrate the numerical application of the results 
in §§19 to 27 we shall consider the types of bars shown in 
fig. 1. Particulars as to the dimensions &c. of the bars are 
given in Table I. The data as to the types B and C are 
from the papers by Broch & Benoit already referred to. 
The dimensions of A, D, and E are from measurements of 
bars in the National Physical Laboratory. In the case 
of these bars, and to some extent in the bars B and C, the 
values ascribed to Young's modulus and the density are 
derived not from actual experiments on particular standards 
but from records of mean values for the materials of which 
the standards are composed. The letters have the meanings 
assigned in § 21. 


TABLE I. 


€e*9e61600900€0209 


n 
p——PP————MÓ' e — poe E 


w (om.3) .. ..... eee: "€ 5-226 | 1909 , 2771 | 1-087 | 1383 
wE? CM Vice hona Geena: 482: 5218! 9882) -3800| 685 
E (grammes wt. per cm.?) ...... 9x 10° 214x 107 025 x 5 9x10" 9x 10" 
Ww (grammee) ..ssseceeseseeceeaescees 444 |3235 | 2471 |924 1176 
P PEENTE ETE 85 |215 | 89 |85 |85. 
jon Tn eee eC RE TA, 5226 | 510 |5046 10 150 
gs near eet ale | 067 | 190 | 1118 |1025 | 1075 
oih ot divided wur] |o n 
sce store OE) (em.) 4 em 067 | 000 | 0882 |50 08 
(wis wk?) X109. oeenn 9:00 | 3847 | 3491 612 | 1-74 
(Wl [EWP x 105 .LLeeeeseeeeree 811 | 1480 | 1219 | 3°75 | 0:805 


In Table I. I have taken for E the value given by Broch. 
The value quoted by Benoit, apparently for the' same metres, 
is somewhat less, viz. 197 x 107. Calling a bar of type B but 
of this lower value of Young's modulus B’, the values of 
103(w3/Eox?) and of 10° x (wl®/Ewx?)? for D' are respectively 
4:179 and 1:746. 
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§ 29. Table II.—caleulated from (67) and (68)—gives the 
increment in the length of bars of the several types due 
respectively to an increase of 1 atmosphere in the surrounding 
pressure, and to the reaction of the supports when the 
bars are in air. The minus sign denotes shortening. The 
values of Poisson's ratio being unknown, 7 is tentatively 
given the values 1/4 and 1/8. 


TABLE II. (Unit = 0:001 mm. = 1 p.) 


Types. 


Change Hoste length of bar | A. | B. B'. | C. D. E. 


— oe pee— m mnl 


ae deum —0°60 |-025 os ! 


—0-56 |—070 E 
pressure -3..-040 —010 [S —088 |-047 -035 


reaction E 9 —'25...... + 0017 |4- 0026 | 4- 0028 | 4--0027 +0080. ene 


N='3 wo. +0022 |+ 0034 +0037 0 +0039 T 


In the publications of the Bureau International lengtbs 
of standard metres seem usually recorded to 0:01, and 
occasionally to *001 u. Benoit, however (l. c. p. 81), says: 
“Verreur probable de Ja détermination d'une règlo par 
rapport au Prototype international. ...4a été trouvé de 
+0°04 u." As he is speaking of the highest class of metres, 
and admits an additional source of uncertainty in temperature 
corrections, it would appear that quantities of the order 
0:004 u possess as yet hardly a practical significance. Thus 
the influence of the reaction of the supports in the above 
types of bars possesses as yet only theoretical interest. 

The influence of barometric pressure stands on a somewhat 
different footing. The departure of the barometric pressure 
at a station from its mean value will seldom, it is true, 
exceed 7/100 of an atmosphere ; but the effects of a change 
of pressure of even this amount are shown by the table to be 
comparable with 0°04. Supposing a standard measure to 
be in use at a high level Observatory, the decrease of the 
pressure from that at sea-level would merit closer attention, 
and the same remark is true to a much grenter degree in 
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the case of a standard subjected to artificial pressures of 
many atmospheres. 

$30. We have seen in $ 22 that the length of a supported 
bar measured along the are exceeds its horizontal projection 
to an extent given by the formula 


2(s, —D)/I- (wP/Eoc*f(al), . . . .(98) 
where 
f (2/1) =g — 3 (all)? + FL (a/D* — (all)? + 4d (0/7)*.. (99) 


For values of a/l between 0 and 1, Broch (l. c.) has shown 
that f (a/l) has no maximum and only one minimum. The 
minimum answers to a/[2:5594 approx. (more exactly 
(Broch, l. c. p. B. 67) :559880119). The following are 
approximate values for f(a/l) x 10°:— 


.alil2 0 0:25 0:5 05594 0:5774 0°6 0°75 10. 
10 x f(a/l)=1786 1105 71 8 15 260 868 5397 


The smallness of /(a/l) when ajl lies between 0:5 and 0:5774 . 
is specially noteworthy. 

Table IIT. gives the difference between the entire length 
2l and its horizontal projection for specified positions of the 
supports. 


TABLE III. 


Excess of arc over chord, unity = lu — 0:001 mm. 


of aft of bar. } A: B. B'. C. D. 

0 757 135 '159 110 409 
xd 0301 0054 0063 — 004 -0162 
0:5594 0034 «0006 0007 0005 0018 
0:5774 0064 -0011 0013 0009 0034 
0-6 110 020 023 016 059 
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Broch (l.c.p. B. 70) finds for the minimum difference between 
chord and arc in the type B the value ‘0003 u, or only half 
that given above for the case a/l=0°5594. This is not due 
to his retaining 9 instead of 4 figures in the critical value of 
ajl, but to his use of ‘7486 as the value of wx* instead of 
:5213 as given in Table I. For this I see no justification. 
He agrees with Benoit in recording °5213 as the value of 
wx? for bending about a horizontal diameter (i.e. in a 
vertical plane) ; and even if he were correct in quoting ‘7486 
(Benoit gives *5444, which looks more probable) as the value 
of wx? for bending about a vertical axis, the result would not 
apply to the actual problem. This discrepancy, however, 
hardly affects the conclusion drawn by Broch, that the 
difference between chord and arc is negligible for metre 
prototypes supported so that a/l=0°55938 At the same 
time, Table III. shows that a comparatively small departure 
of a/l from the best position suffices to increase the difference 
between arc and chord tenfold, and for measurements of 
the highest accuracy the point should be borne in mind. 
The rapid increase in the difference between chord and arc 
as the supports are moved out to near the ends is specially 
notable. 

$31. The absolute difference between the arc and its 
horizontal projection is greater for the entire length than 
for any shorter portion ; but the relative difference—;. e. the 
difference per unit length—is considerably greater for some 
short portions. The relative difference is greatest where 
the slope is greatest, its largest value being the maximum 


value of 
(ds/dz —1) or 4(dy/dz)*. 


We have seen in $ 24 that the largest value of dy/dx 
occurs either at the end of the bar or at c=.r,, where 2, is 
given by (76); and equations (77) and (79) supply the values 
of dy/dz at these two points. From these we find the corre- 
sponding values of (ds/dz—1) given in Table IV. -Of the 
numerical results given, those not in brackets are the 
absolutely largest values met with throughout the bar. To 
avoid decimals as much as possible the factor 10? has been 
applied, 
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Taste IV. 
Largest values of 10? x (ds/d.c — 1). 


Bar, VA" Qu. 0 2 4 6 4 OT 6 8 10 
n (ss "n [o 6 17 30 973 4504 
1 — 1136 872 305 6 [0] [7] [953] 4504 
» {ael ze d» o» DH S un HS m 
i| — X 16 à 599 i$ 11 (o) [r3] [i74] 822 
w fael — x. uo an [13 88 8 20 so) 
[Pb He dés dh de 13 qo] [5] [205] 90 
o {ael uw oou Wos 25 5 16 6m 
(P — dé iio 8 iros qo oa) nás) 677 


A is the only bar of the four in which the difference between 
a short arc and its horizontal projection can exceed one part 
in a million. So far as Table IV. is concerned, the standard 
yard compares unfavourably with modern types. 

$ 32. As the angle of slope may be more easily grasped 
than the difference between the arc and its horizontal pro- 
jection, I give in Table V. below the particulars as to 
the slope corresponding to the data in Table IV. A plus 
sign means that the slope is downwards in the direction of 
æ increasing, or towards the end of the bar, a minus sign 
implies the reverse. To avoid decimals the angles are 
measured in seconds. 


TABLE V.—Largest values of slopes. 


a/lz 0 2 4 5 5 74 6 8 10 


l o. o. O -2 -38 -55 -288 -619 
+310 +272 +161 +77 +23 [0] [-25] [-285] —619 
p fil e a [9] —]0 -16 —94  —123 —264 
L.| 4132 +116 469 +33 +10 [0] [-11] [-122] —984 
l "n a a a I —1 -17 —26  —134 -287 
+36 +11 [0] (—12] (—13?] - 

[ 

L 


tel m ans ac ad : 
DS 019 4106 +62 +30 49 — [0] [-10] [—110] —240 


-90 -15 -231 -113 .—240 
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For the value ‘5 of a/l the slopes at the end and at 2—2, 
are always numerically equal but of opposite sign. 

Also, as may be seen from formula (79), the slope at the 
end, numerically considered, is exactly twice as great when 
the bar is supported at the ends as when it is supported 
at the middle. 

Even in bar C the slope at the ends changes (algebraically) 
to the extent of 6’ as the supports are moved from under the 
centre to under the ends. 

§ 33. Table VI. gives for some of the typical bars the 
values of z,/l and of z;—i. e. the distance from the centre 
of the points where the largest slope is found—for repre- 
sentative values of ajl. 


TABLE VI. 


Values of 2,/l, and also of 2, (in centimetres). 


When ajl is less than ‘5 the greatest slope, it will be remem- 
bered, is found at the end of the bar. 

§ 84. In the metre prototypes B or B’ the divisions occur 
on the neutral surface, and on the Bernoulli-Euler theory 
their distance apart is unaffected by stretching of the material. 
In the other types, stretching is a much more important 
factor than the difference between the arc and its horizontal 
projection. As shown in § 22, the stretching in any sym- 
metrical central portion of a “fibre” in the upper half of 
the cross section is 2hdy/dz, where h is the height of the 
“ fibre ” considered above the C.G. of the section, and dy/dæ 
is the tangent of slope at one end of the portion considered. 
When a/l is less than 0:5 the stretching is greater for the 
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whole length of the bar than for any shorter symmetrical 
part ; when, however, a/l exceeds 0:5 the stretching is less for 
the whole than for the central length 2.,, for which it is a 
maximum. 

Table VII. gives the stretching in tho divided upper 
surface for the whole length 2/, as well as for the central 
portion 22,. The sign is + or — according as the upper 
surface is lengthened or contracted. 


Taste VII. 
Stretching of upper (divided) surface (unity = 1u = 0:001 mm.). 
Length - : : : 4 UT 
i Soei ered. ENEN x $ 5. i W1/3. 6. 8. 10 
^ n iot +2011 +1770 +1046 +503 +149 00 —101 —1850 —40-22 
X ee 00 —149 —245 —300 —1809 —40-22 


The values of z, will be found in Table VI. 

As an illustration, take the case of bar A when a/1- 0:6. 

Between the centre and the point z—27,(—23:87 cm.) the 
upper surface is all contracted, the total shortening in this 
portion amounting to 4 of 3°60 or L:84. Between a=2, and 
«=l, i. e. in the 28°89 cm. nearest the end, the upper surface 
is all extended, the total lengthening in this portion amounting 
to l'Oy. Thus in the entire half length of 52:26 cm. there is 
a shortening of 0°8y in the upper surface. 

When a/l= “1/3, the contraction of the upper surface 
between 2-0 and z= z is exactly balanced by the extension 
between z-2z, and x=}; the fact, however, remains that 
there is appreciable shortening of one part of the upper 
surface and appreciable lengthening of another. Even in the 
bar C when a/l = vV 1/3 we have in the central 2z,, or 39:7 cm., 
a shortening of 1:25 p. 

If our object is to ensure that the numerically greater of 
the two changes, contraction of the central portion and 
extension of the terminal portions, shall be a minimum, then 
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we must select not ^/1/3 but 0'5 as the value of afl. For 
a[lz 0-5 we have «,==1/3; thus, if the bar be supposed divided 
into three equal portions, the central portion has its upper 
surface all under contraction, while the two end portions have 
their upper surfaces all under extension. Further, the total 
shortening of the upper fibre in the central portion is exactly 
equal to the total lengthening of the upper fibre in either of 
the end portions. 

The mathematical equivalent to this physical property 
is the fact that for the value 0°5 of ajl the slope at the 
end is exactly equal but opposite to the slope at the point 
zz 1/3. | 

Another interesting fact is that when a//=0°5 the point 
other than the centre where the tangent is horizontal is 
given by 

as[l— 1] V3. 

$ 35. As illustrating some of the other results, we may 
take the case of the Kew standard yard. The actual yard 
length refers to the distance between the centres of two gold 
plugs let into the bar so that they lie flush with the upper 
surface. These plugs are not at exactly equal distances from 
their respective ends, but the difference in the distances may 
be neglected for our present purpose ; so that we may treat 
the distance between the plug centres as representing a central 
portion 91:44 cm. long in a bar 104:52 cm. long. To keep 
this length unstretched we must select for a/l a value such 
that x, in (75) is 45°72, while Z is 52°26. The answer to this 
problem will be found to be 


a/l=0°5768, or u=30°14 cm. 


Again, the Kew standard yard has its upper surface graduated 
into 40 inches, the inch numbered 0 being approximately 
1°55 cm. from one end of the bar, and the inch numbered 36 
about 11:53 em. from the other end. To secure that the yard 
0 to 36 inches shall be unaffected by stretching, we determine 
ajl from (85), substituting 1°55 for 7, 11:58 for nz, und 52°26 
for 7. In this way we find 

a/l=0°5765, or a@=30°125 cm. 

The interval between the two supports is approximately 

only ‘03 cm. less in the second instance than in the first. 
E2 


59 DR. C. CHREE : APPLICATIONS OF 


Application to Deflezion- Bars of Magnetometers. 


$ 36. In A, B, B', and C it is the length of the bar itself 
that has to be considered. D and E are representatives of a 
different class. They serve to support a carriage holding a 
magnet. The carriage may have a groove fitting‘on the bar, or 
a projecting pin fitting in one of a series of holes in the upper 
surface. In either case, supposing the adjustment perfect 
and the bar strictly horizontal, the centre of the magnet— 
which is the fundamental point—will be vertically over a 
certain graduation on the bar, and at a constant height A 
above the neutral plane. In actual use, however, the bar 
bends under its own weight and that of the magnet and 
carriage combined. This is illustrated diagrammatically in 
fig. 7, supposed to be a vertical section containing the 


Fig. 7. 


@eq@e@eeeen @ @ @@ 


magnetic axis NS and the line of centres OAC of the bar. 
The arrangements are such that NS is parallel to the tangent 
at C, while the normal at C passes through C' the centre of 
the magnet. F in fig. 7 represents the centre of a second 
magnet whose suspension is vertically over O, and whose 
height is altered until F appears central, as seen through 
a sighting-tube, temporarily substituted for NS. The mag- 
netic reductions suppose NS horizontal, in the same horizontal 
plane with F, and at a distance from it equal to OAC, 
orc. In reality NS is inclined to the horizon at an angle 
tan~! (dy[da),-. ; and if we suppose—wbich is not strictly 
true—that the sighting-tube is as heavy as the magnet, the 
true distance of C’ from F is not c but 


c1l-4 i (dy[dz)*,-,] -- A(dy[da);—.. 
The bar D rests throughout its central 29 cms. on a hori- 
zontal plate, to which it is bolted at two points each 14 em. 
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rom the centre*. Thus the half on one side of the centre is 

practically a rod of 61—14, or 47, cms. length, clamped at 
one end so that y and dy/dz vanish with z. The bending 
and stretching are thus the same as in the half of a bar 
94 cms. long supported at its centre. 

The bar E rests on horizontal pins which pass through two 
holes drilled through the bar at the level of its neutral line. 
It may thus be regarded as supported, the distance. of the 
supports from the centre being half the distance (6 cm.) 
between the pins. Consequently for E we have /=45, a=3. 
The magnet with its carriage weighs approximately 122 
grammes in the case of D, and 390 grammes in the case of E. 

Commonly the magnet is used at two fixed distances, its 
centre being either 30 or 40 cms. from the centre of the bar. 
What we want to know in the present case is the slope at the 
particular point where the additional weight acts. As already 
explained, this is the precise point where the Bernoulli-Euler 
results are likely to be least exact; still, the uncertainty is 
hardly likely to be serious. Employing the values given for 
€, &c. in Table I., I find the following data for the slope 
and for the quantities on which the distance C'F in fig. 7 
depends :— 


Taste VIII. 
Bar D. Bar E. 
Magnet at ......... 30 om. 40 cm. 90 em. 40 cm. 
Angle of slope of mes 78" 118" 115" 463" 


hdy/dx .cms.)=| ‘00189 00273 00379 00537 
jo (dy/dz)? (ema)=| 2x107* | 6x107% | 5x107? | 18x107° 


§ 37. So far as concerns the effect on the magnetic obser- 
vations, the departure of the magnetic axis from horizontality 
is negligible, and the value of (c/2)(dy/dz)* is wholly insig- 
nificant. It is otherwise, however, with hdy/dz, especially in 
the case of bar E, where the error introduced is almost 


* The D section is the common one, but the above clamping arrange- 
ments are peculiar to the old Kew standard. In modern English 
magnetometers the bars are all supported. 
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exactly twice as great as with D. In both bars the value of 
hdy/dz varies pretty closely as the distance c. This is so far 
fortunate, as it minimises the indirect effect on a certain 
correction supplied by magnetic theory, whose accuracy is 
sensitive to errors in the assumed values of the distances 
between the deflecting and deflected magnets. 
To calculate the direct effect on the calculated value X of the 
horizontal magnetic component we may employ the formula 
X?=Nr-3, 
where N is a function of certain observed quantities, including 
time of vibration and sine of deflexion-angle, while r is the 
distance between the centres of the two magnets. The cor- 
rection 5X to X, necessitated by a correction ôr to the 
received value of r, is given by 
28X/X = —38r]r. 
For bar E, on the average of the results at 30 and 40 cms., 
we have 
dr/r= +°00013, 
whence 8X/X=— 000195. 


At London, where X —:184 c.6.8. approximately at present, 
this would give 
5X = —:000036 c.a.s. 

Near the magnetic equator— e.g. in parts of India—X is 
twice.as large as in London, so that the error introduced by 
the flexure of bar E under gravity might attain to --:00007 
c.a.s. As it is usual to attempt to measure X—or at least 
to record its value—to :00001 c.a.s., the source of error 
now indicated possesses more than merely theoretical interest *. 


Concluding Remarks. 

§ 38. A common remark applies to all our investigations 
into the effects of flexure on length. So long as a bar is 
always used at a fixed station, in one exactly specified way, 
and its length is measured, or defined as holding, under the 
exact conditions of use, it is immaterial whether flexure 


[* March 1902.—Direct experiments made on bars of D and E sections 
at the National Physical Laboratory having confirmed tho theory of 
$ 37 for supported bars, the effect of bending is now regularly observed 
and allowed for in the tables of constants supplied there to magneto- 
meters. | 
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affects its length or not. If a standard yard, for instance, is 
supported in an absolutely uniform way on rollers, the mere 
fact that the distance between the centres of the gold plugs 
would be altered by shifting the rollers cannot be said to 
constitute an unmistakable mark of its inferiority as com- 
pared to the Bureau International’s type B. There may, 
however, be practical objections to particular forms of stan- 
dards of lengths, and to particular positions of the supports. 
It is undesirable, for instance, that a small accidental variation 
in the position of the supports should appreciably affect the 
length. Thus in the case of a standard yard the ends of 
the bar seem a much less advisable position for the supports 
than the points answering to a/l= /1/3. This, of course, 
has been recognized since Airy’s time. Again, tho type B 
has, at least theoretically, the conspicuous advantage that 
even large variations in the position of the supports are of 
secondary importance. It is not, of course, impossible that 
there may be some compensating disadvantages, apart from 
mere expense or difficulty of construction. In a bar of rect- 
angular section there would seem less grounds for fearing 
difference in elastic property or density between the material 
above and below the neutral plane than in a bar of unsym- 
metrical section like B or C. In the event of differences of 
elasticity between the material in the flange and in the upper 
and lower limbs, the plane of unstretched fibres might not 
coincide with the horizontal plane through the line of centres. 
If heterogeneousness of this kind existed to any appreciable 
extent, it would militate against the advantages claimed for 
the type B. 
Discussion. 


Prof. Everett congratulated the author upon the practical 
application of a difficult theory to the measurements of lengths 
and volumes. 

Mr. Watson said that it was usual in deducing the radius 
of a coil from the measurement of its circumference with 
a steel tape to diminish the result by half the thickness 
of the tape. He would like to know if this was the right 
correction to apply. In measuring the circumference of a 
cylinder it is necessary to wind the tape in a spiral so as 
to bring the divisions side by side. This gives a result 
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which is too great and not too small, as might at first sight 
be imagined. 

Mr. CAMPBELL asked if any special nont (optical 
or otherwise) had been performed to determine directly the 
bendiug of standards at ditferent points of their length ? 

Dr. LEHFELDT asked if the work of the author could be 
used to determine the pressure corrections of thermometers. 
He would like to ask why it was necessary to use two rigid 
supports instead of a number of slightly elastic ones. 

Prof. Taompson said that the paper was important because 
of its bearing on the question of the relation between the 
units of different nations. He drew attention to the alter- 
ation of the factor converting metres into inches, and asked 
if it was due to alterations in the properties of matter or to 
errors of observation. The two legal definitions of the 
gallon differ by an appreciable amount, and it would be 
interesting to know if this discrepancy could be due to 
changes in the volume of measures due to the liquids con- 
tained by them. 

Dr. Carer, in reply to Mr. Watson, expressed some doubt 
as to whether a tape could be regarded as an isotropic elastic 
solid subject to the Bernouilli-Euler theory of beams ; if the 
curvature were large the elastic limit might be exceeded 
unless the tape were very thin. In reply to Mr. Campbell, 
the author stated that experiments made at Sévres on metre 
bars apparently agreed well with the Bernouilli-Euler theory. 
In reply to Dr. Lehfeldt, he said he had treated the subject 
of the external and internal pressure coefficients of thermo- 
meters in a paper published some years ago; the results of 
the present paper might throw some further light on the 
subject in the case where the bulbs were long and of cylin- 
drical shape. With respect to a suggestion that it might be 
advantageous to support a standard of length on a large 
number of points, Dr. Chree said that Airy had treated this 
question mathematically many years ago; but that in practice 
there might be uncertainty as to the true distribution of 
pressure, just as in the case of support on a flat surface 
which was not a mathematical plane. In reply to the Presi- 
dent, he said that the difference between the results of the 
recent and old comparisons of the yard and meter might be 
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partly due to the fact that the divisions on standard yards 
are somewhat coarse for measurements of the highest degree 
of accuracy; further, that something might be dae to the 
fact that 62° F., not being defined in terms of any definite 
scale, the temperature accepted as standard for English 
measures of length might have slightly altered. 


II. On the Variation with Temperature of the Thermoelectro- 
motive Force, and of the Electric Resistance of Nickel, 
Iron, and Copper, between the Temperatures of —200° and 


+1050°. By E. Pauw Harrison, University College, 
London *. 


THE main objects of the investigation which forms the 
subject of this paper are as follows :— 

To trace over as wide a range as possible the change with 
temperature of the thermoelectromotive force and the resist- 
ance of Nickel and Iron, using in all experiments the same 
specimens of metal ; to investigate any singularities that may 
be present in the curves representing the change ; and to 
determine whether they occur at the same temperature in 
each of the curves. It was originally intended to investigate 


the magnetic properties of the same specimens, but time has 
not sufficed for this. 


Section I. 
THERMOELECTRIC PROPERTIES. 
(1) Results of Previous Observers. 


In his researches on thermoelectricity t Tait gives the 
results of some of his measurements for iron which extended 
from 0° to the melting-point. The second portion of his iron 
couple was either platinum or an alloy of platinum and 
iridium ; he used mercury thermometers up to 300°, but did 
not correct for stem-exposure, and the experimental difficulties 
due to chemical action and the measurement of temperature 
made observations above 500? quite unreliable. His results 

* Read October 25, 1901. 


f Proc. Roy. Soc. Edin. December 1873; ‘Nature’ Rede Lecture, 
May lst, 1873, 
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within a moderate range of temperature (obtained with the 
hot junction in an oil-bath) showed that the E.M.F. tempera- 
ture-curves wero made up of a series of “excellent parabolas.” 
At higher temperatures “the parabola was slightly steeper 
on the hotter than on the colder side.” He also found that 
between 200° and the melting-point, two or more distinct 
neutral points existed. 

Professors Fleming and Dewar’s experiments on the same 
subject * extend from the temperat:ıre of boiling oxygen 
to 100° C. Their paper gives the experimental methods used 
and the numerical results, but a discussion of the latter 
is reserved by the authors for a further communication. 
The temperature of the “hot junction ” in their experiments 
was measured by a platinum thermometer, and their results 
were expressed on the platinum scale. 

Holborn and Day f compared a platinum-platinum-rhodium 
couple with the air-thermometer, and $ tested a number of 
similar couples, but were unable to obtain consistent results 
with oxidizable metals at high temperatures. They adopt 
Tait’s method of representing their results by portions of 
parabolas for limited ranges of temperature. 

Stansfield §, from observations on couples formed of plati- 
num and platinum-iridium or platinum-rhodium alloys, found 


that for these couples the Peltier effect ( T “T approximated 
closely to a linear function of the temperature, but that the 


thermoelectric power (5r) could not be so represented. 


DESCRIPTION OF APPARATUS. 
A. Measurement of E.M.F. 


An ordinary potentiometer method was used and the 
general arrangement of apparatus is shown in fig.1. A two- 
metre bridge-wire BP was connected in series with a resist- 
ance-box R and a 1 ohm rheostat O. The P.D. due to the 


* Phil. Mag. 1896, vol. xl. pp. 95-119. 
t Wiedemann's Annalen, August 1899. 
I Berlin Academy, July 1900. 
$ Phil. Mag. 1898, vol. xlviii. 
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thermo-couple was balanced against that due to two accumu- 
lators M. Before each reading of the E.M.F. of a thermo- 
couple the standard cadmium cell C* was balanced on a 
definite resistance AB of the box by adjusüng r, fine ad- 
justment being made by the rheostat. Alterations in the 
E.M.F. of the cadmium cell with temperature were too small 
to affect the observations to 1 part in 1000. Since the iron- 
copper couple gives an E.M.F. about 10 times smaller in 
places than the nickel-copper, a shunt equivalent to 1/9 
of the bridge-wire resistance was constructed, and arranged 
so that it could be inserted at will between the ends of the 
bridge-wire. 


Fig. 1. 
C 
| 
Ca. Cell ! 
G 
Cola Junction JU 
A 1000 ohme (momi rate Zero P 
Potentiometer 
R wira 
r 
Rheostat 
Oo 
M 
| 
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The bridge-wire was calibrated by the Carey Foster method. 
A galvanometer of the Wiedemann pattern was used with 
a pair of 1 ohm coils, and with the usual scale and telescope 
arrangement for reading deflexions. Thermoelectric effects 
at the slide-wire contact were avoided by always depressing 
the key with a glass cap. With the above arrangement 
of apparatus, the position of the key on the potentiometer- 
scale could be adjusted in the case of copper-nickel junction 
to the fifth of a millimetre, in the case of copper-iron junction 
to half a millimetre. Readings of E.M.F. of copper-nickel 


* T M.F. 1019 millivolts. 
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couples were accurate to 1:8 microvolts, while those of copper- 
iron couples were accurate to less than 1 microvolt at 
moderate temperatures. 


B. Measurement of Temperature. 


In all eases the hot-junction temperatures were measured 
by a platinum thermometer and recorded automatically by 
Callendar's Recorder, the advantage of this method being 
that simultaneous readings of E. M.F. and of temperature are 
obtained without the necessity for two observers. While 
the temperature was changing slowly (say 4? per minute) the 
readings at 500? were correct to 1/10 degree. Observations 
were taken in all cases with rising and falling temperatures 
in order to make sure that the * lag" of the thermometer or 
recorder did not iatroduce appreciable errors. 

The heating-apparatus (fig. 2) 


consisted of several concentric Fig. 2. 
iron cylinders closed at one end. VM 
For temperatures below 700? this NU a 
arrangement was placed on a small y 
Fletcher burner, and the whole i 
surrounded by a cylinder of p 


polished tin-plate large enough to ; 
leave an air-space of two or three 
cms. between itself and the iron 
heater. The inner wall of the 
“tin” cylinder was lined with 
4 inch asbestos board. 

For heating above 700°C. a 
Fletcher gas-furnace with an air 
draught was used, two dampers 
being arranged for regulating the 
temperature. 

The hot junction formed by 
fusing together in a reducing HEATER. 
blowpipe-flame the ends of the 
copper, nickel, and iron wires, was placed nearly at the 
bottom of a 12-inch porcelain tube of 9 mm. internal dia- 
meter. The platinum-thermometer tube was then placed by 
the side of the tube containing the couple, and the two 
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were bound together with several layers of thick sheet- 
copper, extending six inches from the bottom of the tubes, 
which were then placed in the heater and packed round with 
asbestos. The top of the heater was covered with 4 or 5 
layers of asbestos-paper separated from one another by 
air-spaces. 

The other ends of the nickel and iron wires were soldered 
. to copper leads, and the junctions placed in very small 
glass tubes, which together with a mercury thermometer 
reading to 1/10 degree C. were placed in a large test-tube full 
of water, the test-tube itself being also immersed in water. 
This arrangement formed the cold junctions, and their 
temperature always varied with the temperature of the room. 
Every observation is reduced to cold junction at 0? C. by 
means of a separate series of observations applied graphically. 
Observations at the higher temperatures were taken first in 
each case, so that any change that might be caused by the 
heating would occur at the beginning of the experiments. 
Confirmatory observations were made in steam, aniline 
vapour, and sulphur vapour. In the case of steam an 
ordinary hypsometer was used, the couple-tube and pyrometer 
being placed in it simultaneously, and the temperature of the 
steam calculated as well as observed by the pyrometer. The 
aniline was boiled in a glass beaker about 2 ft. high, 
provided with “tin” plates at intervals up its length to 
prevent convection-currents, For the sulphur point an 
ordinary sulphur boiling-point apparatus was used. 

The effect of heating the junctions in hydrogen and in 
carbon was tried in every case. A large rubber bag was 
filled with 96°/, hydrogen fromacylinder. The bag commu- 
nicated with one arm of a three-way tap, the other two arms 
of which went to the pump and couple-tube respectively. 
The couple-tube was washed out with hydrogen by alternately 
exhausting the apparatus and letting in the gas, and observa- 
tions were taken at pressures slightly in excess of atmospheric 
pressure. The hot junctions when packed in bone-black in 
the porcelain tabe gave consistent results up to 700°, but 
quite inconsistent results above that temperature. Finally, in 
each case observations were taken in liquid air. The 
junctions were put naked into the liquid with the platinum 
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thermometer, also without its tube, beside them. Tempera- 
ture of the air was recorded. 


Method of avoiding Oxidation. 


For observations above 500° it was necessary to protect 
the couples as far as possible from any gases that might 
chemically affect them. Owing to the difficulty of obtaining 
any argon at the time of the experiments, it was finally 
decided to use as good a vacuum as possible. The porcelain 
tube containing the junction was closed with a rubber cork 
through which a glass tube passed. The three wires were 
brought up between the cork and the sides of the tube, and 
were gently burnt into the former. Marine glue was melted 
and poured over the cork and top of the tube, which was then 
warmed till the glue ran into every hole. Finally a coating 
of beeswax was spread over the glue—a precaution which 
was found to be very necessary to the preservation of the 
vacuum, though as beeswax melts at a low temperature, 
the top of the hot-junction tube had to be kept well protected 
from the heat of the burner. The glass tube which passed 
out of the cork was then sealed directly on to a Fleuss pump. 
Two P,Q; tubes were interposed between the porcelain tube 
and the pump, and a mercury gauge was set up with a 
barometer by its side for comparison. The wires above 
the hot junction were in the first instance insulated by being 
separately wrapped in several layers of asbestos-paper as far 
up as the mouth of the tube. Subsequently, the wires inside 
the tube were insulated by little circular mica disks instead 
of asbestos, because the latter was found to evolve gas on 
heating which contaminated the couples. With mica insula- 
tion no difficulty was found in keeping the vacuum as good 
as that above the barometer for several days. 


Regulation of the Temperature. 


It was thought possible that hysteresis occurred at the 
singular point of the nickel curve. To investigate whether or 
not this was the case, it was necessary to take observations 
with a very slowly-rising or slowly-falling temperature. 
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A special apparatus was constructed for regulating the gas- 
pressure, and for slowly turning on or off the gas-supply to 
the Fletcher burner. This apparatus worked very satisfac- 
torily, although only a small hysteresis effect was detected, 
which is shown by the double line at the summit of difference- 
curve D (Ni) (fig. 4) ; the upper branch was obtained with 
rising, the lower one with falling temperature. The difference 
could not be explained by temperature-lag in either the 
thermometer or the couple. 


Method of taking the Observations. 


The temperature of the hot junction being steady, or 
changing not more than 1 degree in five minutes, a stop-watch 
was started when the pen of the Recorder was crossing a hori- 
zontal “time-line.” The scale of the potentiometer was 
adjusted by reference to the cadmium-cell, and the latter was 
then cut out and the Cu-Ni couple switched into the galvano- 
meter-circuit. Time on the stop-watch at which balance 
occurred, and the bridge-reading at balance being noted, as 
soon after each observation as possible the temperature of 
the cold junction was read to 1/10 degree. The same 
observations were repeated on the copper-iron junction with 
the bridge-wire shunted. 

All temperatures are expressed as air-thermometer tem- 
peratures, correction from the platinum-scale being applied 
graphically by means of a difference-curve. 

All E.M.F.’s are given in microvolts. 


Discussion of Results. 

The curves for variation of E.M.F. with temperature of 
copper-nickel and copper-iron couples might be roughly 
described as a straight line and a parabola respectively up to 
700° C., but the differences in either case far exceed the 
possible errors of observation (fig. 3). In order to exhibit 
any peculiar points on a satisfactory scale in either case, 
difference-curves were constructed. For copper-nickel, differ- 
ences from a straight line were plotted from the equation 


Difference = E observed — 22t. 
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Values of D (difference) thus obtained were plotted against 
temperature (Curve D (Ni), fig. 4). In a similar way for 
the iron-copper couple a parabola 


E,—11:228t—:021924 ($, 


passing through the ice, aniline, and sulphur points, was 
calculated, and differences from this parabola were plotted. 
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Scale of Temperature. 


This gives Curve D (Fe), fig. 4. In this case differences are 
much smaller than in the case of the nickel. The parabola 
itself is shown in fig. 3. 

From these differences it is seen that maximum variations 
occur in the case of Cu-Fe, (a) at 70°, when the thermo- 
electric E.M.F. is less than the corresponding parabolic 
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Fig. 4.—Difference Ourves. 
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ordinate by 45 microvolts; (b) at 230°, when the thermo- 
electric E.M.F. is greater than the corresponding parabolic 
ordinate by 20 microvolts; (c) at 370°, when the thermo- 
electric E.M.F. is again less than the corresponding parabolic 
ordinate by 5 microvolts. Between 0° and 200°, and between 
400? and 750? there is a gradual divergence from parabolic 
form more strongly marked on the hot side (the reverse of 
Tait's observation). 

The temperature of inversion, cold junction at 0°, is found 
to be 536? C., and is given by the intercept on the axis of 
temperature, between 0° and the point of section by the curve 
of thermoelectric power (fig. 6, p. 69). 

The neutral point is at 262° C. 

Above 700°, Cu-Fe E.M.F. increases almost as a linear 
function of the temperature til] 900° is reached, when a rapid 
increase in the E.M.F. is noticed, with no indication of a 
second neutral point (fig. 5). 

In the case of Cu-Ni, maximum variations occur at about 
70° C. and 340? ©. The divergence at 310? is very marked, 
and after 500? C. increases rapidly. There appears to be a 
small hysteresis effect at the maximum. The temperature of 
inversion, if there be one, does not occur within the limits of 
the experiment, and there is no neutral point. Above 700°, 
the Cu-Ni curve (fig. 5) remains almost linear up to 1050°, 
the limit of the experiments, while the slope of the curve is 
practically unchanged. 

The E.M.F. curve for Ni-Fe couple (fig. 3) up to 700° C. 
was obtained by adding the ordinates of the copper-nickel 
and copper-iron curves corresponding to definite temperatures. 
It has no neutral point ubove 0?, though at the temperature 
of liquid air there is an indication of one. The fact that no 
neutral point occurs in the iron-nickel ** line ” is also evident 
from the fact that copper-nickel and copper-iron thermo- 
electric-power curves, when plotted on the same scale, do not 
intersect. 

The E.M.F. curve is a nearly linear function of the tem- 
perature up to about 900°, when a decrease in the E. M.F. is 
noticed (fig. 5). Above 700° the curve was obtained by 
direct observation of the E.M.F. of a fresh nickel-iron 
couple, the copper being omitted in order to avoid the 
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uncertainty due to its evaporation, which became quite 
appreciable at 900° C. The junction of iron and nickel was 
made by fusing the wires in the electric arc. 

The dotted parts of the nickel and iron “lines " (fig. 3) 
were obtained when the couples were known to be affected 
by oxidation, t. e. when the vacuum was known to be faulty. 
The shift only occurred at the higher temperatures. Tho 
E.M.F., when determined on the same “ oxidized " couple 
for lower temperatures (such as 200°), coincided with the 
original values. Any error in measuring temperature or 
E.M.F. would be constant for the copper-nickel and copper- 
iron “lines.” The observed facts, however, show that the 
effect is not the same in the two cases. The vertical dis- 
placement of the nickel curve is about 425 microvolts, while 
at the same temperature that of the iron curve is about 
120 microvolts, the horizontal shift in the first case being 
14°, and in the second case 18°, in the same direction. 

The effect for Cu-Fe is as if an applied .M.F. were 
acting so as to produce a current in the same direction as 
that due to the junction. Thus the fact that the effect is an 
increase of ordinate above 500?, and a decrease of ordinate 
below 500° (in the case of Fe-Cu) is accounted for. For 
Cu-Ni there is always a decrease, such as might be due to an 
E.M.F. giving a current in the opposite direction to that due 
to the junction. Moreover, the two dotted bits are not abso- 
lutely parallel to the original curves, making it still more 
probable that the explanation of the shift is to be found 
in the fact that chemical action took place and altered the 
E.M.F.’s. 

When the couples were heated in hydrogen, so as to 
preclude the possibility of oxidation, those points taken below 
895° C. lay on the main curve, which bears out the idea that 
the shift in question is due to oxidation. 

Above 895° other effects were observed when the couples 
were heated in hydrogen, which were more systematically 
investigated (see below). 

In carbon, observations taken up to 700? agreed with the 
hydrogen and vacuum results. Above this temperature, 
carbides of iron are probably formed which give rise to 
the inconsistency in the results, which has already been 

F 2 
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remarked on. It may be mentioned that these observations 
gave values of E.M.F. which were considerably greater than 
those in hydrogen. 

It is evident that thermoelectric couples of copper-iron 
aud copper-nickel packed in carbon will give consistent 
readings of E.M.F. up to 700° or 800°, but that above this 
temperature the method fails. 

Under every condition tried, copper, nickel, and iron wires 
were always extremely brittle after heating above 700°. 
After heating in hydrogen they were invariably quite bright, 
notably the copper. This last metal volatilized considerably 
above 900°. 


The curves of thermoelectric power ©, shown in fig. 6, 


were obtained by drawing tangents to the E.M.F. curves 
(figs. 3 and 5). A considerable range 
( from — 200? to + 100) 
and from + 100? to 4- 400? 
of the copper-iron curve can be represented by straight lines. 
Between 4-400? and +800°, however, the curve appears to 
be parabolic, and cannot be built up of bits of straight lines. 


Above 800? z increases rapidly, being nearly linear be- 


tween 900° and 1050°. The Cu-Ni power curve can be 
represented by bits of straight lines. Changes in slope occur 
at 240° and 380°. 

The Peltier coefficients i , obtained by multiplying the 
thermoelectric power by the corresponding absolute tem- 
perature, are given in the same figure (fig. 6). The curve 
for iron-copper is approximately parabolic between — 200° 
and +300°. After that it can be made up of straight lines. 
The break just below 800° is due to the fact that the E.M.F. 
curve for results above 800° did not quite join, but was 
approximately parallel to that for lower temperatures. For 
Cu-Ni the Peltier coefficient-variation can be built up of bits 
of parabolas, if the power-curve is strictly linear; but 
uncertainty in the values obtained by differentiating an 
E.M.F. curve makes it better to show the Peltier coefficient- 
variation as bits of straight lines. 
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Changes in sign of the Thomson coefficient, or specific 
heat of electricity, are indicated by these changes in slope of 
the Peltier coefficient, and the former are remarked on by 


dE 
z 


Peltier Effect T 
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Tait, and he gives the temperatures at which they occur as 
just above 200°, and again just below 3009. It is also 
evident that the E.M.F. curve for Cu-Ni can be represented 
very well by bits of parabolas over the whole range. 


Changes in E.M.F. on heating above 900°. 


It was noticed that changes in the value of the E.M.F. 
for any particular temperature occurred on continued heating, 
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and in order to investigate these changes observations were 
made with the Fe-Cu couple under the following four con- 
ditions :— 


(i.) New couple in air-vacuum. 

(ii.) Same couple after continued heating in air-vacuum. 
(iii.) New couple in hydrogen at about 860 mm. pressure. 
(iv.) Same couple after continued heating in hydrogen. 


(i.) On heating a new couple rapidly to the highest tem- 
perature required, and then taking observations throughout 
the range as quickly as is consistent with accuracy, Curve V I. 
was obtained (fig. 5). 

The E.M.F increases almost as a linear function of ¢ up to 
nbout 895? C., when an abrupt change of slope occurs and the 
E.M.F. increases more rapidly up to the limit of the 
experiments. 

(ii.) Using the same couple after 10 or 15 hours’ heating, 
the abrupt change of slope previously noticed no longer 
occurs, but as is seen by V II., the curve is continuous over 
the whole range so that above 895? the curve consists of two 
branches, the lower one obtained with a once-heated couple 
and the upper one with a couple that had undergone more 
prolonge l heating, while below 895? the curve is common to 
the two branches, and appears to be independent of the 
length of time the couple has been heated. Measurements 
were then made with continuously rising and continuously 
falling temperatures to find if hysteresis occurred above 8909. 
Evidence was obtained of small effects of this nature, slightly 
greater values of E.M.F. being obtained with falling tem- 
perature, though any exact estimation of the phenomenon was 
made soinewhat difficult by the change which was going on 
in the value of the E. M.F. owing to continued heating. 

* Lag" errors due to a temperature which was changing 
too rapidly would not account for these effects, for such 
errors would affect the result in the opposite direction—for 
instance, with a too rapidly falling temperature the curve 
would be shifted upwards owing to “lag” in the recording 
of the teniperature. 

The variation of E. M.F. above 900? is about 20 microvolts 
per degree for the freshly heated couple. Probably the 
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effects of continuous heating are going on the whole time in 
Curve VI.: hence the rapid, though continuous change of 
slope. At 895? a change, most likely chemical, occurs in the 
Fe, and below this temperature the couple is in a new state, 
and secular changes go on more slowly, if at all. 

After these experiments the copper was exceedingly bright 
while the iron was covered with a black deposit. 

(iii.) When a new couple is heated in hydrogen, Curve H I, 
is first obtained, no change of slope being noticeable and the 
values for the E. M.F. being greater than those obtained in a 
vacuum. This curve therefore approximates more nearly at 
700? to the one obtained at lower temperatures, than does 
VL, the lowering of the curve under the influence of 
hydrogen being consistent with previous observations on the 
effect of this gas. 

(iv.) After continued heating in hydrogen, just as in 
Curve V II., the values of the E. M.F. become less, and finally 
the curve representing them lies slightly above the values 
obtained in vacuo (Curve HII.). “HII. is nearly, but not 
quite, parallel with V II. The wires at the end of the experi- 
ments were both perfectly clean although the iron had lost 
its polish. The copper was exceedingly bright. 

In the case of iron heated in hydrogen, possibly a gradual 
reduction of impurities in the substance of the iron accounts 
for the change in the E.M.F. on continued heating. 

[There is no break or change of slope in the thermoelectric 
curves for Cu-Fe at 800°, the temperature at which the 
resistance of Fe alters.] 

In order to eliminate any possible effect of the copper, a 
Ni-Fe couple was used. The E.M.F. was affected by 
continued heating in hydrogen, in just the same way as 
when copper was present. Evidently the effect is due to 
physical or chemical changes or both going on in the iron, 
and the change of slope at 895? is not connected with a 
decomposition of copper oxide at this temperature, as was at 
one time thought possible. 

Only the means of the observations of E.M.F. at the 
temperatures of steam, aniline, sulphur vapour, and liquid 
air are given in the table below. 

The observations at other parts of the eurves were much 
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more numerous than those shown by circles in the figures, 
but they could not be satisfactorily represented by means of 
tables or empirical formule, on account of the singularities 
presented in the variations of E.M.F. The E.M.F. at any 
temperature can be very accurately deduced from the dif- 
ference curves, e. g. for copper-iron at 250? 

the paraholic formula gives. . . . +1452:1 microvolts. 
the reading of Curve D (Fe) gives . + 175 - 


Hence Total E.M.F. is . . . . . +1469°6 5; 
[tu Si e | 


Section II. 
Resistance Experiments. 


A potentiometer method was used and the general arrange- 
ment of the apparatus is shown in fig. 7. 


Fig. 7. 
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The wire the resistance of which was to be measured was 
wound into a spiral and the main current leads and 
potential leads of No. 28 B.w.a. copper were silver-soldered to 
the ends of the spiral; the other extremities of these four 
leads being soldered to four No. 18 copper leads which 
projected through the cork of the porcelain tube. The thin 
copper was used in order to minimise conduction of heat 
from the spiral. The standard coil for comparison was of 
manganin and, with its potential leads, was immersed in 
paraffin oil. It was not found necessary to apply any 
correction for temperature changes in the standard. 


TEMPERATURE VARIATION OF NICKEL AND IRON. 18 


The porcelain tube containing the spiral was placed in the 
heater as before, with a pyrometer. Care was taken that 
the temperature was steady before making an observation 
of resistance, and in every case a reading of the standard 
résistance was taken before and after each reading of the 
resistance (Ni or Fe) required. 


Discussion of Results. 


The resistance of nickel increases with temperature almost 
parabolically up to 370°, when a change of slope occurs, and 
the resistance increases much less rapidly and almost as a 
linear function of the temperature up to 1050° (fig. 8). 


Fig. 8. 
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A parabola which fitted the resistance observations very 
well up to 350? C. was calculated passing through + 100? and 
-+ 300°, and was plotted from the equation 


Ry; ='10288 + 00048 — 000000712612, 


The change of slope in the nickel resistance-curve is not 
sudden but extends over 10? or 15°. 
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In the case of iron, the resistance-curve does not change 
its parabolic form till nearly 800°, when it becomes linear and 
remains so within the limits of the experiments. 


The parabola 
Ry.= 3318 4-:001230t + 0000022097? 


fitted the iron resistance-curve up to 500°. 

The shape of the nickel and iron resistance-curves are 
strikingly alike at the temperature of the change in each. 

There was very little oxidation in these high-temperature 
experiments; in most cases the copper leads at their junction 
with the spirals appearing perfectly bright. A reddish 
deposit (apparently of metallic copper) was usually seen on 
the spiral and mica disks. 

A further series of measurements was made in hydrogen. 
No change whatever in the temperature at which the change 
of slope for iron occurred was produced by this, although 
the two curves were not absolutely coincident. 

The change of resistance for copper was determined 
between 750° and 1000°. The copper wire (No. 28 B w.c.) 
was wound on a mica frame and was heated in hydrogen. 
It is known that up to 500° or 600° the resistance of copper 
changes like platinum. The present experiments show that 
above that temperature a point of inflexion occurs, and the 
resistance-curve becomes convex towards the temperature 
axis. 

Above 800? the curve is nearly linear, with another less 
clearly defined change of slope just below 1000. 


The main object of the present research was originally to 
correlate the peculiar thermoelectric points with the changes 
of slope on the resistance-curves. 

The result from this point of view is that the thermoelectric 
change in nickel-copper coincides approximately with the 
resistance change, but that no theremoelectric peculiarity 
exists for iron-copper at the temperature of the Fe resistance 
change. Asis shown by the Peltier coefficients, a marked 
change occurs at about 500? in the case of Fe-Cu. This is 
approximately the temperature at which a flexure occurs in 
the copper resistance-curve. 
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Numerical Results. 


| E.M.F. in microvolts. Cir heran Note. 
Copper- Nickel. 
— 2907 —191°2 Liquid air. 
2233 ' 99:8 Steam. 
10335 4455 Sulphur vapour. 
4321 182:5 Aniline vapour. 


Copper- Iron. 


—2195 —191:2 Liquid air. 
1334 182:5 Aniline. 
870 99:9 Steam. 
684 4455 Sulphur vapour. 
08 11:2 


[ron- Nickel. 


—5l11 —191:2 Liquid air. 
11807 500 
3130 100 


6160 


Peltier Coefficients. 


T. a : Temperature. 


Copper-Iron. 
4-1156 —191:2 Liquid uir. 


Copper- Nickel. 
— 7697 —191:2 Liquid air. 
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A Comparison with Fleming’s Results for Iron, Copper, 
and Nickel- Copper. 


Present Experiments. | Fleming and Dewar's. 


E.M.F. in microvolts. | E. M.F. in microvolts. 


Copper- Nickel. 
Liquid air. —2907 — 2380 
100? C 2233 2205 


Copper- Iron. 
Liquid air. —2191 — 9589 
100? C. 870 1138 


Nickel Iron. 


Liquid air. —b11l — 4969 


It is perhaps worth noticing that if the dotted part of the 
Fe-Cu curve (fig. 5) (which is marked HI and represents 
the first few points obtained by heating a fresh couple in 
hydrogen) be ‘produced, it cuts the upper and “ constant ” 
portion of the curve at a temperature just below 800°, the 
temperature of the resistance-changes in iron. 

In conclusion I wish to express my best thanks to Professor 
Callendar, F.R.S., for constant help and advice during this 
research, which was undertaken at his suggestion. 

My thanks are also due to Mr. G. M. Gibbins, of University 
College, for help during the first part of the thermoelectric 
measurements. 

Discussiox. 


Mr. A. CAMPBELL said that with purer iron the change in 
thermoelectric properties might correspond with the change 
in resistance. Dr. Knott had performed experiments on 
nickel in 1886 and got results similar to those of the author. 
Mr. Campbell said that he had himself made experiments 
upon two samples of nickel differing widely in resistivity, 
and although their temperature coefficients were also dif- 
ferent, the change in slope of the curve connecting resistance 
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and temperature occurred at practically the same tempera- 
in both specimens. Their thermoelectric powers, however, 
were almost identical up to 300°, but above they differed 
slightly. 

Dr. D. K. Morris pointed out that the thermoelectric 
force, the resistance, and the magnetic properties should be 
observed at the same time. In taking a thermoelectromotive 
force there must be a temperature gradient, and in the inter- 
esting parts of the curves differences of magnetic properties 
may arise and produce discrepancies. He drew attention to 
the caution which must be exercised in differentiating by 
drawing tangents except when the curves are smooth. Dr. 
Morris said the connexion between resistance and magnetic 
qualities was interesting. The temperature coefficient of 
resistance of a magnetic body rises with temperature so long 
as the body is magnetic, but decreases when the body 
becomes non-magnetic; and this connexion holds even 
when a substance (as manganese steel) exists at the same 
temperatures in both states. He asked for information on 
the subject. 

Prof. H. L. CALLENDAR said he had followed the research 
with interest, and referred to the experimental difficulties, 
especially at high temperatures. He should like to have said 
something in reply to Dr. Morris, but he was afraid the 
subject was a large one, and might well be discussed at some 
future meeting. There were several points to clear up, and 
the fact that the curves described cannot be represented by 
straight lines or parabolas showed that the subject was beyond 
the range of a simple theory. 

Prof. THoMPson suggested that it might be well to re- 
examine more carefully some of the curves which are 
accepted as straight lines, and on which there is no com- 
plication due to magnetic properties. He hoped the author 
and others would continue working at this subject. 

Mr. E. P. Harrison, in reply to Dr. Morris, said he 
thought the number and accuracy of his observations justified 
him in drawing tangents to form his power and Peltier 
effect curves. 
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III. On Asymmetry of the Zeeman Effect. By Grorcr W. 
WALKER, M.A., A.R.C.Sc., Fellow of Trinity College, 
Cambridge *. 


IN his valuable papers on the Zeeman Phenomenon, 
Professor W. Voigt f predicted an asymmetry of the normal 
triplet in the sense that the new component lying towards 
the violet end should be at a greater distance from ihe 
central component than the new component lying towards 
the red end of the spectrum. Professor Zeeman has verified 
this and is endeavouring to measure the amount, which is 
excessively small. 
Professor Voigt finds that 


where T, and T are the undisturbed and disturbed periods 


- 
= 5 = jn ó0—3—3, 


E=e,5, ; 
R=strength of the magnetic field. 


3 


The quantities e, and care constants depending on the system 
which produces the fundamental line. £ is supposed very 
small, and upon it the asymmetry depends; for if =0 we 
get 

ô= +cR, 


which represents the ordinary Zeeman effect. If & is 
retained we see that the asymmetry will be most marked in 
a weak magnetic field. 

I find that asymmetry may be accounted for as a second 
order term arising from the magnetic field, and will now 
obtain the result. 

Let us take as our representative molecule producing 
radiation, a system consisting of two atoms equally and 


* Read October 25, 1901. 
t Annalen der Physik und Chemie, lxvii. 1899, p. 845 ; ibid. i. 1900, 
p. 370. 
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oppositely charged. Let the charge be e and the effective 
masses m, and m, respectively. In order to avoid difficulties 
about the law of force between the two atoms we shall 
consider the motion as a disturbed circular orbit, so that we 
may write the equations of motion as 


m 2, + a’*(z,—2,)=eH y, fr, — a? (£x — 2) = —eHy,, 
my, +a(y,—y,)= —eHz,, my, — a! (y, —y.) = +eHz,, 
TZ, 4- a*(2, — 2,) 0, m,z,— a* (z, — 2,) 0, 


where 2, y, z,, 7, y, 2, are the coordinates of the centres of the 
two atoms and H is the strength of magnetic field supposed 
uniform and parallel to the z axis. 

In general a in these equations may differ slightly from 
the undisturbed value, but for the present purpose this does 
not matter. 

As first integrals of the equations we get 


mz, 4 m4z,— (m, 4 m,)u - eH (y, —y,), 
my, m,y,— (m, + m,))v — eH (z,— z,), 
m,z,+m,z,=(m, + m,)w, 
where u,v, w are constants of integration. 
Using these equations and putting 


Do =a’ ^ + =), 


2 
2,—2@,=, Y,—Y¥,=7, 2—2,—6 


» eH*, eH(m,—m,): | eH(m,4- m.) 
UN mt mm 75 mm, ^ 


eH: ^ eH(m,—m) i— eH (m, 4- m,) " 


T7 Pn ——]— 
P. mm, Mmm, m,m, 


we get 


? 


? 


b pitt =0. 

The terms in u and v have no influence on the periodic 
parts of £ and. Hence putting £, n, £ proportional to e'f, 
we get for the ¢ vibration 

p = Pos 
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and for the £ and 7 vibrations the roots of p given by 
2? Q, eH + eH(m,— m) 


P =Po ~ mm, — mm, 3 
and hence 
_ , leH(m,—m,) te c&H'(m, +m,’ 
p=t5 — mm, tP 1 E a 


Neglecting squares of 
e*H (m, +m,)? 


4 pom, m}? 
we gel 
Spa leH(m—m,)  leH*(m, +m)? 
P—Pot3 m,m, 8  pm?imj$ 
Putting 


p-—g P= 5) §=3—9,, 
we get 


—2 mm, So" 8 m/m, 


The new lines looking at right angles to the field are 
therefore:— 


The central line 3—3, polarized perpendicular to the 


direction of the lines of force, 
and the lateral components 


Pes .ms p HOT m) Lem mies (a) 


polarized perpendicularly to the central line. 


The first term represents the ordinary Zeeman effect. 
For comparison I rewrite Voigt's formula 


6=—E+ VOR, 
or approximately 


ô= +cR—E+ E ZR 

The asymmetry is therefore in the same sense in the iwo 
theories, viz., the lateral component towards the violet 
having the greater displacement. They differ, however, in 
one important respect. On the present theory the asym- 
metry is greater the greater the strength of the magnetic 
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field, whereas on Voigt's theory it is more marked the 
smaller the field. 
The term 
+ leH(m,—m) 9,3 
2 mm; 
in this theory is of course the same as +cR in Voigt's 
theory. 
Let us next compare the effect in different parts of the 
spectrum. 
On Voigt's theory the difference of displacement of the two 
components is 


R ^ R` $,x H° 
On the present view the difference of displacement is 


2F or 2e» 
and the fraction of the separation is 
2$ edo, thatis œ l 
0 


1 et H( (m +- m)’ 9, s, 
4 ^o mns 
and the fraction of the separation is 
1 eH(m,+m a)? g 
A mym,(m, — m;) i 
On both views, then, the actual difference of displacement 
is greater, other things being equal, at the red end. But the 
fraction which the asymmetry is of the separation would be 
greater at the violet end of the spectrum on Voigt's theory, 
and greater at the red end on the present theory. This has 
an important bearing on the experimental detection of the 
effect. 
We may further consider the probable numerical values. 
The quantity e, is connected with the molecule in such a 
way that the dielectric constant 


K=1+2e, 


the- summation referring to all the molecules: e, is thus a 
quantity of order about 10-*, and if 3,24 x 10-!$, 


i E is of order 4 x 10-*!, 
VOL. XVIII. G 
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If, as a variety of experimental work indicates, m, is very 
small compared with m;, the formula (A) becomes 


_—leH,, 1eH* 
=F om, 8 mF 


2m, ? 


3 
0° 


ô 


For a field of 10* C. G.S. units we may takefH about 10!! ; 


therefore iu 33 is about 8x 107?!, 
2 Mo 


2 | 
and fot 9 is about 8x 10-*. 
Thus £ appears to be very small compared with 
1eH? s 
5 m? 35 


and the latter term might just come within measurable 
amount by increasing the field. 

One more point in connexion with the proposed view may 
be noted, which is that it provides an explanation of why a 
line may not be resolvable. If m,==m, there would be no 
doubling of the line, but only a small shift towards the violet. 
In this case the system is dynamically symmetrical. 

It is almost unnecessary to remark that the simple system 
selected for discussion is merely illustrative of the charac- 
teristic features of the problem. 


IV. A Voltameter for Small Currents. 
By R. A. LEaFELDT. 

In the course of some experiments with mercury voltameters 
I had a conversation with Mr. E. C. C. Baly, during which 
the suggestion of a remarkably simple form of instrument 
arose. This I have realized in practice, as follows :— 

A glass tube of from 0:5 to 1:5 mm. bore is provided with 
a pair of platinum electrodes, sealed in near the ends; the 


* Read November 8, 1901. 
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ends are then drawn out to a small diameter. The tube so 
prepared is filled—by means of the water-pump—with 
mercury throughout, except for one drop of mercurous-nitrate 
solution in the middle of its length; the ends of the tube 
are then sealed off. The tube is placed vertically, and the 
upper portion of mercury made the anode, the lower the 
cathode. The drop of solution creeps up the tube at a rate 
proportional to the current flowing, the movement being 
measured by any convenient scale, preferably one etched on 
the glass, with or without a micrometer. 

For the successful construction of the apparatus the follow- 
ing points should be attended to :—The parts of the tube where 
the electrodes are sealed-in should should not be widened, 
else difficulty in filling is likely to ensue. The filling can be 
done by placing the tube—aslant—with one point dipping 
under mercury, in a dish. The mercury is covered by 
solution : when enough has been drawn in by the pump to 
form one electrode, the point is lifted momentarily so as to 
allow solution to flow in instead ; then depressed, when more 
mercury enters, to form the other electrode. The filling is regu- 
lated most conveniently by a tap sealed on to the upper end 
of the tube, which is subsequently detached. The solution 
is made by weighing out about 26:3 milligrams of mercurous 
nitrate per c.c. of water (t. e. decinormal), and adding enough 
nitric acid to dissolve the basic salt that forms. The current- 
density may be anything up to 10 or 15 milliamperes per 
sq. cm. ; more than that causes polarization. Hence a tube 
of 2 sq. mm. cross-section (ordinary Sprengel-pump tubing) 
will take 0:3 milliampere. 

The electrochemical equivalent of mercurous mercury is 
7'470 grams per ampere per hour, or 05509 c.c. Hence 
with a current-density of 0-010 ampere/sq. cm., the rate 
of movement would be 0:005509 cm. per hour, or about 
1 mm. a day. The meter is therefore eminently adapted to 
measure long-continued currents of very small magnitude. 
Moreover, with proper precautions it may be shunted, 
as, apart from temperature changes, the resistance keeps 
steady. 

The following is a record of such an instrument :— 

a2 
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Cross-section of tube 0°624 mm.: length of thread of 
solution about 6 mm. Micrometer used, 1 scale- 
division = 0:0785 mm. 

Time. Micrometer. 


e | 
Oct. 18. 11 10 40:0 Started current of 1/12000 amp. 


12 15 41:0 
13 15 42:0 Stopped. 
Oct. 21. Reset micrometer. 
11 50 — 40:0 Started current of 1/12000 amp. 
15 40 437 


Oct. 22. 9 50 605 

Calculated rate of movement 1 micrometer-division in 
1-067 hours; observed rate 1:073. The small discrepancy 
is no doubt due to errors of experiment, and could be 
diminished by greater care in calibration, measurement of 
current, and of distance moved. 


Discussion. 

Mr. BLAKESLEY pointed out that the presence of air in the 
tube would render the readings inaccurate, and asked if it 
was necessary to apply any temperature correction. 

Dr. LEBFELDT said that it was quite easy to seal the tube 


without admitting air, and the temperature correction was 
negligible. 


V. Note ona Paper by Prof. Fleming, F.R.S.,and Mr. Ashton, 
entitled “ On a Model which Imitates the Behaviour of 
Dielectrics.” By Joan Bucwanan, D.Sc. (Lond.)*. 


Unper the above title there has appeared in the Phil. Mag. 
for August 1901 a description of a very ingenious. model 
invented by the authors of the paper. The diagrams, obtained 
by help of the model, which illustrate the paper are exceed- 
ingly interesting and suggestive. 

There are some points in the theory of the action of the 
model, and of the behaviour of the dielectric in a condenser, 
which may be deemed worth attention. 

1. The action of the model clearly depends on the viscosity 

* Read November 8, 1901. 
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of a liquid. The diagrams show by their form the very 
interesting fact that the motion of the pencil which traced 
them approximated closely to what may be expressed by the 
term ** motion of a viscous fluid by diffusion’’*, . 


" NM 
i ee EDS ESTEE EE od 


In other words, the displacement curves obtained from the 
model, and their derived velocity curves, are of the same form 
as the graphs of certain solutions of Fourier's well-known 
equation 


KERLENNENENNX 


dv dio 
q “E īp E te ub (1) 


For comparison with figs. 1. & m1. (Pl. V.) respectively, 
of Prof. Fleming and Mr. Ashton’s paper, I give here figs. 1 
and 2, which are the respective graphs of equations (Z) 

* Cf. Lord Kelvin's Math. and Phys. Papers, vol. iii. art. xcviii. 
p. 433. 
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and (3) below. In these solutions of (1) v denotes the dis- 
placement, t the time, x the distance from the origin at which 
exists the motion under consideration, and K denotes the 
* diffusivity.” 

Without the guidance afforded by some such theory as is 
here given, it would be quite impossible to discover from 
experiment such a law of displacement as is expressed by (2) 
for instance, or of velocity as expressed by (3). Thus, the 


right-hand member of (2) expresses that when ¢=0 à sudden 
displacement C (=“ charge") is impressed on the model at 
the point z—0. This displacement is maintained until a time 
t=T has elapsed, when release ( =“ discharge”) is allowed 
to take place. 

As an example of a more complex set of operations, for 
comparison with fig. v, Pl. V. loc. cit., I give here figs. 8 & 4. 
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The former is the graph of (4) below, the latter is the 
derived velocity-curve. 

We can from these examples see how, by solutions of (1), 
we can express the effect of any given set of conditions as 
regards “ charge " or “ discharge." 

The solutions of " referred pi above are :— 


v=C (1 — A de=) —0 ( 1— " k (2) 


p € "in _e KIN 

vex oe s sie 
P 
cfi 2 (7 C(, 2 (YR 
»-6(1 vz|, 1-7 )- zU vil, deea) 


C/, 2 (Gm 
g(1- rs : d-e-** . io s (4) 


2. The reasons why the model gives curves of the same 
form as the curves of “charge” and “discharge” of a 
condenser appear fairly obvious. 

Lord Kelvin showed long ago in his paper “On the 
Theory of the Electric Telegraph ”*, that the potential and 
the current at any point in the wire of a cable can be ex- 
pressed by appropriate solutions of (1) above. In precisely 
the same manner, by use of solutions of (1) we can treat 
the question of the diffusion of electricity into or out of the 
dielectric of a condenser. That such a dielectric has usually 
an enormous resistance per centim. compared with a centim. 
length of the wire of a cable, does not alter the fact that the 
law, according to which electric diffusion goes on in both, is 
the same. Resistance merely affects the magnitude of the 
proportion of distance, or of time, at which corresponding 
states of potential are reached in the dielectric of the con- 
denser and in the wire of the cable. In the case of a distance 
the magnitude of this proportion may be of the order 10-19, 
in the case of a time it may be of the order 10”. 

The whole argument, then, may be summarized in the 


* Math. and Phys. Papers, vol. ii. art. lxxiii. 
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statement that the motion of the model, and the diffusion of 
electricity in the dielectric of a condenser, are subject to one 
and the same mathematical law expressed by equation (I) 
above. 

In conclusion, I would take the liberty of suggesting 
to the inventors of the model to obtain “ hysteresis ” 
diagrams by cyclical loading of the springs, I feel sure that, 
when published, such diagrams would also prove extremely 
instructive. 

Gordon's College, Aberdeen, 

s 1901. 
Discussion. 


Prof J. A. FLEMING said he was glad that Dr. Buchanan 
had drawn attention again to the model becanse there were 
points about it which might be further discussed with advan- 
tage. After giving a short description of the apparatus, he 
said that Dr. Buchanan bad shown that mathematically the 
theory. of the model was the same as that- of electric-current 
diffusion in a cable, and he suggested that there might be 
something more than mere mathematical analogy. Prof. 
Fleming referred to the discussion on the original paper, in 
which Prof. Ayrton asked in what respect the model served 
its purpose better than a twisted wire. A twisted wire 
cannot represent the properties of a dielectric, because if 
twisted beyond the elastic limits there is a permanent set, 
and it cannot represent the effect of varying the time of 
charging a condenser. There is no permanent set in the 
present model. He should like to know if & dielectric has 
any real Ohmic conductivity, and suggested that experiments 
should be made by subjecting a dielectric to constant electric 
pressure at constant temperature, for years if necessary, and 
observing whether the curve of current becomes asymptotic 
to the zero line or to a line parallel to it. The model could 
be made to represent a conduction as well as a displacement 
current by so arranging the bottom piston that it could 
descend but not return. The fact that the movements of the 
model were similar to the diffusion of current in a cable 
suggested that the process of conduction in a metal was 
similar to that of displacement in a dielectric. | 
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VI. Notes on Gas- Thermometry.—lI. By Dr. P. CHAPPUIS, 
Attaché au Bureau International des Poids et Mesures, 
Sévres*. 


Messrs. HoLBORN and Day have published recently in a 
research on the air-thermometer + the results of a new deter- 
mination of the expansion of Berlin porcelain between 0° 
and 1000°. 

These experiments are of considerable importance as 
bearing on the reduction of temperature measurements, 
in which reservoirs of Berlin porcelain have been employed. 
I drew attention in a former note f to the fact that part of 
the divergence found between the results of Messrs. Callendar 
and Griffiths and of Harker and myself for the boiling-point 
of sulphur may be attributed to the uncertainty in the values 
assumed for the expansion of porcelain. I propose now to 
examine in what way our results would be modified by the 
introduction of the value for the expansion deduced from the 
experiments of Messrs. Holborn and Day. I would like at 
the same time to make clear and correct one or two errors 
in the note previously mentioned, to which Dr. Chree has 
been kind enough to draw my attention. 

1. Messrs. Holborn and Day have measured the expansion 
of a rod of ungluzed porcelain ahout 483 mm. in length by 
the method of the comparator. Their observations are re- 
presented in a fairly satisfactory manner by the expression 

Ly — Lg = (2954t + 1:1253} 10-9 
between the limits of temperature +250° and 625°. This 
function diverges considerably from the observations at 750° 
and at 875° to again agree better at 1000°. Below 250° it 
gives values which are too high. | 

In fact the expansion of Berlin porcelain cannot be 
represented exactly by a two-term function throughout an 
interval of temperature exceeding a few hundred degrees. 

It follows therefore that an expression for the expansion 
deduced empirically cannot be applied outside the limits of 

* Read November 22, 1901. 

t Annalen der Phys. und Chem. 4th series, vol. ii. 1900, p. 506. 


1 Phil. Mag. [5] vol. 1. p. 486 (Oct. 1900); Proc. Phys. Soc. vol. xvii. 
p. 358. 


90 DR. P. CHAPPUIS ON GAS-THERMOMETRY. 


the experiments without running the risk of committing 
serious errors *, 

The following table contains the values of the mean co- 
efficient of expansion between 0? and T? deduced from our 
measurements, those of Messrs. Holborn and Wien in 1892 f, 
and the recent ones of Messrs. Holborn and Day. 


T Harker & Chappuis, Holborn & Wien, Holborn & Day, 
] 1898. 1892. 1900. 

0? 2690 x10-? 2954 x 10-9 
100? 2089 s 3006 , 
200° (3288) „ 3179 ,, 
300? (9587)  , 3201 , 
400? (3880)  ,, 9404 p 
500° (4185)  ,, 3516  ,, 
600? (4484)  ,, 4400 x 10-? 3029  ,, 


At the time of our experiments the absence of precise data 
for the expansion of porcelain compelled us to deduce the 
values for the higher temperatures by extrapolation of the 
expression determined between the limits 0? and 100°. The 
values we thus obtained seemed to be confirmed by Messrs 
Holborn and Wien, but are not in agreement with the new 
experiments of Messrs. Holborn and Day. 


6000 x 10-9 
4000x107 
3000x107? } 
2000x107? 
1000 x 19 7 9 


0x107? 


The above diagram represents the mean coefficients as 


* The case is not the same with platinum, whose expansion measured 
by Messrs. Holborn and Day by the samo method between 0° and 1000? 
has been found to be (8889¢+ 1-274¢7) 10-9, M. Benoit had previously 
obtained between 0° and 100° in the Fizeau apparatus (Trav. et Mém. du 
Bur. Inter. t. vi. p. 190) the almost identical expression 

(89017--1:212)10- ?, 
Here extrapolation would have led to no serious inaccuracies. 
+ Holborn & Wien, Ann. der Phys. und Chem. Bd. xlvii. p. 121 (1892). 
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given by our determination and that of Messrs, Holborn and 
Day. 

Since the formula of Messrs. Holborn and Day gives too high 
values for temperatures below 250? the curve should approach 
ours in this region. It is evident from the diagram that 
there is therefore no incompatibility between their results and 
ours, and that they may be considered as approximate values 
of the same function representing the expansion of Berlin 
porcelain. 

Although there may be doubts as to the identity of the 
material subjected to experiments in the two cases, and even 
as to the invariability of the properties of a single specimen, 
when subjected on several occasions to a lengthy annealing 
process, it seemed to me interesting to recalculate some of 
our observations on the boiling-point of sulphur, assuming 
for the mean coefficient of expansion of the reservoir the 
value given by the experiments of Messrs. Holborn and Day 
for the temperature 445°. I have kept in this calculation 
the coefficient obtained by me for nitrogen between 0 and 
100°. 

It follows from the introduction of the new values, that the 
boiling-point of sulphur deduced from our experiments with 
a porcelain-reservoir thermometer would be lowered 05 C. 
from 445°2 to 444?-7. This number is very close to that 
obtained by Messrs. Callendar and Griffiths. 

It is possible that the measurements in which we employed 
a reservoir of “verre dur,” and which also gave us a value 
for the boiling-point close to 445°2, may be affected by a 
similar error, but the data at present available for the ex- 
pansion of this glass at high temperatures do not now permit 
of the error, if any, being calculated. 

I think there would be some interest in redetermining 
the boiling-point of sulphur, using a bulb of platinum- 
iridium whose expansion follows a regular and better known 
law. 

2. In the note mentioned above ue Phys. Soc. xvii. p.356) 


I gave the values of the coefficient ṣ5- P; d for nitrogen for an 


initial pressure Po of one metre, at different temperatures 
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comprised between 0? and 100°. Examination of the table 
of these values shows that the coefficient of nitrogen gradually 
diminishes and reaches near 75° a limiting value equal to 


jig = 0:003 673 80. 


It may be assumed that starting from this temperature the 
gas is in the perfect state, 

Direct observations of the constants of the nitrogen ther- 
mometer having given 


P,21:000 000 m. and Pjo=1°367 466 m., 


we may deduce the initial pressure Py’, which should have 
been observed had the nitrogen retained down to 0? the 
properties of a perfect gas; that is to say, if tbe pressure had 
continued to vary from 100° downwards at the rate of 
0:003 673 80 metre per degree. 

We should then have 


P, = Pioo — 0:003 678 80 x 100 =1:000 086 m. 


The T supposed perfect would therefore have at 0° 
the pressure P, = 1:000086 m. and at 100° Pio = 1:367 466 m., 
whence 
P1 — Po’ 

100 P,' 


The values for a, and P ' here found should be substituted 
for those given in my previous communication ( p, = 1:000 063 
and a, 0-003 663 80). 

The divergences between the uncorrected nitrogen scale 
and the theoretical scale, whose constants have just been 
calculated and which represents the normal scale of tem- 
peratures, are proportional to the temperature measured from 
100? and have the following values :— 


=0°003 673 48. 


æi = THA DY 


At 100 . . . . 0-000 
900 . . . . 0023 
300° . .. . 0047 
400  . ... 0070 


The difference between these values and those given 
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previously is too small to be of appreciable practical im- 
portance, and our previous conclusions remain unaltered *. 


Sèvres, Jan. 1901. 
Discussion. 


Prof H. L. CALLENDAR said that he was highly gratified 
to see that the application of the correction for the expansion 
of the bulb of Dr. Chappuis's gas-thermometer, deduced from 
Holborn and Day’s results, gave a value, 444°7, for the 
boiling-point of sulphur in such close agreement with the 
value 444°-5 deduced by Mr. Griffiths and himself in 1890. 
The agreement was really much closer than appeared at first 
sight, because the remaining difference of two-tenths of a 
degree in the results was almost exactly accounted for by the 
scale difference of the constant-pressure and -constant-volume 
thermometers, according to the theory of Joule and Thomson. 
It was also interesting to remark that the corrected result 
found by Dr. Chappuis was in very close agreement with 
that deduced from their own observations by Messrs. Holborn 
and Day. Dr. Chappuis had not referred in the present 
note to the work of Bedford on the expansion of Bayeux 
porcelain, which he had criticised in a previous paper. A 
comparison of results would show that Bedford’s results 
agreed very fairly, allowing for the difference of material, 
with Holborn and Day’s from 200° to 600°C.; and that 
both differed from those of Dr. Chappuis between 0° and 80° 
when extrapolated in a precisely similar manner. It was 
quite possible, as he (Prof. Callendar) had previously sug- 
gested, that the expansion of porcelain between 0° and 100° 


* I take this opportunity of correcting a few mistakes in my previous 
note (Phil. Mag. loc. cit.). 
438, line 28 1 dP instead of 2-5. 
poe "B P dt’ 
p. 438, line 7. v,=n,(1+(10275t+38:24t)10-9). 
p. 438, line 10. v;=v,(1+(9715:6t-+4:48£)10—9). 
p. 438, line 14. »,=,(1+-(9781°4¢4.4-27627)10—9). 
p. 440, line 23. Read-—“ the thick part of the tube expands more than 
the thinner part," instead of “ less than etc." 
p. 441, Table, 8rd column, Ist line. Read —0°17 instead of — 0'27. 
p. 442, Table, 2nd column, 4th line. Read +0081 instead of +0031 
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was anomalous. It appeared certain that some anomaly in 
the expansion at 800? was indicated both in the experiments 
of Bedford and also in those of Holborn and Day. It was 
also clear that Dr. Chappuis's results for Bayeux porcelain 
when extrapolated would agree with Bedford's at a tempe- 
rature a little above 100°C., or very nearly at the same 
point at which his resulis fos Berlin porcelain agreed with 
those of Holborn and Day. 

Dr. R. T. GrazRBnook said he had felt for some time that 
it was of importance that the difference between the results 
of Callendar and Griffiths and of Chappuis and Harker 
should be explained, and he was glad that the agreement was 
now 80 satisfactory. 

Dr. CHREE (communicated subsequent to the meeting).— 
The “divergence of the nitrogen thermometer from the 
normal scale" as originally calculated by Dr. Chappuis 
(Proc. Phys. Soc. vol. xvii. p. 857), amounted practically to 
09017 for each 100° interval above 1009 C. ; this number is 
now replaced at my instance by 0?-023. The “ divergence ” 
—or the difference between its old and new values—is small, 
considering experimental uncertainties. A change, however, 
from *017 to ‘023, being an increase of over 30 per cent., is 
relatively somewhat considerable. The change, moreover, 
represents a fundamental difference in the argument, which 
ought not to be overlooked, especially in view of the increased 
accuracy in experiment to which we may reasonably look 
forward. 
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VII. On Circular Filaments or Circular Magnetic Shells 
equivalent to Circular Coils, and on the equivalent Radius 
of a Col. By Professor THoMAs R. LYLE*. 


[Plate I.) 


1. THE magnetic potential of a coil, with current C, at any 
point in its axis is given to a high order of approxi- 
mation by 


Fa cU 
ys —Pr(1—7 + tat E7 tgp ate) eu X 
if the dimensions of the cross section are small compared with 
the radius of the coil and the winding is uniform ; 
where a= mean radius, 
£ = axial breadth, 
3) = radial depth, 
æ = distance of point on the axis from the centre 
of the coil, 
and p'za!-ta*. 
(See Max well, sect. 700.) 


Expanding in ascending powers of 2/a, 
B Be 7-27? \ 2 3(5£t— 4n?) 
V-?2m0 { 1— *(1. 1-734538 )+ aa [1-27 S] 
3.9(1£ —699) 
pide 


La 
" 3.5. T (911—895) 
teu [1:3-5- 24a? T 

—. &c. oS PEPPER . II. 


2. The potential V’ of a circular filament concentric and 
coaxial with the coil of radius r and with current nC flowing 


is given by 
Rs 
Va + ri) 
* Read December 13, 1901. 
VOL, XVIII. H 


V'=2mnC{ 1— 
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which expanded in ascending powers of z/r gives 
+ 1.3. x 1.3.5.2 
^ ame a» o Ld a —— áá——— S 
V'=2mC f 1-7 D 358 3.4.9 ! 3.4.6.7 ke}. 


3. The two potentials V in (1) and V' in (2) will be 
identical provided 


2 = d ) 

bob prem }, 

poh {1-0}, 
&c. ke. 


which equations can all be satisfied to the order of approxima- 
tion adopted if 


9p — 27? = 5E — 4? = TE — 67? = Kc., 
that is if &=7° 


and LI 7? 
t=2{1-sha} 


or " 
LU sa). 


4. If we expand the potentials in ascending powers of a/z 
the same result is arrived at: hence the potentials of a circular 
coil of square cross section (7,7), mean radius a, with n turns 
und carrying a current C, and of a circular filament of radius 


a (145% igi 31) carrying a current nC, lying in the median 


plane of, and coaxial with the coil, are identical at all points 
on the common axis, and hence by Legendre's theorem 
identical at all points of space without the coil. 

This particular filament, therefore, is equivalent to the coil 
and can replace it, and the radius of this filament I shall call 
the equivalent radius of the coil, and a coil of square cross 
section I shall call a single-shell coil. 

5. In the construction of coils there is no reason why 
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with ordinary care a very approximately square section could 
not be attained, and then the above theorem would, as 1 will 
explain, simplify the theory of galvanometers and electro- 
dynamometers, as well as the determination of coil-constants, 


coefficients of mutual induction, and current-balance con- 
stants. 

6. A coil of n turns the axial breadth E of whose section 
is greater than its radial depth 7, of mean radius a and 
carrying a current C, can be replaced by two equal filaments 
coaxial with the coil, each carrying a current 4nC, whose 


radii are a (1 +5, ss) and which are placed at equal distances 


B on either side of the median plane of the coil, where 


For: 
The potential of the two filaments as specified. above, at 
any point on the common axis distant x from their median 


plane, is 
Vi=2eng { 1- soe + -£HB) 
pa 
where 
parte, pt=r+(e+8y, 
r being the radius of either filament. Expanding by Taylor's 


theorem 


x c BF 3rx 
V,-$mOli-54 Li 


(where s = 27 +77) 


V= {1-2 (1-36 Sor + 5-2 


-g4p»[13-- HUE S5] &c. | 


and in order that this may be identical with the axial potential 
of the coil given in section 1, the following equations have 
H2 
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to be satisfied :— 


yo ae 

1 1— 3-5-8" | m 1 - 368-49) 

1° 273 ) e 249? , 

ERU 21 f, 5(7e—6n%) 

-a £35 fab | Bae — I, 
&c. &c 


It is easily seen that this series of equations will be satisfied 
to the order of approximation adopted if 


1 1l(i 7 ) 
r a 24a? 
or 2 
m a 
r= a(1 + su) 
and 2.2 
= ay 


If we expand the potentials in ascending powers of a/« for 
the portion of the axis where « is > a the same result will 
be arrived at; hence the potentials of the coil and of the 
double filament are equal at all points in space external to 
the coil, and in all calculations (except those bearing on self- 
induction) the coil can be replaced by this double-shell or 
filament. 

A coil of this type (i.e. in which £5 n) I shall call a thick 
double-shell coil ; the radius of either of the two replacing 
filaments I shall call the equivalent radius of this coil ; and the 
distance 28 between the two filaments I shall call the equiva- 
lent breadth of the coil. 

It is obvious now that the coil will be completely specified 
when its type, its equivalent radius, and its equivalent breadth 
are given ; that all magnetic actions of the coil on systems 
external to itself will be identical with those of the equivalent 
filaments; and that all magnetic action on the coil from 
external systems will be identical with the action of these 
systems on the filaments, the order of approximation being 
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up to the fourth power of the dimensions of the section of 
the coil divided by its radius. 

7. A coil of n turns, the axial breadth £ of whose cross 
section is less than its radial depth 7, of mean radius a, and 
carrying a current C, can be replaced by two concentric and 
coplanar filaments coaxal with and lying in the median plane 
of the coil, each carrying a current 4nC, and whose radii are 
r +ô and r —6 respectively, where 


a E) 
r=a (1+ zia p 


e 
gq” 
c= 12-7 


It is unnecessary to give the proof of this, as it follows easily 
on the same lines as that of the last theorem. A coil of this 
type might be called a thin double-shell coil, while ras defined 
above I shall call its equivalent radius and 26 its equivalent 
depth. 

8. In the case of a coil whose cross section is so large that 
the fourth power of its dimensions divided by its radius 
cannot be neglected, it is easy to imagine it divided up into 
portions whose dimensions are small enough for the above 
theorems to apply, and then to determine tlie system of fila- 
ments that will replace each of thes» portions. A few extra 
filaments adds nothing to the difficulty and little to the time 
required to calculate a coefficient of mutual induction or a 
current-balance constant, seeing that tables are available by 
means of which either of thése quantities referring to any 
two coaxial filaments can be quickly determiued. 

9. The principles embodied in the preceding sections may 
be established in a totally different way, which is interesting 
enough to record here. 

Its application to a thick double-shell coil (£ > n) will be 
sufficient to explain the method. 

If the position of any turn of the coil be defined by «w 
the distance of its centre from a fixed point on the axis, and 
y the radius of the turn, then N the magnetic flux passing 
through this turn due to any system whatever of magnets or 
currents will be a function of æ and y. 
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Let us specify a small portion of the coil considered by 
rectangular coordinates p, g referred to axes through the 
centre of the section parallel to the axis of the coil and its 
radius respectively, then the current round an element dp, 


dq of the coil will be a dp . dq. 
E and n having the same meaning as in previous sections. 


The mutual energy of this filament and the external mag- 
netic field will be 


nC aN d 1 aPN @N 
fy [No+(z), en (1.2 1.2 pP da^ + 191 1 dy 


+e} eoe 


where N, is the value of N at the centre of the section. 
Integrating between the limits (4- 35, — 4£) (-- 39, —1") we 
get the total mutual energy 


—n f No+ a (Foe + ub T. } 


Again, if we have two equal filaments whose p and g coordi- 
nates are (a, 8), and (—«, £) respectively, and if a current 
gnC circulates in each, the mutual energy of the external 
system and the filaments will be 


PN SN. 
in {N, +2 arp T * Vy["7 de + 2B Tady tP |! 
Nu + ral Ge ante asl | 
= nC {No BT +9 euer Er 
but 


1dN dN ,dN 


9 - eS 
(See Maxwell, section 103); 


then the energy of the two filaments reduces to 


nC | Not (Byt det) Ta + (By, 97 * 4+ &c e. 


elie 
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and in order that this may be identical with the expression 
for the energy of the coil 


2 
By, tye E. and Ayot}6t= D. 


Solving the second equation we have to the order of approxi- 
mation adopted 


and then from the first 


but the radius of the replacing filaments being yo 4- is 


9 Y, 
=y(1 + As) 
and their distance apart is 2a where a*= E as before. 
As an illustration of this method of treating the problem, 
the following case may be considered :— 
Let the external field be uniform and the axis of the coil 
parallel to the lines of force of the field. 
The mutual energy is C2N, where N is the magnetic flux 
through any one turn. 


But CXN-(n.C.H) x mean area of the coil 
no 7 
=nCH XT (at+ 13) 


as is easily shown by integration: a being the mean radius 
as before. 

In this case the equivalence of the filaments replacing a 
thick double shell or a single shell to their corresponding 
coils is obvious. 


For a thin double shell the mean area of the two fila- 
ments is 


mhr? + 6?) 
=r far = + uc 
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and this is again equal to the mean area of the corresponding 
coil. 
Applications of the foregoing Principles. 
10. The constant of a single-shell galvanometer-coil cor- 


rected for cross section is 2nT/r where r is its equivalent 
radius; while that of a thick double-shell coil is 


2n 1-3 


7 


where ris its equivalent radius and 28 its equivalent breadth, 
and that of a thin double-shell coil is 


Qnrr Inr e? 
acp (a) 


where r is its equivalent radius and 26 its equivalent depth. 
11. The magnetic force H at any point on the axis of the 
three types of coils distant « from their centres is given by 


3 
H=2mC for a single shell, 


Li 3 
BERN {i+ "n 


and 


T el for a thick double shell, 


7? 1 Qt —11 297? d-27* 4 | for a thin double 

H=27nC FEE? SE" EZ shell, 
where p? zr? + 2?. 

It will be noticed that in the expression for the axial H. of 
a thick double-shell coil the second term, depending on the 
equivalent breadth, will disappear when z-7/2: hence a 
Helmholtz galvanometer made of equal coils of either the 
first or second type which are placed at half their equivalent 
radii apart is an ideal instrument of its kind, as the cor- 
rections both for the cross sections of its coils and for the 
length of its needle disappear from its constant. 

12. In practice the equivalent radius of a coil may be 
determined in one or other of three ways. 

a. By measurement of the mean radius and cross section 
and substituting the values so obtained in the expressions 


given for the equivalent radii of the three types of coils in 
$$ 4, 6, and 7. 
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b. By comparison by Bosscha's method with a standard coil, 
preferably a single-shell one, whose equivalent radius has 
been carefully determined by method a. 

c. By a second electrical method which I will presently 
describe. 

13. It is important to note that the comparison of two 
single-shell coils by Bosscha's method gives directly the 
ratio of their equivalent radii, no corrections having to be 
added if the length of the small needle at the common centre 
of the two coils be neglected. (This latter correction is, 
however, larger than, I think, many people imagine and 
should be applied in most cases, taking five-sixths of the 
actual length of the small magnet for the distance between 
its poles *.) 

Thus if R, and R, be the resistances of the parallel branches 
in which the two coils r,, nı and r$, n; are included when the 
needle at their common centre is unaffected, then 


Ti —%R;, 
9 En 


and if the distance 2X between the poles of the small magnet 
be taken into account (see Maxwell, $ 711), 


a7 ui Un Fa) 


where for 7, and 7, on the right side the mean radii a, and a, 
got by approximate measurement may be substituted. 
In general we have 


R, 6G 1 1 
RG pm x) 


where R,, R, are the resistances of the two parallel branches 
in which the coils lie, and G,, G, their galvanometer constants 
given in terms of equivalent radius, breadth or depth in § 10. 

14. The proposed electrical method of measuring the equi- 
valent radius of a coil will be easily understood from the 
following. If, with the apparatus used in Bosscha’s method 


* See W. Hallock and F. Kohlrausch, Wied. Ann. xxii. p. 411, or 
abstract in Phil. Mag. [5] vol. xviii. p. 390, * On the Distance apart of 
the Poles of a Magnet." 
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for determining the ratio of the equivalent radii of two coils, 
some arrangement be made by means of which the smaller 
coil can slide to either side of the larger one, still remaining 
coaxial with and parallel to it, then if the former be moved a 
distance x to either side, and if the resistances be readjusted 
so that the magnet at the centre of the large coil is not 
affected, we have ; 
NI M319 
Ry RB,’ (rg! rat) ^ (I.) 
if the coils be single-shell ones, where R,’ and R,’ are the new 
resistances in the parallel branches. If with the same resist- 
ances R,’ and R,’ in the branches, balance is obtained with 
the small coil first at one side and then at the other, the distance 
between the two positions of the small coil will be 22; and as 
the ratio of r, to r3 determined by the method in the last 
section is known and given by 
1 uh, i 
On my eode wow, i m L) 
we can from equations I. and II. determine both r, and 7, in 
terms of 2x and the two ratios of resistances. 

The most sensitive position in which to place the small coil 
is that at which dH/dz is a maximum, that is when the small 
coil is at a distance from the needle (and the plane of the large 
coil) equal to one half of its equivalent radius. 

For this position, equation I. becomes 


so that 


R, and R, being the resistances in Bosscha’s comparison 
method. 

Hence we arrange the resistances R,’ and R; so that 
their ratio is 54/5/8 times the resistance ratio in Bosscha's 
method, adjust the small coil accurately first on the east and 
then on the west of the large coil so that the magnet is 
unaffected ; the distance between these two positions is the 
equivalent radius of the small coil. Four determinations of 
ry can be made by varying the relative aspects of the faces of 
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the two coils, and increased sensitiveness can, if desired, be 
obtained by using a compensating magnetic system to partly 
neutralize the earth’s field. This is, however, rarely necessary 
as the method is exceedingly sensitive. It would be an advan- 
tage, however, when extreme accuracy is required, as one 
could then work with smaller currents, and so minimize the 
variation of the resistances due to heating. 

15. Similar treatment can obviously be applied to the 
large coil. Thus when the coplanar resistance ratio is now 

Mt 
changed to R,’’/R,” so that r= is 
coil moved to equilibrium positions east and west of the small 
coil and the needle, the distance between these two positions 
of the large coil will be equal to its equivalent radius. This 
determination can then be used to check the one made by 
moving the small coil. 

16. Plate I. shows a diagrammatic section of the apparatus 
I have used for the above purpose. 

A is a strong wooden base on levelling-screws. B is a 
strong flat bar which can slide parallel to the length of the 
base, and can be clamped in any position to a slow-motion 
screw a of small pitch and having a small range. To B is 
attached an upright piece C, one of whose faces is very carefully 
planed and set perpendicular to the upper surface of B and to 
the line of motion of B. To C the larger coil is to be attached 
by means of a clamp as in the diagram. A pair of uprights F 
and another pair F’ rise from the base, each pair being joined 
near the top by a cross-piece. In the upper sides of these 
cross-pieces rectangular slots are cut in which a strong bar D 
can slide parallel to the other slide B. D can be clamped in 
any position to the slow-motion screw b which is of fine pitch 
and hasa short range. To the lower side of D is fixed a 
piece E, one of whose faces is carefully planed and set per- 
pendicular to D. To this piece the smaller coil is to be 
attached. Resting on the upper ends of the four pillars F 
and F' is a brass table fitted with short levelling-screws for 
carrying the magnetometer. The telescope and scale are set 
up on the left side, and to the opposite ends of the beams 
B and D are attached (as in the diagram) carefully ruled 
glass millimetre-scales S and S' by means of which, with the 


and the large 
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assistance of two micrometer-microscopes, the motion of B 
and of D and so of either coil in the axial direction can be 
accurately measured. 

There is little difficulty in setting up and centering the 
coils, but I have found the following method convenient :—The 
magnetometer being replaceable in a given position, the axial 
line through the centre of.the magnet is determined by 
directing a horizontal telescope whose line of sight is parallel 
to D to the centre of the magnet. A small scriber which 
takes the place of the magnetometer is now adjusted so that 
the image of its point coincides with the cross wires of the 
telescope. Across one face of each coil a fine wire is stretched 
along a diameter by means of a centre square and the middle 
points of the diameters marked. The coils are now clamped 
in position so that the middle points of these diametral wires 
coincide with the point of the scriber. 

17. In measuring the equivalent radii of the coils we must 
first determine the ratio of the resistances that are included 
in the parallel arms containing the coils when their actions 
on the needle balance each other, the needle being at the 
common centre of the coils. The adjustment of the coils so 
that the needle is at their common electrical centre is of 
importance, and is managed as follows. First adjust by eye, 
then arrange the resistances so that with currents flowing the 
needle is not affected; now, by means of the slow-motion 
screws attached to each slide, the coils can in turn be moved 
axially until they both have maximum magnetic effect on the 
needle. When this has been effected in the usual way for 
adjusting for a maximum or minimum, we know that the 
centre of the needle lies at the common electrical centre of 
the two coils. 

The resisiance ratio of the branches will now require slight 
readjustment, and then its value R,/R, is determined as 
Lord Rayleigh * and Mrs. Sidgwick have done, by means of a 
specially arranged Wheatstone's bridge. The resistances in 
the branches are then changed to R,' and Rf, 

where RE 54/5HRi 
RY s R? 


* Phil. Trans. 1884. 
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if both thecoils are single-shell ones, and the small coil moved 
first to one side then to the other to positions in which with 
currents flowing the needle is not affected. The distance 
between these two positions is the equivalent radius of the 
small coil. 

The small coil having been replaced at the centre, the 
resistances in the branches are again changed to R,” and R,", 
where 

Ry =_*_&, 

R” 545R; í 
and the large coil is now moved, first to one side and then to 
the other, to positions of equilibrium. The distance between 
these two positions will be the equivalent radius of the large 
coil. 

As the ratio R,/It determined in the first part of this 
process gives us (see $ 13) the ratio of the equivalent radii of 
the two coi!s, 

rı nh, 
ry, n. 


this value of the ratio r,/r, can be used as a check on the ratio 
of the values of r, and r, determined separately. 

18. If both coils be thick double-shell ones the second 
resistance-ratio, that is the one (R,’/R,’) used in measuring »;, 
must be adjusted so that 

R/ 545/(, 3B 

mi mV quc ee). 

R; 8 ( 
and the third resistance-ratio R,"/R,", i. e. the one used in 
measuring r,, must be adjusted so that 

EN ET 
R/ 5/5N 2aVR, 
where 28, and 28, are the equivalent breadths of the two coils 
and a, and a, their approximate mean radii. 

For any combination of two coils of different types, the 
factors that have to be applied to the coplanar resistance- 
ratio to get the second and third ratios can easily be deduced 
from the expressions given in §§ 10, 11. 

18a. The length of the small needle in the magnetometer 
should be known, and the factors for getting the second and 
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third resistance-ratios from R,/R, should be corrected for it. 
` he correction to be applied to each factor will be the same 
for all kinds of coils. 

When the coils and needle are coplanar there is equilibrium, 


provided 


9n, 3 AX 2emn, 3 Y) 
i. ( Ar? "TN 4 9,2)” 
where 2) is the distance between the poles of the neadle. (See 
Max well, section 711.) 

When the small coil is displaced along the axis a distance 
=half its radius, there will be equilibrium provided the 
resistances are changed to R,' and R} so that 


il 3? _27n, 8 

R,’7, 4r? ERIS 5 55 P 

for as the needle is now in the Gaugain position with respect 
to the small coil, its length disappears from the expression 


for the torque exerted by the small coil on the needle. 
Hence from the two equations above we get 


(Ld 55 
R; EEE 8 


Similarly it may be shown for the other factor that 
R^ (i 3) 8. 
R” R 4r3/5 v5 

so that the factors in S 18 would become 


ener) 


TA rar )(1+ Faa) 


and similarly in other cases. 

19. The practical application of the above plan of mea- 
suring the equivalent radii of coils offers no difficulty to a 
careful experimenter. The method is accurate and sensitive, 
its accuracy depending (1) on the accuracy of the comparison 
and adjustment of resistances; (2) on the slide-apparatus 
being well enough made to give very nearly true axial 


and 
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motion to the coils with a minimum of friction; (3) on the 
delicacy of motion given by the slow-motion screws to the 
sliding-bars. 

The accurate measurement of the displacement of a coil 
offers no difficulty. 

In regard to (1), the arrangement used by Lord Rayleigh 
and Mrs. Sidgwick to compare the mean radii of the coils of 
their current-balance leaves nothing to be desired. The 
apparatus I have described is the one I have used, and is not 
necessarily of the most suitable design. The slow-motion 
attachments to the sliding-bars are not altogether a success, 
and will have to be modified. The motion realized was not 
delicate enough and was rather jerky, so that I could rarely 
adjust the displaced coil in an exact equilibrium position. The 
necessity for a sensitive slow motion will appear from the 
following. 

Two ordinary galvanometer-coils were being measured, 
one, the larger, of 36 turns and resistance nearly 1 ohm, the 
other of 30 turns and resistance a little over half an ohm. 
The battery-power used was three secondary cells with a 
resistance of 20 ohms included in the circuit. When the 
small coil was very near the equilibrium position (4r from the 
large coil), a motion of *016 cm. of the small coil caused a 
motion of the needle represented by 14 millimetres on a scale 
40 cm. from the mirror. The little magnet was swinging in 
the earth’s field slightly neutralized so that it made one swing 
in 2 seconds, Thus 1 mm. motion of the scale in the telescope 
corresponded very nearly to a motion of one-hundredth of a 
millimetre of the coil, and at a distance of 40 cm. from the 
mirror a half-millimetre scale could be used with comfort, and 
each half millimetre divided into tenths. 

In order to indicate the degree of accuracy obtainable, as 
well as the necessity of having the motion of the slide-bars 
as frictionless as possible, I will quote the following results 
for the equivalent radius of a small galvanometer-coil obtained 
with a rough preliminary apparatus. 

In this apparatus the slow-motion screw could only apply 
a thrust to the slide-bar at the end near the observer, the 
bar being drawn back hy hand, when it was necessary 
to do so. 
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The two equilibrium positions of the small coil are indicated 
by A and B, A being on the side of the magnetometer furthest 
from the observer. 


1. Coil adjusted at A so as to give a balance, then 
drawn to other side of magnetometer and adjusted 
similarly at B. Distance A to B—8:7280 cm. 

2. Similarly, but pushing the coil from B to A position. 

Distance B to A=8°7258 cm. 

9. Same as 1. » Ato B=87278 cm. 

4. Same as 2. » B to A=8°7255 cm. 


It will be seen that there is a nearly constant difference 
between the results obtained when the slide-bar is drawn 
towards the observer from the À to the B position, and when it 
is thrust from the observer from the B to the A position. 
. There was, I found, considerable friction between the slide- 
bar and the far upright which fully accounted for this 
discrepancy, as the force of a few pounds was sufficient to 
compress that part of the bar (it was not a very thick one) 
between the coil and the far upright, in which it slid, by an 
amount equal to the discrepancy. 

20. From the theory established in the early sections of 
this paper, it is obvious that the determination of the mutual 
inductance of any two coaxial circular coils is reduced to that 
of coaxial circular filaments ; and in this method no terms 
are neglected of order lower in small quantities than the 
fourth power of the ratio of the cross section to the radius. 

Hence by using Maxwell's tables (see Maxwell, Chap. xiv. 


Appendix) for log iden * function of y, where 
"3 


(7) +19)? + 2” 

rj and r, being the radii of the filaments, and æ the distance 
between their planes, we can quickly and accurately determine 
the mutual induction of two coils. 

21. For single-shell coils of equivalent radii r, and ry and 
distance z apart the process is very expeditious, for M, 
determined as in $20, has only to be multiplied by nng to 
get the mutual inductance of the coils. 


sin y — 
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22. To determine the mutual inductance of two double-shell 
coaxial coils, we replace the coils by their equivalent filaments, 
determine the M’s as in $20 for the four pairs got by 
combining a filament of one coil with a filament of the other, 
and multiply the mean of these by nn;. 

For, the mutual inductance of two coils being their mutual 
energy when unit current is circulating in each, and as unit 
current in a double-shell coil is replaced by a current of $n 
in each of its equivalent filaments, then, if ab be Maxwell’s M 
for two coaxial filaments a and b, and if aa’ be the pair 
equivalent to one coil and bb’ be the pair equivalent to the 
other, the mutual energy of currents of $n circulating in a 
and a! with respect to currents $n’ circulating in b and U! will 


1)nn'Íab aD tabt 0| 


z nn! X mean of the four M’s. 

Thus four determinations of an M are required in the 
case of double-shell coils, but this does not involve four times 
the labour of a single determination if the four calculations 
are worked concurrently, as corresponding numbers in the 
four will be found on the same or consecutive pages of a 
logarithm book. 

23. As an example I will give the leading figures in the 
calculation of the mutual inductance of Rowland's coils A and 
B used in his determination of the ohm. 


Coil A...... a,=13°710, £,—:84, 9,2790, n= 154. 
Coil B...... a52:19:690, £,—:84, 5,2::90, ng=104. 
Distance apart = 6:534. 


So both coils are thin double-shell ones and are specified in 
the notation used by 


9 
=a, (1+ dia) 13-7121, 
3. £3 
§,2= sis th =-0087, 8,=:0933. 


= 7 )- «£9 
June —13:6921, 


ô, =ô, =0933. 
VOL. XVIII, I 
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Hence the radii of the filaments equivalent to À being 
r,+5, and r,—93, are 


13:8054 and 13:6188 
and to D are 
13°7854 and 13°5988, 


so we have to determine the four M’s where 


Radii. Distance. 


1... 13:8054 and 13°7854 6:534 
2... 13°8054 ,, 13:5988 6:534 
8... 13:6188 , 137854 6:534 
4... 13:6188 ,, 13:5988 6:534 


From which we get (see Maxwell, chap. xiv.) 


91=76° 40185, y= 16934285. yg 1093525. Y= 16? 30 35 


M,-2159:1388 —150. 
M = 159-1642 Mean M—159:1857. 


M,2151:1594 


Mutual Inductance = n11,M 
= 3775250. 


Rowland’s value for the same pair of coils was 
3775500. 


24. In determining the constant of a current-balance of 
the type used by Lord Rayleigh and Mrs. Sidgwick in their 
determination of the electrochemical equivalent of silver, 
and of which the coils should preferably be single-shell ones, 
we should first determine the equivalent radii of the two 
large coils and of the suspended coil by the method I have 
explained above, which involves in the first instance deter- 
mining the ratios of these equivalent radii. 

It is possible also to realize an accuracy, if due care be 
taken, that is comparable with what can be obtained in 
measuring a straight line by the well-known methods. 

We can now imagine the coils replaeed by their equivalent 
filaments and calculate for each pair of attracting or repelling 
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filaments the value of the parameter y where 
Ar rs 
(rit 15)? + a? 
From Lord Rayleigh’s Table * we get the value of 
/rir4dM 
log( —— iz) 


dz 


sin?y = as before. 


corresponding to each value of y and thence 1r for the 


pair of filaments considered. The total force between the 
four mutually attracting or repelling pairs of filaments is 
=4n,n,C* x sum of the four values of d 


25. Às an example I give the leading figures in the 
caleulation of the constant of the current-balance used by 
Lord Rayleigh and Mrs. Sidgwick. 

Particulars of the large coils :— 


a, =a, —24:81016 
£,— 1:5, 4,—129. 
Number of turns on each =n,=225. 
It is a thick double-shell coil and its equivalent radius r, 


nt 
being =a,(1+ 57 Jiaj ! 
is —24:81295. 


Its equivalent breadth 28 is given by 
2. 2 
e 6L —T 
Bi = 12 


hence 
B32:0490 and 8,2:221. 


The distance between the median planes of the two large 
coils was 25 cms. 
Particulars of the suspended coil :— 


as approximately = 10°25, 
£,21:38439, ,=°9690, 
Number of turns (n) = 242. 


* Phil 'frans. 1881, 
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It is also a thick double-shell coil whose equivalent radius 
(rj) will be determined by Bosscha's method and whose 
equivalent breadth 28, is given by 

A E — 7,7 

6? = ^ 19 ? 

hence 
B,$—:0814 and 8,2:285. 

It was found that when balance was obtained in Bosscha’s 
comparison method with resistances R, and R; in the parallel 
arms containing either of the large coils and the small coil 
respectively, that the mean value of 


He was = 2:60070. 
1 


Hence (see $$ 10 and 13) as the ratio of the equivalent radii 
5i mim (1-3 er -E 
T, ^ ngu 2\a? a 
we get 
my 225 9. . 
"LETS 2:60070 x 1-001044, 
E p = 2481295 
t" 242053 


The force between the suspended and one of the fixed coils 
is now equal to the sum of the four forces between two 
coaxial circular filaments of radii 24:81295 and 10-25104 
[each small filament carrying current = 42,C and each large 
filament carrying current 1»,C] at the four different distances 


CB) t Bs z—Bi—fBs, 
#+Bi—Bs, s—B)t 8, 
that is 13:006, 11:994, 12-436, 12:564. 
The parameter y for each of these pairs will be 
58° 31"74, 59° 23°88, 5991^29, 58° 5469, 


= 10°25104. 


which give respectively for a the values 


1:032198, 1:055872, 1:046662, and 1:043648, 
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whose mean value is 
1:044595. 


Lord Rayleigh's value for the same was 
1:044627. 


26. If, in the above calculation, I made allowance for the 
length of the small magnet used in comparing the equivalent 
radii of the coils, there would be a very appreciable difference 
in the result even if the needle were very short. Ido not know 
the length of the needle actually used by Lord Rayleigh *, 
but if it was half a centimetre long or 4 mm. between its 
poles M would be 


1:045154 instead of 
1:044595, 


that is the correction would be 54 in 100,000. For other 
lengths the correction can be got as it varies as the square of 
the distance between the poles of the needle. Thus, if the 
pole distance were only 1 mm., the correction would be more 
than 3 parts in 100,000, and if it were 3 mm. (a fairly short 
needle) the correction would be 3 parts in 10,000, which 
would affect the measurement of current to the extent of 
14 parts in 10,000. 

27. In the case of a standard of mutua] inductance of 
which the coils are very approximately single-shell ones 
whose equivalent radii have been accurately determined by 
the electrical method, it might be worth while taking account 
of the effect of change of temperature on the value of M. 

If the distance-piece between the two coils be of the same 
material as that on which the coils are wound, and whose 
coefficient of linear expansion a is nearly equal to that of the 
copper wire in the coils, then at once 


M,z M,(1-at), 


seeing that M is a homogeneous function of r,, rs, and x of 
one dimension. 


* In the discussion on the paper, when read before the Physical 
Society, Lord Rayleigh pointed out that the length of the needle was 
one-tenth of an inch, and the error due to the neglect of the length was 
less than one part in ten thousand. 
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For a current-balance in which the two large coils are 
wound on the same frame, and the suspended coil wound on 
a ring of the same material whose coefficient of expansion 
is nearly equal to that of copper, the temperature-coefficient 


of its constant vanishes seeing that M is a homogeneous 


function of 7,7,, and x of no dimensions. 


DIscussION. 


The Secretary read a letter from Lord RAYLEIGH, in which 
he stated that the length of the magnet used in obtaining 
the constant of the current balance used in the determination 
of the electro-chemical equivalent of silver was one-tenth 
of an inch, and the error due to neglecting this was less than 
one part in ten thousand. 

Mr. W. Watson expressed his interest in the method 
because it reduced the ordinary arithmetical calculations, 
and drew attention to some advantages of the practical 
applications. 

Prof. S. P. THompson said that it was a useful step to 
reduce the action of a rectangular coil to that of two fila- 
ments. In the case of a tangent galvanometer with one 
coil, if the channel is cut to take nine turns axially and 
eleven radially, then the equivalent radius is equal to the 
mean radius. 
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VIII. Multiple Transmission Fixred-Arm Spectroscopes. By 
W. Cassie, M.A., Professor of Physics in the mes 
Holloway College *. 


V ARIOUS forms of spectroscope have been devised to diminish 
the number of prisms required for great dispersion by using 
each prism more than once. Contrivances for reflecting the 
beam of light back through a prism or train of prisms a 
second time by means of a mirror or a reflecting prism have 
been used by many observers. An instrument has been 
devised by Prof. Wadsworth in which the beam is sent six 
times through one prism by the use of seven mirrors. 

The spectroscopes described in the present paper secure 
many transmissions of the beam through one or two prisms 
by the use of a principle which will be best explained by 
describing the instruments themselves. 


I. 

The first form of instrumont I have to describe, which isin 
some respects the most satisfactory of the first three, is made 
with two half-prisms each silvered on one side. Figs. 1 
and 2 (p. 118) show the essentials of the instrument, fig. 1 
in plan and fig. 2 in elevation. 

A is the collimator, B the telescope. abc and d ef are two 
equal half-prisms silvered on the faces ac and d f and placed 
with their faces vertical. The beam of light, after emerging 
from the collimator A, passes under the prism a dc and strikes 
the prism d ef near the lower edge of the face de. This 
prism is so placed that the beam entering at d e is reflected 
almost normally at the silvered face d f, and comes out again 
at the face de. Now this beam is not horizontal in direction, 
but is slightly inclined upwards. The consequence is that 
the beam returning after emergence from d e can be caused 
to strike the prism abe on the lower part of the face al. 
This prism also is placed so that the beam is reflected almost 
normally at the silvered face ac, and after emerging from 
ab again strikes d e at a place higher than at first; and so 
travels backwards and forwards between the two prisms, 


* Read Novomber 22, 1901. 
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gradually climbing upwards until at last the beam from ad 
passes over the top of the prism d e f and enters the telescope B. 
Each reflexion through a half-prism is equivalentto transmis- 
sion with minimum deviation through a prism whose refracting 


Fig. 3. 


angle is twice that of the half-prism. So that this arrange- 
ment is cquivalent io a train of as many prisms as there are 
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reflexions of the beam. The loss of light can be reduced toa 
minimum by choosing the angles of the prisms so that the 
light is incident at the angle of polarization. 

The adjustment for light of different refrangibilities is 
secured by turning the prisms in opposite directions so that 
they are always inclined to the beam of light at equal angles. 
This is done by supporting the prisms on disks with cogged 
edges, represented by the circles surrounding them in fig. 1, 
and having a rod X Y with tangent-screws pressed against 
these disks by springs A, k. The rod X Y can be turned 
about the point m so as to remove the tangent-screws from 
the disks for a quick motion of the prisins. The prisms are 
attached to the disks by mountings which admit of their 
accurate adjustment. When the instrument has been adjusted 
for light of one refrangibility, it is adjusted for all refran- 
gibilities; and the whole spectrum can be made to cross 
the field of view by turning the head of the tangent- 
Screws. 


The mounting of a prism is shown in fig. 3. The prism is 
fixed in a brass cell X which is attached by springs and screws 
to the upright plate P. From the back of the prism-cell a 
rod r passes freely through a hole in the plate P, and is sur- 
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rounded by a spiral spring whieh presses the cell against the 
fixed point az (which enters a slight depression in the back 
of the cell) and.the points of the screws gy and z. The 
cell is pressed against the point of the screw w by a 
spring on the opposite side. The plate P is supported with 
freedom for adjustment by a bolt and nut passing through 
the slot g. 

The breadth of the beam which can be used is limited 
horizontally only by the breadth of the face of the prism ; but 
vertically the beam must be narrow if a number of reflexions 
are required. Thus the resolving power of the instrument 
depending, as it does, on the horizontal breadth of the beam, 
is not affected by this restriction. The resolving power is 
that of a train of as many complete prisms as there are 
reflexions in the half-prisms. 

The beam does not traverse the prisms exactly in a prin- 
cipal plane. But the smallness of this obliquity and the 
narrowness of the beam in a vertical direction make any such 
effect of small consequence. Moreover, the obliquity can 
be indefinitely diminished by increasing the distance between 
the prisms. 


II. 


Another form of instrument is illustrated in plan in fig. 4 
and in elevation in fig. 5. In this case one prism and two 
plane mirrors are used. 

A is the collimator and B the telescope. C is the prism 
mounted on a levelling-table which rests on and turns with 
the arm Cf. d is a plane mirror fixed above the object-glass 
of the collimator and facing towards the prism. e isa plane 
mirror supported on the extremity of the arm C e, and also 
facing towards the prism. The arm Ce is free to turn round 
the centre of the table of the instrument. To the arm Cf is 
. attached a screw carrying a block Z, which is free to move 
along the arm, and is linked to a pin X fixed on the table of 
the instrument and io a pin Y on the arm Ce. To use the 
prism with minimum deviation Z X and Z Y are made equal, 
and the prism and the mirror e are moved simultaneously by 
turning the screw. 

. The beam of light emerging from the collimator À passes 
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under the mirror d and is deviated by the prism. The 
mirror eis so placed that the light strikes it near its lower 
edge and goes back through the prism. The beam being 
inclined slightly upwards, now strikes the mirror d, and so is 


Fig. 5. 


-—- «w ewe ee | 
-— — 
-e e = we 


km 


reflected backwards and forwards between the mirrors tra- 
versing the prism at each journey and gradually climbing 
upwards until finally it passes from the mirror d over thetop 
of the prism into the telescope B. If the prism and mirrors 
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are once properly adjusted for minimum deviation for light 
of one refrangibility, they are brought in adjustment into 
the position for any other refrangibility simply by turning 
the head of the screw C f. 


III. 


A third form of instrument which may be convenient when 
it is desired to have the reversed beam in a separate position 
from the direct one, is shown in plan in fig. 6 and in elevation 
in fig. 7 (p. 122). 

A and B are the collimator and telescope as before. The 
refracting prisms are cde and fgh. k is a right-angled 
reflecting prism above the object-glass of the collimator. 
The beam from the collimator inclined slightly upwards as 
before is refracted at the face cd of one prism, is totally 
reflected at the face de, and emerging at the face ec enters 
the face hf of the next prism, is totally reflected at the face 
gh, and refracted out at the face fg. The angles and positions 
of the prisms are made such that the beam emerging from fg 
is parallel to that entering at cd, except for a slight incli- 
nation upwards. After leaving the two refracting prisms 
the beam enters k, which returns it after two reflexions to 
the face cd in a direction parallel to that in which it first 
entered that face. Thus the beam circulates round the 
system of three prisms, gradually rising until it finally passes 
over the top of the prism cde into the telescope B. For 
adjustment of the refracting prisms they are mounted on 
levelling-tables which are free to turn about centres at p 
and g, and are linked as shown in fig. 6 to a screw working 
in a fixed block Y, so that by turning the screw the angle 
between the faces ce and fh can be altered while the positions 
of the prisms are kept symmetrical with respect to the central 
line of the system. Thus when the instrument is adjusted for 
one wave-length, the whole spectrum can be brought into 
view by simply turning the adjusting screws. 

It is not. necessary that the refracting prisms be complete, 
because a ray entering near c strikes the face ec after 
refraction, and is for present purposes lost ; consequently the 
portion shaded in fig. 8 may be cut from the prisms at the 
corners c and f. If hg ml is the actual form of prism used, 
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it is necessary to cut it so that the beam in passing between 
the refracting prisms meets the faces c e and fh as nearly as 
possible at normal incidence ; because if, for instance, the 


Fig. 8. 
2 


f 4 


prism were made triangular of the form À mg, the refraction 
at the face mh would produce dispersion opposite to that due 
io m g. 

This instrument is much inferior to the others in resolving 
power. To get the internal reflexions in the refracting prisms 
total, it is necessary to make the refractions at a large 
obliquity. That gives, no doubt, considerable dispersion. 
But the difference between the longest and shortest paths of 
rays through the refracting prisms is comparatively small. 
For flint-glass the angles atd and g do not differ much from 
90°; so that if de=a=gh and the angles at e and h are 
about 60°, the difference of the paths for the pair of prisms 


is about 2 Whereas the same two prisms with the corners 


at c and f not cut off, used as reflecting half-prisms in the 
arrangement first described, would give a difference of path 
about 4a for rays traversing each once. That is to say, the 
resolving power of such an instrument of type I. would be 
about eight times that of one of type III. 

Other combinations involving similar principles will readily 
suggest themselves. But the three described are sufficient to 
illustrate the method. The number of transmissions may by 
increased by lengthening the prisms or mirrors. The length 
of slit that can be used may be increased in the same way. 
In the instruments I have had made for trial the prisms and 
mirrors were 5 centimetres high and gave very good results. 
They are simple in constructicn, and the adjustments are easy 
compared with those of a train of prisms. Moreover, by a few 
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turns of an adjusting-screw one can change the number of 
transmissions, and with them the degree of dispersion, step by 
step through a wide range. 


IV. 


[ Addition made Dec. 6, 1901, after the reading of the paper.] 


Another arrangement in which the reflectors are totally 
reflecting prisms is shown in figs. 10 and 11 (p. 126). 

The back of the half-prism instead of being silvered is 
formed into a right-angled totally-reflecting prism with its 
edge at right angles to the refracting edge of the half-prism, 


Fig. 9. 
a 


d 


as shown in fig. 9. The beam is reflected back to this com- 
bined half-prism and reflector by two right-angled prisms fh 
and lm, as shown in figs. lO and 11. The prism fA is exactly 
half the breadth of the refracting prism, and is exactly 
opposite to the full upper half of it. The prism / m is of the 
same size as f h, but has its lower edge at a lower level than 
the bottom of the refracting prism, so that a space is left 
between the reflecting prisms. A beam of light from the 
collimator passes from C between the reflecting prisms, is 
refracted and reflected at the half-prism, and so passes to 
and fro, taking the course indicated by the arrows in figs. 10 
and 11, and finally passes from the reflector l m under the 
refracting prism into the observing-telescope at T. The 
result in dispersing and resolving power is equivalent to 
passage through a train of as many complete prisms as there 
are to-and-fro- journeys of the beam. 
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This arrangement is better than I. and IL, because less 
light is lost by reflexion ; and it is better than III. because it 
gives full resolving power. Moreover, the beam passes 


Fig. 10. 


through the refracting prism in a principal plane, so that all 
the prisms may be placed quite close together, and the 
apparatus thus made more compact. The number of trans- 
missions possible depends upon the width of the opening left 
between the reflecting prisms fh and lm. A very large 
number of transmissions may be used if this opening is made 
small. Another possible form would be to make the prisms 
f ^ and lm also refract, by giving them the form produced by 
cutting the prism of fig. 9 by a planethrough eat right angles 
to the facea b c d. 


Discussion. 


Prof. J. PERRY asked if the third form of spectroscope, 
in which there is total internal reflexion, had been tried 
experimentally. The amount of light lost at total internal 
reflexion is much less than at reflexion from mirrors, and he 
had found that the chief difficulty in using multiple reflexions 
from mirrors was the great absorption of light. 
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Dr. R. T. GLAzEBROOK said he would like to know whether 
the author had any measure of the relative brightness of the 
first and last spectra. 

Mr. W. F. SrANLEY said that by using three prisms instead 
of two it would be possible to substitute, in the first form of 
spectroscope, total internal reflexion for normal reflexion at 
a silvered surface. | 

Prof. THOMPSON suggested a possible way of improving 
the third arrangement by using two prisms with their apices 
outwards, refracting at both faces, but not in the position of 
minimum deviation. Twenty-five years ago the present 
Astronomer Royal suggested the use of half-prism spectro- 
scopes, and although they are often described in books they 
are seldom actually used. The advantage of using total 
internal reflexion is well known, and is exemplified in bino- 
culars, in some of which there are eight reflexions from the 
object-glass to the eye-piece. He congratulated the author 
upon the mechanical arrangements used in his spectroscopes. 

Prof. CassrE said that there was no confusion of spectra 
due to overlapping. With an ordinary Bunsen-burner 
sodium flame a series of about five spectra are easily observed 
with dispersion equivalent to direct transmission through ten 
full-sized prisms. The loss of light at the reflexions limits 
the number of transmissions that can be used; but he 
believed that no other spectroscope with only two prisms 
would give dispersing power and resolving power in any 
way approaching the instrument described. 
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IX. Air-Pressures used in playing Brass Instruments. By 
Epwin H. Barton, D.Sc., F.R.S.E., Senior Lecturer in 
Physics at University College, Nottingham, and S. C. Laws, 
B.Sc., “1851 Exhibition”? Science Research Scholar *. 


‘Plates II. & III.] 


It is well known that in playing upon the “brass” or 
“ wood-wind’’ instruments of the orchestra the particular 
note, at any instant desired, is produced by the simultaneous 
use of the mechanism of the instrument and the correspond- 
ing ** embouchure," through which air at a suitable pressure 
is driven by the performer. The mechanism adjusts the 
length of the tubing in use so that the note in question is 
one of those with which the instrument is now in resonance. 
The correct embouchure and air-pressure pick out, as it were, 
from the notes then possible to the instrument, the particular 
one sought, and cause it to sound. 

Some of the problems here involved are chiefly of a 
musical character, 

But the pressure of air which solicits the desired note, 
although several others are possible with the same fingering, 
and the variations of this pressure with the pitch, loudness, 
and other circumstances form a problem belonging rather to 
the domain of physics, and one which is attacked in the 
experiments here described. 

Some previous work on the nir-pressures required for 
various instruments has been done by Dr. W. H. Stone (see 
p. 171, ‘Elementary Lessons on Sound,’ Macmillans, 1891), 
who gives maximum and minimum pressures for the oboe, 
clarinet, bassoon, horn, cornet, trumpet, euphonium, and 
bombardon. No details, however, are there given of the 
pressures for each note of the scale, nor of the variations of 
the pressure with loudness. 

The present work deals with three brass instruments, viz., 
the tenor trombone, the trumpet, and the cornet. The 
results of the experiments on these are sufficiently consistent 


* Read December 13, 1901, 
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to support certain general conclusions which are suminarized 
at the close of the paper. 

Experimental Method.—Following the hint given by Dr. 
Stone, the pressures were taken by a water-manometer con- 
nected to the performer's mouth by an indiarabber tube 
terminating in a glass nozzle which could be held by the 
side teeth. After a little practice, the instrument could be 
played without the insertion of this side nozzle producing 
any serious annoyance. The open end of the manometer 
was provided with a plug of cork and cotton-wool which 
just damped out the oscillations of the water columns in it 
without interfering with their prompt assumption of the 
correct levels when a note was sounded. To arrest the 
columns immediately in these positions and retain them 
there until the readings were taken, a pinch-cock was used 
on the indiarubber pipe connecting the manometer with th» 
player's mouth. Thus the modus operandi was as follows: — 
A series of notes and their loudness being decided upon and 
indicated in the note-book and the player and recorder in 
position, the recorder calls for a certain note, at the same 
time opening the pinch-cock. The player sounds the note 
and sustains it till it is judged to be of the desired intensity ; 
the pinch-cock is then released, thus immediately closing 
and so retaining the water columns in place. These are read 
and recorded and then the next note is called for. 

The manometer-scales were graduated to centimetres and 
estimated to quarters of a division. 

A mercury manometer was tried for some of the higher 
pressures exceeding a metre of water, but was quickly 
abandoned as being far less convenient. 

Lines of Investigation.—It was decided to find how the 
air-pressure required to sound the different notes varied with 
(1) the piteh of the note, (2) its loudness, (8) the fingering 
or other manipulation of the instrument, (4) the instru- 
ment itself. In each of these cases of inquiry as to the effect- 
of any one variable cause, the other variables were kept con- 
stant so far as circumstances permitted. Thus, to test how 
the pressure depended upon pitch, a scale was played with 
the loudness maintained as nearly as possible the same. The 
fingering was, however, necessarily changed to produce the 

K 2 
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consecutive notes of the scale. Again, for dependence of 
pressure on loudness, the same note was played with various 
intensities, then another note with various intensities, and so 
on. Thirdly, where the same note was obtainable with two 
fingerings, the sound was obtained of the given pitch and 
with the same intensity, first with ihe usual and then with 
the alternate fingering. 

The Scale on Brass Instruments.—In order to render sub- 
sequent references quite clear, it seems desirable to explain 
here how the scale is obtained both with slide and valve 
instruments. In the slide instruments, when the slide is in 
the first position, 2. e. closed, the minimum length of tubing 
is in use, and the only notes obtainable are those with which 
that length of tubing is in resonance. These form the har- 
monic series, the relative frequencies of the notes being 1, 2, 
3, 4, 5, 6, &c.; the fundamental or prime is termed by 
musicians the “ pedal” and is rarely used. By drawing the 
slide out to the second position, sufficient length of tubing is 
introduced to put the instrument in resonance with notes a 
semitone lower. The other positions to the seventh inclusive 
lower the notes of the instrument by a tone, a tone and a 
half, &c. to three tones respectively. The use of the slide 
has thus three effects: (1) it furnishes the complete chromatic 
scale in the largest interval which occurs between the notes 
in use natural to the instrument with the slide closed, viz., 
between the second and third harmonics, whose interval is a 
fifth ; (2) and consequently it more than bridges all the other 
intervals (fourth, major third, &c.) which occur in the higher 
part of the harmonic series, thus giving alternate methods of 
playing various notes ; (3) it extends the scale downwards. 

In valve instruments the same results are usually approxi- 
mately obtained by the use of three valves. The first valve, 
when depressed, adds sufficient tubing to lower the notes by 
a whole tone, the second valve a semitone only, and the third 
about a tone and a half. 

These facts are exhibited collectively in Table I. for an 
instrument tuned to Bb like the Cornet and Tenor Trombone. 
The lower notes are at the bottom of the table. Those in 
round brackets indicate alternative fingerings. The numerals 
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under some of the notes give approximate frequencies for the 
trombone in complete vibrations per second. For the cornet, 
all these require doubling. 


TABLE I.—The Scale on Slide and Valve Instruments. 


Positions of Slide 
on ‘Trombone. 


Valves depreesed 
on Cornet, 


Ist. | 2nd. | 8rd. 4th. Sth. 6th. 7th. 


let & | 9nd & | Ist & | Ist, 2nd, 
2nd. | let. | ond. | 3rd. 3rd. | & 3rd. 


“ Harmonic” 
elicited by suitabl 
“ embouchure " 
and air-preseure. 
8 Bo A a 
480 
7 na harmonie is | not 


neral ly used 


Bh | This| prime | note, called tbe |“ pedal,” 
60 | is not gene used. 


EXPERIMENTAL RzsuLTs. Tenor Trombone.—The instru- 
ment used for these experiments is in Bb by Millereau & Co. 
of Paris, and was throughout played by E. H. Barton with a 
Higham mouthpiece. 

The mean results of scales and exercises over two octaves 
tried on it at different intensities are given in Table II., and 
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graphically exhibited in Plate II. The ordinates of the curves 
are the manometer pressures in centimetres of water, and the 
abscissse represent the intervals in cents, the intonation being 
assumed in equal temperament, 

Both in the table and on the Plate the C in square 
brackets is the middle C between the staves, and is of 
frequency about 269 complete vibrations per second. 


TABLE l1I.—Pressures for Scales on Trombone. 


| 
Notes ..... DNO TO Be [C] D| E| F 
oc Pad as ne WM TNR ENS RU RE M 
Positions | , 
Positions |g | 4 | a | 1.61412 tjaja 3lıl2lı 
f. | | 
au 18|26:32:37| 40 47153158. 62. 73 | 80 (88 108 117.127 


|| MN 
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mM. 


Mean of | | 17/93} 27/31 | 34 | 42/51 | 52 


ll sets. | | 


—————w$— , Rm —— a— | — —€ HQ —  —— —  — a |a — | ao —— |o | o9 


SRR X 


57 i 642 |71| 76; 81| 90 
P. 


a 13.117; 22 97 '275!35|42, 39° 44' 
4 sets. Pees M BN 


48 [o 52| 59| 65! 74 
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The results of experiments on given notes sounded in 
close succession but with different intensities are given in 
Table III. 

The experiments as to change, if any, of pressure with 
change of fingering are detailed in Table 1V. 

Cornet.—These experiments were made with a Higham 
Cornet played by a professional trampeter and cornettist, 
Mr. E. C. Pickerill of Nottingham. The results for scales 
over two octaves soft, medium, and loud, each played once 
only, are shown by the three curves on Plate III. marked 
respectively p, m, and f. The C in square brackets denotes 
the middle C between the staves. The abscissea and ordinates 
are as in Plate II. 
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TABLE III.—Pressures for given Notes, Loud and Soft. 


D 
Approximate , p 
Pauencies| 2% 120 | 180 240 300 
Qr ME: i l 1 1 
eee MEVS a | en PER 
pp 13 29) | 27 50 73°5 
p 13 34°5 50 57 83 
m 19:5 36:5t 55:5 63 88:5 
f. 23 40 67:5 83 106 
Bingle pp 20 | p 9| p 6l 
crescendo to to to e| to to 
notes. f 38 | Sf 18 Jf 101 


* This preesure was obtained with a small aperture between the lips. With 
a larger aperture, the note still being pp, the pressure fell to 15! 

f The pedal note an octave lower than this was produced 7s with a pressure 
of 7 om. 


TaBLE IV.—Pressures for same Notes in Alternative 
Positions. 


Approximate 
frequencies. 


Positions of 


Slide. l 4 
No of“ Har- 2. | . | ew NTT 
monic " used 3 4 4 5 5 6 
§ P 505 | 48 72 70 72 67 
^ mf | 5 50 75 75 98 92 
E f 73 68 94 92 119 117 
3 Sf 80 83 118 110 

2nd Series | 

yo m | 8 50 | 675 | 685 72 72 
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The experiments on the cornet as to different intensities of 
given notes are detailed in Table V. 


TABLE V.—Pressures for given Notes, Loud and Soft. 


Notes ...... A E A Os E 
Approximate 

fe quencies. 226 $39 452 568 678 

Pressures. 

E f 26°75 34125 44 52°75 66 
E 225 20 315 3875 | 415 
E 

m 


p 12 1555 205 | 30-25 34 


Trumpet.—F or the experiments on the Trumpet a Besson 
trumpet in F was used, played by Mr. E. C. Pickerill with 
a mouthpiece by H. Keats & Son. The results of once 
playing the scale in F through two octaves at medium intensity 
is shown on Plate III. by the dotted curve marked TT. 

Comparison of Trumpet and Cornet.—Table V1. gives the 
result of a comparison of trumpet and cornet as to the pressures 
for given notes of different intensities. 


TABLE VI.—Trunipet and Cornet compared. 


—— | —o ES | Ee SEE | oe A D — | ——— a — | —— ee 


Approximate 
requencies. 240 360 480 600 720 


ee 
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Concluston.—In reviewing the results of the experiments 

it is clear that the following general inferences may be 
drawn :— 

1. Other things being equal, the louder the note the greater 
the pressure, as was to be expected. See Tables III., IV., 
V., and VI. 

2. Again, all else being retained the same, the higher the 
pitch of the note played on a given instrument the greater 
the air-pressure used. See Tables III., V., and VI. 

In the scales (Table II. and Plates II. & III.) this is some- 
times apparently violated, not only on the trombone played by 
the writer but also in the professional playing of the trumpet 
and cornet. This seems to be due to a slight unintentional 
difference in intensity or in the manner of producing the 
notes. (See first footnote to Table III. In the higher 
parts of the scale it is hard to avoid increasing the loudness. 
This may account for the upward turn of the curves at this 

rt. 

3. In the preliminary experiments, on plotting the frequency 
of the notes of the scale as abscissa and the pressures as 
ordinates fairly smooth curves were obtained convex upwards. 
When, however, quantities proportional to the logarithms of 
the frequencies are taken for abscisss, the curves become 
almost straight lines. See Plates II. & IIL, in which the 
abscisse are Mr. Ellis’s logarithmic cents, 100 to the equally- 
tempered semitone, represented by the large squares, and the 
intonation is assumed to be in equal temperament. 

4. Now if the logarithms of the frequencies be taken to 
measure pitches of notes, then the difference of logarithms 
measures the ratios of frequencies, i. e. measures the intervals 
between them. And, as is well known, this is the only way 
which admits of simple addition of numbers representing the 
component intervals giving the number representing the re- 
sultant interval. Thus the logarithm of the frequency is in 
a certain very real and important sense the best physical 
measure of the pitch of a note. Hence, adopting this method, 
and noting that the curves in Plates II. & III. are nearly 
straight lines, we may say that the air-pressure required to 
sound any note with given intensity is approximately pro- 
portional to its pitch defined logarithmically. 
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5. Where alternative positions or fingermgs are used for 
the same note the pressures are practically the same, see 
Table IV., the results in which were confirmed alse by 
Mr. Pickerill with his instruments. In other words, it is 
almost indifferent as regards pressure required, whether a 
note is played on a given instrument as the third harmonie 
of a short tube or the fourth of a longer one, &c., &c. This 
is contrary to what is implied by some writers. 

6. The pressures for identical notes on trumpet and cornet 
are almost the same for any given intensity, but very much 
less than those for the same notes on the trombone. See 
Table VI. and Plate III. (cf. with Table III. and Plate II). 

7. The pressures used for loud low notes may exceed those 
for soft high notes, in some cases even where the notes are an 
octave apart. See Tables III., IV., V., and VI., also Pls. II. 
& III. 

8. The present results as to maximum and minimum pres- 
sures are in accord with Dr. Stone's, so far as comparison is 
possible. 

Qur thanks are due to Mr. Pickerill for kindly placing his 
gervices at our disposal. 

University Laguat Tool. , Nottingham, 


DISCUSSION. 


Prof. J. D. Everetr said the paper was an interesting 
attempt to make a quantitative connexion between theory 
and practice, and the linear law connecting logarithmic 
frequencies and pressures came out well from the experi- 
ments. He asked if the pressure necessary depended on the 
skill of the operator. 

Mr. D. J. BLAIKLEY said that soon after the publication 
of Dr. Stone's experiments on this subject he followed up 
the matter by experiments of his own, using a simple water- 
pressure gauge. The general results agreed fairly well with 
those given in the paper, but from them one law appeared 
to be deducible which was not suggested by Dr. Barton and 
Mr. Laws, and which greatly modified their conclusion (4). 
His observations showed that when the intensity was reduced 
to the lowest possible point for each of the notes in a given 
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series, the resulting minimum pressures were directly pro- 
portional to the frequencies, and not to the frequencies as 
defined logarithmically. It was further noticed that whether 
a given.note, as say Bb of 240 vibrations, was sounded as 
the eighth harmonic of a contrabass, the fourth harmonic of 
a tenor trombone or euphonium, or as the second harmonic 
of a cornet, the result was approximately the same. The 
minimum pressure at which any note can be sounded 
appeared to depend solely upon its pitch, and not upon the 
place of the note, upon the instrument used, or upon the 
calibre or total mass of air in the instrument. 

Mr. Watson suggested that if different gases were used to 
blow the instruments, the results might depend upon the 
velocity of sound in the gas used. 


X. A new Hygrometric Method. 
By E. B. H. Wane, M.A.* 


(1) Tue object of this note is to describe a new hygrometric 
method, in which a thermometer is wetted not with water 
but with sulphuric acid of suitable strength. 

(2) Jt ts claimed that the method is (a) theoretically sound, 
(b) cheap and easy to manipulate, (c) specially suited for the 
study of ordinary wet bulbs, (d) independent of ventilation. 

(3) Theory of the method.—Let t = temperature of dry bulb, 
t' =the same for wet bulb, 0 the same for bulb wet with acid 
(acid bulb); f=tension of vapour in air, f' z: maximum tension 
of water-vapour at t, $ 2 maximum tension for acid at 0. Hf 
(2:0, f$, and $ is known from Regnault's work. Hence 

f follows, In studying wet bulbs by this method assume 
further that over a small range of conditions 


f-f'—«t-£)-$-k0—8) 


and from two such comparisons obtain c and k, or from a 
large number treated by the method of least squares. 


* Head December 13,1901. Published by permission of the Under 
Secretary of State, Public Works Ministry. 
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The range of conditions over which it is admissible to 
assume that c and & are constant must be found by experi- 
ment, but it must be admissible over some range. Special 
attention is drawn to this device for finding c and &, since it 
does not involve an appeal to any method supposed to be 
standard. 

(4) Manipulation.—To apply this theory to the study of 
wet bulbs, the bulb of a thermometer is wrapped in linen 
secured by a rubber band just above the bulb. A little 
higher the stem passes through a rubber stopper, which 
closes the mouth of a test-tube containing a little acid 
which wets the rag. When this thermometer reads about 
the same as the dry bulb, withdraw the test-tube exposing the 
rag to air. Between the fourth and sixth minutes after this, 
read repeatedly the acid thermometer and the wet and dry 
bulbs, and take the respective means.  Rinse the linen 
repeatedly with the stock of acid and replace the test-tube. 
A very little experience enables one (from a reading of the 
wet and dry bulbs at 8 A.M.) to select a solution which will 
be appropriate to the humidities met with during most of the 
morning and again in the evening. A point is made of 
the simplicity of the method. 

(5) lllustrative results.—The results below are to illustrate 
the method and to show that k may be taken constant between 
limits ¢—@= +2° and in very different ventilations. Table I. 
gives results with the apparatus described and an ordinary 
psychrometer. Light winds prevailed, but an exact record 
was not kept. The series is preliminary : k appears constant, 
but the question of ventilation remains. To test this the 
ordinary psychrometer was replaced by Assmann’s well-known 
construction. The high artificial ventilation of this instrament 
is thought to render it independent of changes in the natural 
ventilation. The acid bulb was still exposed to the natural 
ventilation which was estimated on a scale whose unit is about 
6 kilometres per hour. The agreement of columns f, fs in 
Table II. is held to show the acid bulb's independence of 
ventilation. œ is practically the same as in Table I. over 
range (—0— 4-29. The value of c was taken as unknown. 
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TABLE I. 
D. Dry bulb Fuess No. 2035, Reichaanstalt certificate 
No. “>. | Bulbs spherical. 
W. Wet bulb Fuess No. 2043, corrected by No. 2035. 9 mm. diam. 


A. Acid bulb Fuess No. 2063, corrected by No. 2035. 
Tension by formula f' —c(t—'). 


f. 
fe n » — $-—K(-6). 


- 46:20 ?/, 
P" c= ie 
) 


fous 4l m "fa 


| 
i 


Acid 33-45 °/, 
= 50 


TABLE II. 


D = Air temperature in Renou screen for mean of thermometers 
Fuees 2035 Reichranstalt certificate No. 12050 agreeing 
and Fuese 1143 12207 } closel 
W = Wet bulb temperature by Fuess No. 1144 corrected by No. 


certificate No. 12207. 
= Acid bulb as in Table I. € 2*4 and k = :93. 
f= Tension of vapour in air from formula f, = fw — 4(D—W). 
JA = fa — 9XD—A). 
onanii c and k deduced from all the observations. 
Acid A 43°75°/,. B 52:139/,.. 
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Table III. deals further with ventilation. A wet bulb and 
an acid bulb were mounted at opposite ends of a diameter of 
a whirling machine, in a room where the air was very calm 
and of even temperature. They were read at rest aud again 
after 2 minutes’ whirling at about 6 metres per sec. The 
result shows an almost perfect immunity towards ventilation 
except in tho cases where D— A exceeds + 3? (see Table III.). 
The observers who kindly assisted were kept entirely unaware 
of the effect to be looked for. 


TABLE III. 
D Temperature by dry bulb thermometer. 
W, = 99 wet » before ) DET) 
W,= $ . P ee whirling. 
A= í acid v before | p: 
A= à tide ] whirling. 


All bulbs 0°9 centimetre diameter. 
Strengths of acid adjusted to give very different values of D—A for siwilar 
values of D— W. 


D—A,. | À, —A,. lw, =w, Oberer 


940 | 158 | 150 | 207 | 26| 33 | +01 | +08 | MK. 
298 | 158 | 148 | 212| 20| 26 | +02 | +10 , 
238 | 160 | 153 | 186 | 182| 52 | +04 | +07 : 
238 | 158 | 150 | 228 | 228| 10 0 408 7 
237 | 161 | 153 | 287 | 9238 |. 0 —01 | 408 : 
938 | 162 | 153! 962| 21) 26 | 401 | +09 : 
227: | 162| 153 | 298 | 292| 59 | 404 | +09 : 
2356 | 160] 153| 275 | 280! —39 | —05 | +07 s 
244 | 162| 154| 270 | 272| —26 | —02 | +08 ii 
936 | 158 | 150 | 276 | 276 | —40 0 +08 | W. 
236 | 158 | 150 | 272 | 273| -26 | -01 | +08 : 
234 | 160 | 152| 260 | 260  —26 0 +0°8 : 
234 | 156 | 148 | 254 | 256 | —20 | —02 | +08 : 
224 | 158 150| 252| 2541 —18 | -02 | 408 : 
3-41 156 | 146 | 252 | 252 | —72 0 +10 E 
234 | 158 | 150 | 248| 249| —14 | —01 | +08 : 
299 | 158 | 151 | 2434 | 246 | —12 | -02 | 407 : 
230 | 160| 148 | 244 | 94:5 | —14 | -01 | +12 . 
294 | 157 | 148 | 244 | 214 | —10 0 409 | MS 
2L4| 156 | 151 | 206 | 206 | +08 0 |405 | w 
222 | 150! 144 | 190 | 190 | +32 0 +06 
222 | 149 | 142 | 199 | 199 | +23 0 407 | M.K 
v^8| 154| 148 | 908 ' 908 | +18 0 +06 : 
228 | 156 | 149 | 18:5 | 181 | 443 | 404 | +07 » 


(6) Applicability of the method.—The method is recom- 
mended as a reference method to those who wish to find the 
constants for their wet and dry bulb. They may proceed 
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exactly as described above, preferably taking c and k as 
both unknown. The method is also available as a substitute 
for the wet bulb. It cannot compete in simplicity with the 
wet bulb in its simplest form,-but it can compete with the 
various modifications (whirled thermometers, &c.). 

For the range studied the constant ‘93 can be used for k, 
and it is hoped that this will be tested for other climates and 
below the freezing-point. A small error in & is of very little 
importance, owing to the small value of t— 6. 

(7) Conclusion.—The method has been shown simple; the 
elementary theory is thought rigorous; the extension to 
small thermal effects is justified in numerous experiments ; 
k has turned out to be very nearly :93 over as wide a range 
as was open to study ; c is unexpectedly low. The last point 
requires some discussion. According to a mass of published 
dew-point observations, a value 0:5 for c was expected in 
Table IL., and the writer thinks it superfluous to make 
additional dew-point observations. The low value 0:4 found 
for c, though opposed somewhat to the dew-point results, is 
favoured by Maxwell's theory *. To make c 2:5 in high 


ventilation is to make his ratio D (loc. cit.) practically unity, 


but he considers it probably ‘77 and “certainly less than 
unity." His estimate is supported by the experiments of 
Graetz, Winkelmann, and of Kundt and Warburg, so that a 
considerably lower value of c is suggested. It is not, however, 
the object of this note to determine the value of c. It is the 
method with its theoretical and practical claims which is put 
forward. A wider basis was rendered impossible from want 
of leisure. 


Abbasia Observatory, Egypt. 
August 22, 1901. 


Discussiox. 


Prof. J. D. Everett criticised the paper at length, and 
said he could not commend the method described. 

Prof. A. S. HERSCHEL said that to free the proposed mode 
of observation from any objections which could be raised to 
it on the score of defective theory, tables might, perhaps, be 


* Art. “ Diffusion," Encyc. Britt, 
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constructed for use with the author's instrument, similar to 
the one constructed long ago by Mr. Glaisher, and now still 
generally used by meteorologists, to find the dew-point 
temperature from readings of the ordinary wet and dry bulb 
hygrometer. 

Mr. W. Watson replied to some of Prof. Everett’s re- 
marks, and pointed out some of the advantages of the method 
described in the paper. 


XI. On Focal Lines, and Anchor-Ring Wuve-Fronts. 
By Prof. J. D. Everett, F.R.S." 


WEEN a small cone of rays is obliquely incident on a 
spherical reflecting or refracting surface, the rays after 
reflection or refraction no longer compose a true cone. 
Instead of meeting in a point they form a narrow neck; and 
this neck is flattened in two places called the primary and 
secondary foci, the planes of flattening heing at right angles 
to each other. Optical writers give the name focal lines to 
the sections of the pencil made at these two places by planes 
perpendicular to the axis of the pencil; but it would be more 
appropriate to give the name to the sections which most 
nearly resemble lines, whatever angle they may make with 
the axis of the pencil. 

Clearness of conception, in intricate matters, is greatly 
aided by sharply definod illustration; and I wish to call 
attention to a case (which appears to have been hitherto 
overlooked) in which all the rays, even of a large pencil, 
pass accurately through two definite lines: one of these lines 
being a circular arc cutting the pencil at right angles; and 
the other being a straight line, which may have any inclina- 
tion to the axis of the pencil. 

The case is that in which the wave-front in one of its 
positions is a tore (or anchor-ring). 

A tore may be defined as the surface generated by the 
revolution of a circle round a fixed straight line in its plane ; 
this line we shall refer to as the aris of revolution. A tore 


* Read February 28, 1902. 
VOL. XVIII. L 
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has also what may be called a circular azis—the circle gene- 
rated by the motion of the centre of the revolving circle. 
In the figure QOS is the axis of revolution, O the centre of 


the tore, and OA the radius of the circular axis. P is any 
point on the revolving circle, PQ a perpendicular on the axis 
of revolution, and Ó the inclination of the straight line PAS 
to PQ or AO. 

The two focal lines are always at the centres of curvature 
of two mutually rectangular normal sections of the wave- 
front, one being the section of greatest and the other of least 
radius of curvature. For an element of the wave-front at P 
one of these sections is the circle shown in our diagram, and 
PA is its radius of curvature. The other is the section of 
the tore made by a plane through PAS perpendicular to the 
plane of the diagram. To find its radius of curvature note 
that QP is the radius of a circular section made by a plane 
perpendicular to the axis QS ; hence, by Meunier's theorem, 
the required radius of curvature is PQ sec 0, that is PS. 
The two focal lines are accordingly at A and S. A is called 
the primary, and S the secondary focus. If we make P travel 
round the circle shown in the figure the primary focus re- 
mains fixed at A, and the secondary focus travels along the 
axis QS, its distance from O being OA sec 0, which runs 
from zero to infinity in both directions. On the other hand, 
if we make P revolve round the axis QS the secondary focus 
remains fixed at S, and the primary focus generates the 
circular axis of the tore. 

For a circular element of the wave-front, of small diameter 


AND ANCHOR-RING WAVE-FRONTS. 145 


d, having P for its centre, the primary focal line will be an 
arc of the circular axis, of length SP d ; and the secondary 
focal € will be a portion of the axis of revolution, of 
length 2 AS d. sec 0. If, instead of regarding this absolutely 


sharp Line as the focal line, we follow the usual convention, 
and adopt, as the secondary line, the section of the pencil by 
a plane at S perpendicalar to PS, its two ends will be blurred, 
" ues it will resemble a figure of 8, and its length will be 
AP d. 

At any point T between A and S the breadth of the pencil 


; AT 
in the plane of the diagram is AP 


dicular to the plane of the diagram is B d. The ratio of 
the latter breadth to the former is AT multiplied by the 


constant ES and is unity when SA is divided internally 


+d, and its breadth perpen- 


and externally in the same ratio. 

Toric wave-fronts can be produced by constructing a con- 
cave reflector, of the form generated by making an ellipse, 
or any portion of an ellipse, revolve through any convenient 
angle round an ordinate erected at one focus O of the ellipse; 
and employing it to reflect rays diverging from a small 
source of light at this focus. The length of path is the same 
for all once-reflected rays from O to the circle traced by the 
other focus A, and will, therefore, be the same for all such 
rays from O to a tore having this circular axis. 

Figs. 2, 3, 4 represent an experimental illustration. Fig. 2 
contains an axial section of a reflecting surface of revolution; 
the section being made up of portions of two equal ellipses of 
eccentricity 4. O and A, A’ are points corresponding to O 
and A in fig. 1. A point source at O is provided by means 
of an opaque disk pierced with a sinall hole at O ; the disk 
being carried by an axis in its own plane, coinciding with a 
diameter of the bounding circle of the reflector, as shown in 
figs. 3, 4 (p. 146), which represent the reflector supported on a 
stand, with its bounding plane vertical, the axis of rotation of 
the disk being also vertical. By rotation round this axis the 

L2 
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disk can be made to face a source of light at its own level, at 
any obliquity to the bounding plane. In fig. 2a beam is shown 


Fig. 2. 


Fig. 3 Fig. 4. 


focussed on the hole by a lens. The beam may be furnished 
by a lantern, or by a bright lamp-flame properly screened. 
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Widening the angle of the pencil given by the lens lengthens 
and at the same time time brightens the focal lines. 

The primary line will be a circle having A A' for diameter, 
and will be always real. The secondary line will coincide 
with the axis of revolution, and will be real or virtual ac- 
cording to the position of the area of incidence. For inci- 
dence at the extremily of the ordinate through A, the reflected 
ray is parallel to the axis, and the secondary line goes off to 
infinity. Both lines when real can be shown on a translucent 
screen. The secondary line, when virtual, can be seen by 
looking into the reflector. The complete circle of the primary 
can be obtained at once by making the axis of the incident 
beam (of wide angle) coincide with the axis of the reflector, 
so that the area of incidence surrounds the central boss. 

An iris diaphragm (as used by microscopists) might with 
advantage be substituted for the picrced disk. 


Postscript.—Since reading the paper I have found that 
Maxwell, in a paper entitled * On the Cyclide,” has inves- 
tigated the general form of the wave-surface ** when one or 
both of the so-called focal lines is really a line," and has 
indicated the anchor-ring as a particular case (‘ Collected 
Papers,’ vol. ii. pp. 144 & 151). 


Discussion. 

Mr. R. J. SowrER pointed out that when a thin oblique 
pencil, or small cone of rays, is reflected or refracted by a 
spherical surface, the pencil rays form a narrow neck, and 
that this neck is flattened in two places called the focal lines 
and not the focal points, and that the focal lines cut the 
principal ray or axis of the pencil in the focal points. In 
the case of tbin pencils, the focal lines are elementary and 
may be considered as straight lines, and an infinite number 
of planes can pass through or contain them. This leads to 
the mutually rectangular primary and secondary planes of 
the pencil being selected. But if the elementary focal line 
is considered curved, as it is in general, only one containing 
plane can be chosen, namely, the plane of the curve. Real 
or physical focal lines are not in planes related with the focal 
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points as suggested by Prof. Everett. It was also pointed 
out that the criterion for anchor-ring or toric waves is that 
the focal lines are respectively a circle and a straight line 
perpendicular to the plane of the circle and lying in its axis, 
and that a toric wave-front could be formed by the refraction 
of a hollow cone of light at an annular ring on a spherical 
surface. The wave-front in the refracting medium is then 
toric, that is, it is a circular trough which is part of an 
anchor-ring. The primary focal line is a circle, and the 
secondary a straight line of limited length. 

Prof. S. P. Tompson said that optical writers often used 
the term focal lines to denote the sections of the wave-surface 
made by two mutually perpendicular planes through the 
focal points. 


AIT. The Absorption, Dispersion, and Surface-Colour of 
Selenium. By R. W. Woon, Professor of Experimental 
Physics in the Johns Hopkins University *. 


THE dispersion curves of substances with absorption-bands 
lying wholly within the visible or infra-red spectrum have 
been carefully examined within the past few years, in 
connexion with the modern theory of dispersion. To the 
best of my knowledge little or nothing has been done with 
substances in which the absorption begins in the visible spec- 
trum and extends into the remote ultra-violet. Of these 
media amorphous selenium is a type, strong absorption 
beginning not far from the D lines, and increasing con- 
tinuously with decreasing wave-length until, in the ultra- 
violet, the extinction coefficient has as high a value as in the 
case of metals. Another substance which I have found 
worthy of investigation is nitroso-dimethyl-aniline. This 
substance is most remarkable in its behaviour. It crystallizes 
in green laminæ which melt at 85 degrees and can be formed 
into fluid prisms between glass plates. These prisms must 
be kept fluid by an air-bath, as on solidification they become 


* Read February 28, 1902. 


DISPERSION, AND SURFACE-COLOUR OE SELENIUM. 149 


opaque. A prism of four or five degrees gives a most 
astonishing dispersion when an incandescent lamp is viewed 
through it. It is quite transparent up to the greenish-blue, 
and gives a spectrum twelve times as long as a quartz prism 
of equal angle. Pressed into a thin film, it seems to be nearly 
as transparent as glass of a very pale canary-ycllow colour ; 
but if the transmitted light be examined with a spectroscope, 
the blue and violet end of the spectrum is cut off almost as 
sharply as if by an opaque screen in the eyepiece. This 
indicates an exceedingly steep extinction curve; and the 
course of the dispersion curve within this region will prove 
most interesting. I am at the present time engaged on the 
investigation of the absorption and dispersion of this sub- 
stance, and further discussion will be postponed for the 
present. 

Selenium I have already investigated with the assistance of 
Mr. A. H. Pfund, one of my students at the University of 
Wisconsin, to whom I am indebted for a large amount of very 
faithful work. 

The only determinations that I have been able to find of 
the dispersion of this substance were made by Sirks* by the 
method of the colours of thin plates ; a method involving con- 
siderable error, as is apparent from a comparison of his curve 
with the curve obtained by direct spectrometer measurements 
with selenium prisms, 

These prisms were made in the same manner as the cyanine 
prisms which I have previously described (Proc. Phys. Soc. 
vol. xvii. p. 671). The substance is much more transparent 
than cyanine, and larger angles can consequently be used. 
Four or five degrees is about the maximum angle which can 
be employed to advantage. A strip of thin German plate- 
glass about 1 cm. wide and 2 cm. long is about right. A narrow 
strip of cardboard 1:5 mm. thick is pasted along the narrow 
edge, and a small piece of selenium fused on tho opposite 
edge by holding the plate over a small flame. The other 
plate must be heated at the sime time to about the samo 
temperature, and the two clamped in a small vice in the 
manner described for cyanine prisms. It is necessary to 


* Sirks, Dispersion des Selens, Pogg. Ann. cxliii. p. 429. 
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heat the plate until the substance is quite fluid, which is con- 
siderably above the temperature at which it becomes pasty. 
After the medium has solidified, one of the plates can be 
removed by a blow from a small hammer, if the prism is 
required for measurements with the spectrometer, as the 
angle can then be easily determined by the reflexion of light 
from the oblique surfaces. If the prism is to be used for 
demonstration only, it is better to leave the plate on. One of 
the prisms crossed with a diffraction-grating shows the dis- 
persion curve very well when an arc-light is viewed through 
the combination. 

Determinations were made of the dispersion by means of 
three selected prisms, the results of which are shown below. 
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The results obtained by Sirks are plotted for comparison. 
The values obtained with the ditferent prisms agree very 
well except at the edge of the absorption-band, where tho 
chance of error is much greater owing to the broadening 
of the image of the spectrometer-slit by diffraction, the light 
only passing through a very narrow strip of the prism 
bordering the refracting edge. 

The spectrometer was illuminated with monochromatic 
light obtained by prismatic analysis, the wave-length being 
determined for each observation with a glass grating of 14,000 
lines. Ifound it quite impossible to construct prisms of small 
enough angle to make determinations below wave-length 61 
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possible. With one very acute prism I fancied that I detected - 
evidences of a decrease of refractive index after passing this 
point, and accordingly determined to follow the curve further 
down into the spectrum by means of the interferometer, 
in the same manner as has already been done in the case 
of cyanine. 

Beautifully uniform films of selenium were obtained on 
plates of plane parallel glass, by means of a flat selenium 
cathode in a high vacuum. This cathode was made by 
rubbing a stick of selenium over a hot aluminium plate, tlie 
device being that used by Longden in obtaining films showing 
Newton's rings. 

Displacements of the interferometer fringes by the filins 
were obtained in the manner described in previous papers on 
the dispersion of cyanine and carbon; a film covering one halt 
of each of the two interferometer paths giving double the 
displacement of a single film without any increased loss of 
light. The displaced fringes were photographed by mono- 
chromatic light of known wave-length, the photographs being 
subsequently measured with a filar micrometer. 

In the photographic work some trouble was had with 
superfluous light which, being superposed on the image of 
the fringe system, lessened the contrast between the maxima 
and minima. Some of this light comes from the glass 
surfaces and some from the selenium films. Mr. Pfund 
finally got rid of this light by the ingenious device of placing 
a convex lens between the interferometer and the photo- 
graphic plate, which brought the light to two point-foci less 
tban a millimetre apart. A screen with a pin-hole held back 
the superfluous light, which was collected at one focus, 
allowing the light which formed the fringes to pass. It was 
also found that better results were obtained with unsilvered 
interferometer-plates. 

When working in the red and orange comparatively thick 
films could be used, but in the blue and violet only exceed- 
ingly thin ones allowed any light to pass through. 

The apparatus as arranged for photographing the fringes and 
measuring the wave-length of the monochromatic light em- 
ployed, is shown in fig. 2. The light of an arc-lamp A falls on 
a mirror cemented to the back of a prism which stands on a 
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revolving graduated circle. The collimator objective T pro- 
jects a spectrum on the slit S, which can be shifted by turning 
the circle which carries the prism. The monochromatic light 
which leaves the slit, after passage through a collimating-lens 
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L, falls on the interferometer. Plane parallel plates carrying 
the selenium films are shown at b. To get rid of the multiple 
images, the lens M is arranged so as to focus the light on the 
perforated screen U *. 


* Dy an error of the engraver the aperture in U is shown much tco 
large. Only one of the two convergent beams passes through it. 
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No other lens is used, the light falling directly on the 
photographic plate after passage through the pin-hole. 

The camera is simply a long narrow box, the plate being 
carried on a slide, so that eight exposures can be made one 
after the other on a single plate, measuring 12 x 2 cms. 

A small mirror N, hinged in front of the slit, enables 
us to divert the light from the interferometer and throw it 
into the grating spectrometer S, by means of which the 
wave-length can be at once determined. By means of this 
arrangement it was possible to work with considerable rapidity. 
After each exposure, the small mirror was turned in front of 
the slit, and the cross-hairs of the spectrometer set on the 
diffracted image. The prism was then turned through a 
small angle and a second exposure given, the circle of the 
spectrometer being read while the exposure was in progress. 
The longest exposures in the red were only five or six minutes 
in duration. 

After making a number of measurements in different parts 
of the spectrum by means of films of different thicknesses, it 
occurred to me that if a wedge-shaped film were employed, 
curved fringes would be obtained which would allow the dis- 
placement for any wave-length to be measured for the maximum 
thickness capable of transmitting the light. Films of this 
nature were obtained by shielding the plate during the de- 
position with a strip of mica mounted a centimetre or so 
above its surface, as shown in fig. 1. The drift of the 


Fig. 3. 
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selenium under this shield was very regular, and excellent 
wedges were obtained which showed straight interference- 
bands when viewed in reflected light. A series of photographs 
obtained with one of these prismatic deposits is reproduced 
in fig. 3. It will be seen from the nature of the displace- 
ment of the fringes that the film is of nearly uniform thickness 
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for a short distance, and then becomes wedge-shaped, the 
fringes plunging down suddenly. 

Another advantage of the wedge-shaped films is that the 
displaced fringe can be identified with the undisplaced. In 
working with films in the red and orange, where the dis- 
placement is equal to the width of several fringes, the only 
method of identifying the fringes is to make visual observa- 
tions with white light at the centre of the system. With 
the wedge-shaped film there is no difficulty in telling which 
fringes belong together, for the same fringe can be traced 
clear across the plate, and the total displacement determined. 
The chance of making an error of an entire fringe-width in 
estimating the displacement by visual observations with white 
light is very great, owing to the great dissimilarity in the 
appearance of the chromatic fringes seen through clear glass 
and selenium. 

The photographs of the curved fringes were measured by 
placing them in contact with a glass plate ruled with parallel 
diamond scratches, one of the scratches being placed in 
coincidence with the line marking the thin edge of the film. 
The displacement was measured as before with a filar micro- 
meter, setting the cross-bair first on the undisplaced fringe, 
and then on the point at which the corresponding fringe 
intersected the scratch nearest the end of the oblique system. 

The values for the refractive indices obtained in the red by 
means of the prisms were taken as a basis for the calculation 
of the indices in the rest of the spectrum from the interfero- 
meter measurements. If wo find the displacement for wave- 
length A, to be n. (n being measured in terms of fringe- 
width), and know the ref. index p, for this wave-length, we can 
determine the refractive index ug for wave-length A, (in the 
green) by measuring the displacement ng for the same thick- 
ness, from the formula 

py=l + (jp 1) 88. 


Determinations were made in this way down to wave-length 
0004, beyond which point it was impossible to go owing to 
the powerful absorption, which made the fringes too faint to 
measure. It was only by employing exceedingly thin films 
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and making the measurements with the greatest care that 
consistent results were obtained in the violet. The reason 
for this will be apparent when the subject of absorption is 
taken up, for a film which in red light is so transparent that 
its presence cannot be detected, in the violet and ultra- 
violet absorbs nearly as strongly as a metal film of the same 
thickness. 

The dispersion-curve obtained by means of the inter- 
ferometer is given on fig. 4, points determined with uniform 
films being indicated by circles, while points determined 
with wedge-shaped films are denoted -by crosses. The 
turning point of the curve is at wave-length *0905, where the 
refractive index reaches the value 3:18, which, so far as I 
know, is the highest value ever found for any substance. 


Fig. 4. 
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The continued rise of the dispersion-curve after entrance 
into the region of the absorption-band is worthy of notice, 
for usually the curve falls abruptly as soon as the band is 
entered. As the matter is of considerable theoretical im- 
portance it seemed best to check, if possible, tlie data furnished 
by the interferometer by means of very acute prisms. 
Examination of the wedge-shaped plate by means of sodium 
light, showed that a strip about 8 mm. wide was suitable for 
the purpose, the interference-fringes being straight, parallel, 
and equidistant. The angle was found from the fringes to 
be very nearly 22 seconds. 
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The deviations were observed by means of a large spec- 
trometer, which I have recently set up for quantitative 
measurements of the dispersion of sodium vapour. The slit 
is illuminated by means of the monochromatie illuminator 
made by Fuess. The telescope has a focal length of 1:5 
metres, the eyepiece being furnished with a filar micrometer. 
The graduated screw of the monochromatic illuminator, by 
means of which the wave-length of the light on the slit is 
changed, is operated from the eye-end of the telescope by 
means of a long steel rod, while the graduations are read 
by means of the finder of the telescope, which points 
towards a mirror in which a portion of the illuminator is seen 
reflected. 

This arrangement is extremely convenient, for the observer 
can run rapidly through a series of observations without 
leaving his seat at the eyepiece, a matter of great importance 
when working with sodium prisms. The plane parallel glass 
plate with the selenium wedge was covered by a piece of 
black paper furnished with two apertures, one exposing the 
prism, the other a portion of the clear glass. The illuminator 
was set for red light, and the prism placed in front of the 
telescope: a small screen enabled either aperture to be 
covered. The image of the slit was slightly broadened by 
diffraction, but not enough to interfere with accurate setting 
of the cross-hairs. On changing from clear glass to the 
selenium wedge, a displacement equal to three times the 
width of the band was observed. If both apertures were 
opened simultaneously, both the direct and displaced images 
appeared in the field, the images being furrowed, however, 
by the fine interference minima due to two apertures. 
Though it is quite possible that these minima would furnish 
the means of a more accurate setting of the cross-hairs on 
the centre of the band, they were not made use of in the 
present case, the apertures being uncovered in succession. 
This seemed advisable in view of the uncertainty regarding 
the effect of the change of wave-length on their location, for 
it must be remembered that when working with the strongly 
absorbed blue light, the amplitude falls off rapidly across the 
selenium-covered aperture, its effective width contracting 
with decrease of wave-length. The angular deviation for the 
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red was measured, and found to agree fairly well with the 
observations made with prisms of larger angle. The selenium 
aperture heing exposed, the cross-hair was set on the dis- 
placed image and the wave-length decreased. The image 
` immediately moved off the hair, which was made to follow it, 
and a continued increase in the deviation was noted as far 
down the spectrum as wave-length ‘00055, beyond which 
point the image became too faint to observe. 

I was disappointed not to be able to follow the curve to its 
turning point in the blue, and accordingly tried another 
method. i 

The wedge-shaped film was observed by the light of 
lithium, sodium, and thallium flames in succession, and the 
positions of the dark bands recorded by needle scratches. 
The eighth band for lithium light coincided with the tenth: 
band for sodium light, which agrees well with the observed 
values of the refractive index. With thallium light only 
three bands next to the thin edge could be seen, owiug to the 
strong absorption, but their position indicated an increase of 
refractive index, the third thallium dark band coinciding with 
the second lithium band. The first dark band moved nearer to 
the thin edge with decreasing wave-length. À screen consisting 
of a glass cell filled with a solution of cuprammonium and a 
sheet of dense cobalt glass was now placed in front of a 
Welsbach light. This gave a deep blue light free from red. 
]n this case the first dark band was the only one that 
appeared, but it was distinctly nearer the edge than in the 
case of the thallium light, which shows that the wave-length 
of the blue light in the selenium is considerably less than the 
wave-length of the thallium light, which would not be the 
case if the refractive index for the blue was considerably less 
than for the green. In this last case the band was too ill- 
defined to admit of an accurate measurement of its position. 

À preliminary examination of the light transmitted by a 
very thin film squeezed out between two plates of quartz, by 
means of a quartz spectrograph, showed that there was no 
return of transparency in the ultra-violet, at least up to 
wave-length :00028 or thereabouts. To determine if possiLle 
the position of the centre of the band, which gives us X, in 
the dispersion formula, a series of photometric measurements 
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were made of the visible and ultra-violet light transmitted 
by a thin film deposited in vacuo by means of the cathode 
discharge. In the visible spectrum measurements were made 
by placing the glass plate, partly covered by the film, in 
contact with the double slit of a spectrometer, the line ter- ` 
minating the film being brought into coincidence with the 
junction of the slits. The thickness of the film was determined 
by means of fringe displacements, making use of the data 
obtained with the selenium prisms. 

Owing to the difficulty of obtaining accurate data in the 
blue and violet by the visual method, and to enable us to 
carry on a study of the absorption in the ultra-violet, a photo- 
graphic method was adopted, the details of which were worked 
out largely by Mr. Pfund. 
= The double slit was removed and a single slit put in its 
place, which was opened to a width of 0-5 mm. The ocular 
slit of the spectrophotometer was also opened to the same 
width. A short distance behind the ocular slit, the photo- 
graphic plate was mounted with the selenium film covering 
the upper portion. A part of the plate was therefore exposed 
to light coming through clear glass, and part to light which 
had passed through the film of selenium. This method was 
found to give better results than a previous method which we 
tried, which consisted in substituting a photographic plate 
for the eyepiece of the instrument, and using the Vierordt 
slit as in the visual method. To determine the ratio of the 
intensities we made use of a photographic wedge, made by 
giving to a long narrow photographic plate an exposure 
decreasing uniformly in duration. To this strip a graduated 
scale was attached, and it was arranged to slide in a frame 
behind a narrow vertical aperture, against which the plate 
which had been exposed in the instrument, developed and 
dried, could be placed immediately below the wedge, which 
was then moved along until the spot of equal density was 
found. This spot could be determined to within 1 mm., the 
totul length of the wedge being about 10 cms. In this way 
very good ideas of the relative intensities could be obtained, 
assuming Roscoe's rule governing the blackening of a plate 
to be true, as it probably is within the limits comprised in 
our experiments, 
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Below is given a table showing the values of E: the ratio 


of the intensities, obtained by the two methods for a film the 
thickness of which was 0:0001 mm., and tbe calculated values 
of the extinction coefficient x, defined by the equation 


4Txd 
I — "x 
p-* 2 


where d is the thickness of the film and e the base of the 
natural logarithms. 


I I 


I 
(Visual). | (Photographic). 


760 1:05 1:04 "0234 
710 1:10 1:07 "0456 
640 1-20 1-18 “0879 
589 1:40 1-39 *155 
550 1-80 1-80 ‘254 
515 2:40 2°43 '858 
490 3:40 3:44 418 
466 440 440 :b7l 
412 6:20 615 5.93 
425 1:00 4:58 677 
415 9:50 9:46 "136 
400 9°50 12:00 785 


The values of « plotted as ordinates with wave-lengths as 
abscissz give the extinction curve, which is reproduced on 
fig. 4 with the dispersion curve (p. 155). 

To carry the work into the ultra-violet we abandoned the 
spectrophotometer with its glass prism and lenses, and made 
use of a short-focus concave grating with 14,000 lines to the 
inch. This grating was sent to me by Mr. Thorp of Man- 
chester. It was made by mounting one of his celluloid 
replieas of a Rowland grating on a concave lens, the celluloid 
film being subsequently silvered. It was only intended as a 
device for illustrating the action of the concave grating *, 

* | have mounted this grating on a light wooden frame designed 
according to the well-known Rowland device, which can be placed on 
the lecture-table and used for class illustration. The slit is illuminated 
with sun or arc light and the spectra received on a strip of ground glass. 


It is useful for showing how the spectra and the camera move relatively 
to each other. 
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but I found that if its aperture were reduced somewhat it 
gavo surprisingly sharp lines. 

A film of selenium was deposited on a thin plate of quartz, 
and mounted in front of the slit of the grating outfit, the 
lower half of the slit being covered with clear quartz, the 
upper half with quartz and selenium. 

The slit was illuminated by a spark-discharge between zinc 
terminals, and the spectrum photographed. The absorbing 
action of the selenium manifested itself as a more or less 
complete obscuration of the upper half of the spectrum. By 
giving the selenium-covered portion of the slit a very long 
exposure, and the clear portion a short one, any given part 
of the spectrum, could be balanced, the ratio of the times 


giving us an approximate value of T- 


We exposed a number of plates, and fully established the fact 
that the turning-point of the extinction curve,if it exists at all, 
lies beyond wave-length ‘00022. In the case of one plate the 
clear portion of the slit was exposed for 30 seconds, the 
selenium-covered portion for 62 minutes. The resulting photo- 
graph showed lines down to wave-length ‘00022 for the clear 
part of the slit, while the selenium-covered part only recorded 
itself down to :00028, the lines being, however, very much 
fainter than the corresponding ones in the other half of the 
spectrum. The lines were of about the same intensity at 
wave-length :00033, for which we get, from the ratio of the 
times of exposure, the value 1/124 for I/I’. This gives us 
the value 1:255 for æ. The thickness of the film was the 
same as in the previous experiments. Still longer exposures 
would have to be given to balance the two halves of the 
spectrum for shorter waves than these, from which it is 
evident that the extinction curve is still rising rapidly at 
wave-length 0:00022, where the coefficient has as high a 
value as in the case of the metals. 

The extinction curve as figured is not to be regarded as 
very accurate, as no precautions were taken to eliminate the 
reduction in the intensity of the light due to the reflexion at 
the surface. In determining curves of absorption it is always 
better to use two films of different thickness. "The errors in 
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the case of selenium may be considerable on account of the 
high refractive index, and l expect to redetermine the curve 
in the near future. In the present preliminary work the 
object was merely to determine whether there was a return 
to partial transparency in the ultra-violet region, which 
question appears to be answered in the negative, although a 
possible turning-point in the curve may be masked by the 
high reflexion coefficient. lt appears to me to be extremely 
doubtful that there is but a single absorption-band in the 
present case, the more probable condition being a series of 
overlapping bands. We are in fact forced to this conclusion 
if we attempt to apply the dispersion formula to the results. 
Though we are unable to determine experimentally the value 
of Am, the wave-length corresponding to that at the centre of 
the absorption-band, we can calculate a value for it from three 
determinations of the refractive index in the region of com- 
parative transparency. Writing the dispersion formula in 
the form* 
2v. 
n? =m + s 


we can calculate A, from 


Acus Ag (A Ü —M) T Ag” (Ay? —A4) C 
á (A! —A,”) i (Ay7—A37)C , 
in which 
_ nn? 
C= nj —nj? ) 


where n, na, and 7; are the values of the refractive index for 
wave-lengths X,, As, and à. Applying this formula to the 
values determined by the prism method we find Am to be 
0:00056, which we may assume to be not very far from the 
centre of the first band in the series. The true position of 
the centre of the first member of the series cannot be exactly 
determined, owing to the effects of the free periods of higher 
frequency, but the value given above can be considered a fair 


* * Dispersion of Ultra-Violet Rays," F. F. Martens, Annalen der 
Physik, No. 11, p. 612 (1901). 
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approximation. Ketteler has given a method for decomposing 
a complex absorption-band into its constituents; but as the 
process is very laborious and somewhat arbitrary, it has not 
seemed worth while to attempt to apply it until a more accu- 
rate curve has been determined. 

If we take into account the first member of the series only, 
and apply the results obtained with the prisms to the formula 


M, 
A3 = An 


from which the other formula may be derived by l:tting 
LB=m+m and M,=m’d,”2, in which P? is the dielectric 
constant, we find ¿°? to be very nearly 6:0. This latter form 
of the formula is the one generally used. If we use the 
original formula and determine m' and m from the expressions 


m'z (n? bu nd) (A? — Àn) (As? — An?) 


~ Xa (X! — A3.) í 
"OW 
m =n; — NS 
we find | m=5 and m'z 1:02 
or B= m + m 26:309. 


If m in the original formula turns out to be greater than 
unity, it indicates that other absorption-bands must be taken 
into account. The dielectric constant of selenium has been 
measured by Romich and Nowack, the value found being 
10:2. 

The dielectric constant of a substance according to the 
electromagnetic dispersion theory is the dielectric constant 
of the sether, plus the dielectric constants of the various ions 
whose action on the sther waves gives rise to the pheno- 
mena of absorption and dispersion. Until the behaviour of 


„selenium in the infra-red region has been investigated, it 


will be impossible to say whether the high value of the 
dielectric constant is due wholly, or only in part, to the ions 
whose free periods correspond in frequency to the green, 
blue, and ultra-violet rays. The infra-red work is already 
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under way, and until it is completed further discussion of 
the results given in the present paper is impossible*. 

The very high values of « in the ultra-violet led me to look 
for traces of selective reflexion in this region. The light of 
an arc-lamp was reflected successively from six surfaces of 
selenium deposited on glass. The image of the crater after 
the sixth reflexion was very faint, but so far as the eye could 
jadge without trace of colour. To determine whether or not 
ultra-violet light was present in excess, the light from the 
sixth surface was received upon a photographic plate one half 
of which was covered with a plate of glass which would 
absorb everything below wave-length 0°00034. The two 
halves of the plate were equally blackened, indicating that 
light of shorter wave-length than the above value was not 
present in any great excess. 

Metals, however, have a much weaker reflecting power for 
ultra-violet radiations than for waves in the visible spectrum, 
and the failure to obtain traces of ultra-violet “ Rest-strahlen ” 
is doubtless due to related causes. 

At the time when these experiments were tried the question 
of the possible detection of “ Rest-strahlen " in the ultra- 
violet had never been discussed so far as I know. <A paper 
has since appeared by Martens (doc. cit.) in which expe- 
riments are described which appear to prove that selective 
reflexion in the ultra-violet actually exists in certain cir- 
cumstances. 

We must be on our guard, however, against the error often 
made in assuming that the rays most strongly absorbed are 
identical with those most strongly reflected. This statement 
appears in so many of the text-books that it is well to call 
attention to the fallacy. Selective reflexion depends quite 
as much upon the refractive index of the medium as on the 
absorption. The index has a high value on the red side of 
the absorption-band, and a low value on the blue side; con- 
sequently the strongest reflexion will be for those rays on the 
red side of the centre of the absorption-band ; that is to say 

* Since writing this paper, I have had the opportunity of examining 
the infra-red transmission up to wave-length 2 3 u with Prof. Menden- 
hall’s very sensitive bolometer at the University of Wisconsin. No 
absorption-bands were found up to this point. 
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the maximum of the reflexion curve is shifted in the direction 
of the longer wave-lengths with respect to the absorption 
curve. The minimum of the reflexion curve lies on the blue 
side of the absorption-band, and in some cases may be equal 
to zero. The whole thing is of course contained in the 
formula for reflexion from absorbing media, which states that 
the percentage reflected, 


R= n?(1+x«7)+1—2n 
— (14+) +1420 


I have calculated from Pfliiger’s values of » and « the 
reflexion curve which represents the surface colour of cyanine 
at normal incidence (fig. 5), which illustrates well the fact 


Fig. 5.—Curve illustrating Surface-colour of Cyanine. 
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that the intensity of the reflected light in different parts of 
the spectrum is in no way a measure of the absorption. In 
point of fact, it is easily seen that the characteristic plum- 
colour of cyanine films is due rather to the almost complete 
absence of reflexion of the green rays than to strong metallic 
reflexion of any particular colour. 

In the case of selenium, if we apply the reflexion formula 
to thedata that have been obtained thus fur, we obtain a 
curve which indicates that the reflexion increases rapidly 
with decreasing wave-length. As I have said before, multiple 
reflexions from selenium surfaces give no trace of colour, 
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which suggests that errors may exist in either the refraction or 
extinction curve. I have already pointed out where the 
source of trouble may lie in the case of the latter curve. In 
regard to the refraction-curve, it may be considered fairly 
accurate up to the point where the prism determinations 
stopped. In the case of films the thickness of which is less 
than the wave-length of light, I do not yet feel sure that tbe 
displacement of interference-fringes gives us a true measure 
of the refractive index. I hope some time to make a rigorous 
test of this point, for so far as I know it has never been 
settled. 

The fact that the dispersion-curve of cyanine determined 
by the interferometer agreed so well with the curve obtained 
by means of a thin prism, does not prove conclusively that 
the method is not open to objection ; for the same errors 
might occur in both cases : in other words, the deviation pro- 
duced by a prism, the base of which was only a wave-length 
or two thick, might be affected by phase changes at the 
surfaces. 

Selenium shows a strong .surface-colour if the angle of 
incidence is in the neighbourhood of the polarizing angle, and 
the reflected light is examined through a nicol turned so as 
to extinguish as much as possible of the reflected light. The 
colour ranges from a greenish white through blue to deep 
violet as the angle of incidence increases. 

The elliptical polarization of light reflected from selenium 
and the determination of the absorption and dispersion curves 
by the katoptric method is now in progress, as well as an 
investigation of the bebaviour of the substance in the infra-red. 
It will be interesting to compare the results obtained in this 
way with the results obtained by the dioptric method. 

The refraction and extinction curves for selenium, ob- 
tained by the katoptric method, are giveu in Ketteler's 
* Theoretical Opties, p. 552; but it is not stated whether 
the experiments were made with the glassy or metallic 
modification. The refraction curve in the red and orange 
region is obviously wrong, if it is intended to represent the 
dispersion of the glassy modification, as can be seen by com- 
paring it with the curve obtained with the prisms. 
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DISCUSSION. 


Prof. S. P. THoMPsoN exhibited some tellurium mirrors 
made in the same way as the selenium ones used by Prof. 


Wood. 


XIII. A suspected case of the Electrical Resonance of Minute 
Metal Particles for Light-wares. A New Type of 
Absorption, By R. W. Woon, Professor of Experi- 
mental Physics in the Johns Hopkins University". 


CERTAIN experiments on which I have been engaged of 
late have led me to believe that I have found a new type 
of light absorption, which it may be possible to refer to 
the electrical resonance of small metallic particles for waves 
of light. The experiments of Garbasso and Aschkinass have 
shown that a plate of glass covered with uniformly arranged 
strips of tinfoil of equal size, which serve as resonators, 
shows the phenomenon of selective transmission and reflexion 
for electromagnetic waves of different wave-lengths. In 
other words, a plate of this description exhibits the electrical 
analogy of surface-colour. I have succeeded in producing 
metallic deposits on glass which the microscope shows to be 
made up of particles smaller than the wave-lengths of light, 
which by transmitted light exhibit colours quite as brilliant as 
those produced by aniline dyes. I have sought in every way 
to explain these colours, by all the well-known principles of 
interference and diffraction, and at the present am forced to 
accept the hypothesis suggested in the title of this paper, 
which I have chosen not without some misgivings. 

^ In the present paper I shall content myself with giving a 
full account of the experimental data which 1 have thus far 
obtained, postponing for the present anything like a definite 
conclusion. 

The metallic deposits are obtained by heating small frag- 
ments of the alkali metals in glass bulbs, thoroughly exhausted 
and hermetically sealed. Only the small portion of the bulb 
on which the metal particle lies is heated, leaving the 
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remainder, where the condensation is to take place, quite cold. 
The metallic film which condenses on the wall, when viewed 
by transmitted light, shows colours of excessive brilliancy, as 
brilliant in fact as fins strongly stained with aniline dyes. 
On first obtaining these films, [ was of the opinion that these 
colours could be attributed in some way to interference, but 
more careful consideration showed that many difficulties were 
present. In the first place, the transmitted colours, in the 
case of thin plates, are never of any considerable intensity, 
being diluted with a large excess of white light. Moreover, 
the extraordinarily high absorption-coefficient of metallic 
sodium makes it impossible for us to apply the theory of the 
colours of thin plates, except on the assumption that the 
thickness of the film is exceedingly small in comparison with 
the wave-length, and that there is a relative change of phase 
at the two surfaces, which varies with the wave-length. This 
seemed on the whole not very probable, for, as far as experi- 
ments go, indications are that the phase-change in metallic 
reflexion is nearly independent of the wave-length. Moreover, 
metallic films obtained in other ways, as by chemical or 
cathodic deposition, do not show these colours. Thin films of 
metal show a more or less marked colour by transmitted light, 
but the colour is fixed for any definite metal, and, except in 
the case of gold and silver, not very pronounced. The sodium 
films, on the contrary, may be deep purple, blue, apple-green, 
or red according to conditions. I noticed at the outset that 
where the deposit was eomewhat dense in the immediate 
vicinity of the sodium drop, the outside of the bulb, seen by 
reflected light, exhibited halo effects, similar to those shown 
by certain minerals. This pearly or silky lustre, which is 
difficult to describe, I at once recognized as a diffraction 
effect due to the scattering of light by small reflecting 
particles. Examination under the microscope showed this to 
be the case, the sodium having deposited on the glass in the 
form of small isolated drops. It at once occurred to me that 
the condition might be the same in the coloured films, the 
particles here being small enough to respond to the light- 
waves, in the same manner as the resonators of Garbasso and 
Aschkinass. I examined some of the more transparent of the 
coloured films, under a one-twelfth inch oil-immersion 
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objective, and found that my suspicions were verified, the 
films being made up of particles just barely visible as 
individual grains lying close together. I was unable to 
satisfy myself that the size varied with the colour of the film, 
and am of the opinion that if the resonance theory is the true 
one, the free period depends more on the proximity of the 
particles than on their actual size. The diameter of the 
particles, as measured with the micrometer, varies from about 
*"U008 to *0002 mm. In other words, they are of about the 
size of the smallest micrococci described by the bacteriologists. 

It occurred to me at first that the colours might be similar 
to those shown by mixed plates, which are explained in the 
same way as the coloured central images seen in certain 
transparent diffraction-gratings. This would, however, neces- 
sitate the presence of minute transparent particles of a thick- 
ness sufficient to give a retardut'on of A/2. The formation 
of such particles could be conceived of as resulting from the 
oxidation of the sodium particles by a layer of absorbed air 
on the glass. It is therefore necessary to show at the outset 
that the cause of the colour is the presence of metallic sodium. 
That this is the case I feel sure, for if the slightest trace of 
air be allowed to enter the bulb, the colour, no matter how 
intense, instantly vanishes, the glass becoming as clear as 
before the formation of the film. The oxidation process could 
be made to take place slowly, by drawing out one end of the 
bulb into a long fine capillary, with a bore of about *01 mm., 
and breaking off the end alter the coloured film had been formed. 

In certain cases it was observed that the colour changed 
before disappearing entirely. I also found that the colour of 
the film could be permanently changed by carefully heating 
the glass to a temperature just below that necessary to 
evaporate the film. Local heating to a slightly higher 
temperature drives off the film entirely, leaving the glass 
perfectly clear. By means of a small flame, it is possible to 
drive a patch of colour all over the inside of a bulb, and it is 
in this way that some of the best films are prepared. It was 
next found that cooling the films by the application of ice to 
the exterior of the bulb produced most extraordinary changes 
of colour. Pale green films, almost transparent, on being 
cooled ten or fifteen degrees, changed to a violet as deep as 
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that shown by dense cobalt-glass. Pink films were changed 
to deep blue-green, while films originally deep blue became 
transparent. These effects were most puzzling at first, but I 
finally succeeded in finding out the cause, as I shall show 
later on. At the beginning of the work it was almost 
impossible to predict what sort of a film would be obtained 
in any experiment; Sometimes, on first heating the sodium, 
a film of a deep claret colour would be obtained; once formed, 
it could be driven from one part of the bulb to another with- 
out any great change of colour. In another experiment, 
made under exactly the same conditions, so far as I could see, 
it was impossible to obtain anything but a deep blue. I 
prepared and experimented with fully fifty bulbs, without 
being able to arrive at any definite conclusion in regard to 
the conditions necessary for producing a definite result. It 
was finally found however, by blowing connected bulbs, that 
if the sodium was thoroughly boiled in one of them, and 
while still molten was shaken into an adjoining bulb, the 
surface of which was of course free from any deposit, on 
heating the globule in the fresh bulb, only blue films could 
be produced. This made it appear as if the claret-coloured 
film were produced by something volatile in the sodium 
which was driven off by the first heating. It was necessary, 
if possible, to find out what this was, for these red films 
were found to be more interesting than the blue, and it 
was desirable to be able to produce them at will. Asa result 
of many experiments, I had formed a vague notion that bits 
of sodium cut from certain lumps in the bottle produced the 
red films on the first heating, while portions taken from other 
lumps did not. It seemed not unlikely that the sodium might 
contain potassium as an impurity, which might be the agent 
concerned. I accordingly prepared a set of bulbs containing 
potassium, and immediately found that magnificent reds and 
purples could be obtained at will; and I felt firmly convinced 
that the anomalies shown by sodium were due to potassium 
impurities. Similar coloured films could be obtained with 
lithium, though, owing to its higher boiling-point, bulbs of 
bohemian glass are required. Letting this serve as an 
introduction, it will be well to take up the experiments 
somewhat in detail, 
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As the optical behaviour of the films is extremely interesting, 
regardless of the ultimate cause of the colour, I shall describe 
:n some detail the manner of preparing and filling the bulbs. 
It is in the first place a great economy of time if a number 
are exhausted at once. To accomplish this I have fitted the 
mercurial pump with a glass tube having half-a-dozen lateral 
branches drawn down as shown in fig. 1. The bulbs are 


Fig. 1. 


blown of the form shown in the same figure, and a piece of 
sodium or potassium is cut up under ligroin into blocks about 
8 mm. on each edge. These are introduced into the bulbs as 
quickly as possible after wiping off the fluid, and the stems. 
of the bulbs drawn down to a small bore for subsequent 
sealing. 

They are quickly fastened to the branch tubes and exhausted. 
I find it a good plan to heat the metal until it fases while 
the bulb is still on the pump ; the whole bulb may be warmed 
by a Bunsen flame to drive off absorbed air. If the exhaustion 
is carried down to the point where the mercury begins to 
hammer, it is generally sufficient. The bulbs are now sealed 
off from the pump, and may be put away for future use, or 
experimented with at once. A burner should be made by 
drawing out a glass tube, which will give a pointed flame 
about half a centimetre high, and the tip of the flame allowed 
to play against the spot on the bulb where the metal lies 
(fig. ], a). Sometimes the whole bulb will suddenly flash a 
deep violet or blue, and sometimes the film will develop 
more slowly. A chain of three or four bulbs may be made, 
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the sodium heated in one, and the clean molten metal shaken 
into the others, drops of various sizes sticking to the bulbs. 
Coloured films can then be formed by heating these clean 
drops in the bulbs. ‘This shows that the oxide present in the 
first lump has nothing to do with the production of the colour. 

I shall now take up in order and in some detail the 
appearances of the films by reflected and transmitted light, 
the spectral analysis of the light, the polarization effects, and 
the very remarkable temperature changes. 

If the metal is heated at one end of a rather long tapering 
bulb, the colour is most intense near the metal and gradually 
fades away to nothing at the other end of the bulb. If the 
bulb is placed in strong sunlight with a black background, it 
is seen that in some places where tho deposit is too slight to 

.Show much colour by transmission the light is scattered or 
ditfused, and this diffused light is coloured. The claret- 
coloured or purple film, where the deposit is slight, scatters a 
green light, the surface appearing as if fluorescent. Now the 
spectrum of the transmitted light in these purple films has a 
heavy absorption-band in the yellow-green, consequently the 
scattered light is the complementary colour of the transmitted. 
If the film is greenish blue, the scattered light is reddish. 
The microscope shows that in these deposits, which have the 
power of scattering light, the individual particles are rather 
widely separated, that is, the distance between them is large 
in comparison to their diameters. I shall speak of this light 
as the ** fluorescent" light, to distinguish it from the light 
scattered by the large particles, which is not coloured except 
by diffraction. This light, which gives the bulbs a slightly 
silky lustre where the particles are large, I shall call diffused 
light. 

Returning now to the fluorescent light : in the case of the 
purple films, the appearance of a bulb in strong light is very 
much as if certain portions of its interior surface had been 
painted over with a solution of fluorescein. No trace of 

regular reflexion is shown by these films, except of course 
the reflexion dueto the glass. The particles are so far apart 
that they apparently act as independent sources, the inter- 
ference necessary for rectilinear propagation not being present. 
If the incident light is polarized, the fluorescent light is also 
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polarized, which is not the case for ordinary diffuse reflexion. 
On the resonance theory, we may regard this fluorescent light 
as the energy radiated from the resonators, as a result of 
their forced vibrations. Passing now to a part of the film 
where the colour of the transmitted light is deeper, we find 
that there is no longer any trace of this fluorescent light. 
The colour absent in the transmitted light is now regularly 
reflected, the particles being so close together that interference, 
as imagined by Huygens, takes place. In strong sunlight, 
this portion of the film shows neither the fluorescent nor the 
diffused (diffracted) light. Except at the spot where the 
regularly reflected image of the source of light appears, it is 
quite dark like the clear glass. Still farther down the bulb 
where the particles are very large, we get ordinary scattered 
light, and the film has the silky lustre to which I have alluded. 

Summing up the results thus far, we find :— 

Coarse particles diffract or scatter light, and give the bulb 
a silky lustre. 

Minute particles very close together, regularly reflect those 
wave-lengths absent in the transmitted light, but give no 
scattered light. 

Minute particles far apart, diffuse light of the same wave- 
lengths as those which are, to some extent, absent in trans- 
mitted light. This type of scattered light, which for 
convenience I have called fluorescent, is exhibited by deposits 
which are too scant to show any trace of colour when viewed 
by transmitted light. 


Spectrum of the Transmitted Light. 


An examination of the transmitted light with a small direct- 
vision spectroscope showed that in some cases the films 
completely refused transmission of certain wave-lengtlis, 
The claret-coloured films had an absorption-band in the 
yellow, which was exceedingly black and quite narrow, its 
width rather less than one tenth of the easily visible spectrum. 
Any theory accounting for the colour of this film must 
explain the complete extinction of certain wave-lengths. In 
the case of the blue films, the absorption-band was in the red, 
but in this case it invariably appeared more diffused. The 
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green films apparenily absorbed, more or less completely, the 
blue and red ends of the spectrum. 

The changes of colour which accompany change of 
temperature are of two distinct types: a permanent change 
usually the result of local heating, and a temporary change, 
the result of cooling. 

I was much puzzled by the fact that the change in colour 
was in the same direction in both cases; the region of 
nbsorption appearing to shift in the direction of greater 
wave-lengths. Purple-red films, with an absorption-band in 
the yellow, changed to blue, the change being due to the 
shifting of the band into the red. The effect can be best 
observed by touching the outside of the bulb with a hot glass 
rod. A transparent spot then appears where the metal has 
entirely evaporated, surrounded by a blue ring on a purple 
field. Placing the slit of the spectroscope along a diameter 
of the ring, the spectrum appears as in fig. 2,a. With 
potassium films, I have sometimes obtained permanent changes 
in the opposite direction ; a violet-blue film becoming pink 
when heated, the spectrum appearing as in fig. 2,5. Ido not 
feel sure that I have determined the exact cause of the per- 
manent colour-changes, due to heating. It doubtless depends 
on the partial evaporation of the metallic particles, and we 
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must bear in mind that the period of vibration depends, not 
only on their size, but on the distance between them ; both 
of which quantities will be affected by evaporation. The 
matter is probably further complicated by the fact that, in 
some cases, I have had films made up of particles of two 
different sizes. In this case it is not difficult to imagine 
that the smaller ones are completely vaporized, while the 
larger ones, which previously were of too great size to produce 
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colour, are brought down to dimensions small enough to 
enable them to resonate. This might explain the change 
from purple to blue. Experimental evidence is, however, 
rather against this hypothesis ; and for the present I prefer to 
leave the cause of the permanent change in colour an 
open question. 

The changes produced by cooling are much more startling, 
and of greater interest, for the cause has been discovered. 
We may summarize these effects something as follows :— 
Pink and purple films become blue when cooled, the original 
colour returning as soon as they are warmed up again. A 
pale green film becomes deep violet, while in some cases I 
have found that films, originally blue, become almost per- 
fectly transparent when cooled, the blue colour returning 
subsequently. These effects are best shown by touching the 
outside of the bulb with a small piece of ice. At first sight, 
it seems as if the only possible effect of cooling would be a 
slight reduction of the size of the particles, and a contraction 
of the supporting wall. That this should be sufficient to 
affect the period of their vibration was almost unthinkable. 
Tf it were so, a further lowering of temperature should 
produce further changes, but I found that it was quite 
immaterial whether the bulb was touched with ice, or with a 
mixture of solid carbonic acid and ether ; the resulting colour 
being the same in both cases. I have frequently obtained 
films so sensitive, that merely moistening the outside of the 
bulb and blowing upon it was sufficient to produce the change. 
On wiping it, or on stroking the bulb with the finger, the 
original colour would return. This was strongly suggestive 
of a molecular change, and for a while I was inclined to 
regard it as analogous to the well-known case of iodide of 
mercury. The final solution occurred to me in the following 
way. I had been for some time endeavouring to introduce 
into the bulb some fluid of high dielectric constant, to deter- 
mine its effect on the colour. All fluids tried apparently 
contained sufficient oxygen to instantly bleach the films. The 
introduction of such a fluid should, it seemed to me, increase 
the capacity, slow down the period, and shift the absorption- 
band towards the red, or perhaps out of the visible spectrum 
entirely, Films had often been obtained which showed 


MINUTE METAL PARTICLES FOR LIGHT-WAV ES, 175 


absolutely no trace of colour-change on cooling, and it occurred 
to me that possibly traces of hydrocarbon vapour, from the 
ligroin in which the metal had been kept, might be condensed 
on the wall by the application of a cold body. I first prepared 
some films from sodium and potassium which had been heated 
for some time in vacuo, in order to remove all traces of the 
hydrocarbon. These films were invariably unresponsive, to 
either ice or solid carbonic acid. I next made a double bulb, 
and formed a film in the usual way in one of the bulbs. 
This film proved to be exceedingly sensitive to the application 
of ice, changing from apple-green to the colour of dense 
cobilt-glass. I now packed the other bulb in carbon dioxide 
and ether, in order to condense in it all of the suspected 
hydrocarbon vapour. It was then found that the film was 
no longer sensitive to the application of cold. To make 
absolutely sure that the true cause had been found, I cooled a 
small spot on a pink film to a low temperature by means of a 
small piece of carbon dioxide, which was left on the bulb for 
some time. The spot became almost colourless, the absorption 
having passed entirely out of the spectrum. On examining the 
spot quickly under the microscope, I had no trouble in seeing 
minute globules of a transparent liquid, sufficient quantity 
having condensed to form droplets. These grew rapidly 
smaller as the glass warmed, and the instant they disappeared, 
or perhaps a fraction of a second afterwards, the field of the 
instrument became first bluish, then pink, in consequence of 
the entrance of the absorption-band into the spectrum again. 
There is a temperature effect of a different nature, which 
at first seems wholly inexplicable, but which I now think I 
understand. On one or two occasions I have had potassium 
films, originally deep violet, become almost transparent on 
the application of cold, and remain so permanently. What was 
still more remarkable, the appearance of the spot viewed in 
reflected light indicated clearly that the size of the particles 
had been increased, the spot showing the silky lustre to which 
I have already alluded, while the film surrounding it scattered 
no light at all. I had noticed that these films were apparently 
made up of two sets of particles—one set large enough to be 
seen under a low power, the other only coming into view 
under the highest power obtainable. After the temperature 
VOL. XVIII. N 
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change, the smaller ones seemed to have disappeared entirely; 
and I am now of the opinion that the condensation of the 
fluid film enabled them in some way to gather about and 
adhere to the larger particles, building up aggregates large 
enough to diffuse light. - 


Changes produced by Oxidation. 

If the tip of one of the bulbs is cut off, the entrance of the 
air causes the coloured film to vanish like a flash. In some 
instances, I was of the impression that I detected a momentary 
change of colour before the film disappeared. To lengthen 
the process, 1 adopted the expedient of drawing the end of 
the bulb out into a long fine capillary, with a bore less than 
one one-hundredth of a millimetre, In this bulb a film of a 
deep pink colour was formed, and on cutting off the tip of 
the capillary the colour changed to blue, and the film vanished 
almost immediately. The small amount of air necessary to 
efface the films is indicated by the fact that at the end of an 
hour there was still a fairly good vacuum in the bulb, not- 
withstanding the fact that the end of the capillary had been 
open all the while. If the mouth of the capillary is fused 
immediately after the oxidation of the film, a new coloured 
film can be formed by heating the metal, the oxygen having 
been removed by the first film. This process can be repeated 
a number of times, showing that the presence of the oxide on 
the glass does not interfere with the deposition of the coloured 
film. If the process of oxidation be made very slow, by 
employing a very long capillary, and the process watched 
under the microscope, the black particles slowly become dim, 
and finally fade away. I am of the opinion that the micro- 
scope merely shows us the diffraction-disk due to the opaque 
particle. This would become dimmer as the size of the 
particle is reduced, without any apparent change of size. 
Examination with the spectroscope shows us that, during the 
process of oxidation, the absorption-band sometimes moves out 
of the spectrum through the red end, and sometimes merely 
fades away without any motion. I have tried filling the 
bulbs with carefully dried hydrogen gas, after the film had 
been formed, but the traces of oxygen present in the gas were 
sufficient to bleach the films. By employing two adjoining 
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bulbs, each lined with a coloured film, and cooling one 
of these in carbonic acid and ether, I was enabled to fill 
the bulbs with hydrogen at atmospheric pressure without 
destroying the coloured film in the cooled bulb. The low 
temperature prevented chemical action, and the oxygen was 
wholly removed by the film in the warmer bulb. On warming 
the bulb again, the colours persisted, showing that no change 
was produced by the presence of pure hydrogen. 

I find that it is even possible to fill a bulb with air at 
atmospheric pressure without destroying the colour, if the 
bulb is thoroughly cooled with the carbon dioxide and ether, 
the chemical action not taking place at this low temperature. 
These experiments were tried to test a certain theory of the 
cause of the colours which occurred to me one day, which it is 
not necessary to go into as it was found to be worthless. 
The extreme sensitiveness of these coloured films to minute 
traces of oxygen makes it seem probable that they will prove 
useful in the study of the flow of gases through small apertures 
and capillaries. I have noticed that if the capillary is 
exceedingly fine, the film, instead of disappearing all at once, 
gradually melts away, beginning at the end of the bulb near 
the capillary. Sometimes it is half-a-minute before the colour 
at the other end of the bulb bleaches out. It is as if a fluid 
were slowly rising in the bulb and dissolving the film. This 
seems rather surprising, in view of the ideas which we hold 
about the diffusion of gases in highly exhausted receivers. 


Relation between the Colour of the Film and the Size and 
Distribution of the Particles. 


One peculiarity of the coloured films is that the colour 
produced under a given condition seems to depend in some 
way on the condition of the glass surface on which the film 
is deposited. Circular pink spots are frequently found on a 
blue field, while sometimes circular spots quite devoid of 
colour are observed. The centre of the circle is usually 
occupied by a dark speck, which I believe to be a small 
particle of the metal thrown up when the globule is heated. 
This speck, strangely enough, seems to modify the nature of 
the surface of the glass over a circular area surrounding it, 
so that a film of a different colour forms on it, or in certain 
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cases no film at all forms. One of these spots which I studied 
under the microscope proved interesting. The black speck 
in the centre was found to be made up of a number of coarse 
particles of the metal lying close together. Surrounding 
this was a transparent ring, the particles here being very 
minute and very widely separated. Next came a ring of 
pinkish purple (absorption-band about at the D lines), while 
outside of this came a ring of deep blue (absorption-band in 
the red). The surrounding field was practically colourless, 
being made up of large particles similar to those at the centre 
of the ring (fig. 3). In the blue ring the particles were 


distinctly closer together than in the pink one; a cireumstance 
which I made sure of by having a number of other observers 
express an opinion on the matter. If now the particles are 
packed closer together in the blue film, we should expect the 
capacity to be increased, the same as by the introduction of 
the medium of high dielectric constant. The period would 
consequently become slower, and the absorption-band would 
lie further along towards the red, which is exactly what was 
observed. In some instances, I have been of the opinion that 
the particles in the blue films are larger than those in the 
pink ones, but of this I am not sure. 


Behaviour of the Films with Polarized Light. 


One of the first experiments which I tried with the deposits 
which were made up of particles large enough to scatter 
light, was their polarizing power. The angle of complete 
polarization in the case of non-metallic particles is 90°, 
as is well-known. J. J. Thomson (Recent Researches) 
has calculated the scattering effect of metallic spheres on 
light-waves, and has found that we should expect complete 
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polarization on a line making an angle of 120? with the 
direction of the incident light. I am not aware that any 
experiments have been made to test this calculation. The 
results which I obtained gave a value somewhat larger than 
this, the mean being about 1359. It is difficult, however, to 
get very accurate results with films deposited on spherical 
surfaces, 

Very interesting results were obtained as soon as the 
coloured films were examined by polarized light. To enu- 
merate all of the different effects which I have recorded in 
my note-book would require too much space, and I shall 
only mention two or three typical effects. The arrangement 
of the apparatus was as follows. The light of a Welsbach 
burner passed through a Nicol prism mounted in an opaque 
screen in such a way that it could be turned through a right 
angle, then through the coloured film at oblique incidence, 
and then into the direct-vision spectroscope. It was found 
in the case of one of the purple films, which had a strong 
absorption-band in the yellow-green, that this band was only 
present when the electric vector was parallel to the plane of 
incidence. When the electric vector was parallel to the 
surface the spectrum appeared continuous. In every case 
the colour was much more pronounced when the electric 
vector had a component normal to the surface. On turning 
the nicol from one position to the other, no motion of the 
absorption-band could be detected in this film, the change 
consisting in a gradual fading away. In other films, how- 
ever, I have sometimes found that the absorption-band shifts 
its position when the nicol is turned. For example, in the 
case of a film which showed an absorption-band a little below 
the D lines with the electrie vector perpendicular to the 
plane of incidence, on turning the nicol the band moved 
along into the red and became broader and fainter, the effect 
being similar to that produced by cooling the film. 

When the films are viewed between two nicols more com- 
plicated effects are obtained, which I shall omit for the 
present as they have not yet been carefully studied. 

Until someone has calculated the behaviour of a sheet 
of resonators at oblique incidence with reference to waves 
polarized in and at right angles to the plane of incidence, 
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it will be impossible to say whether the polarization experi- 
ments are in accordance with the resonance hypothesis or 
not. It seems to me, however, that the results obtained with 
polarized light will be the means of eventually determining 
the exact cause of the colours, or at least in deciding in favour 
of, or against, the theory of electrical resonance. 


Electrical Conductivity of the Films. 


The coloured films are apparently non-conducting. Inas- 
much as it was difficult to make sure that the films were 
deposited up to and against the “sealed-in’’ electrodes, a 
bulb was fitted with a ground joint through which the wires 
passed as shown in fig. 4. After the film had been depoisted 
the joint was turned, causing the tips of the wire to be drawn 
over the film. With a sensitive galvanometer in circuit 
with the bulb, 75 volts gave no deflexion when the wires were 
drawn over the film, though they scraped the glass clean of 


Fig. 4. 


the deposit. No change was produced in the appearance of 
the film between the wires with a potential-difference of 700 
volts obtained from a storage-battery. With higher voltages 
a gas-discharge commenced, and the colour changed in the 
neighbourhood of the electrodes, owing to the heat. I have 
tried the effect of illuminating the films with the light of an 
are brought close up to the bulb, but there is absolutely no 
trace of conductivity, even under these conditions. This is 
true even for deposits so dense, that under the microscope 
the particles appear to be in contact with, and even piled up 
on top of one another. A possible explanation of the absence 
of conductivity may be, that the granules consist of a metal 
core, surrounded by a non-conducting film of some sort, 
possibly oxide. I have noticed that bulbs, in which films 
have been repeatedly formed and driven off by the appli- 
cation of a flame, finally reach a state in which it is no longer 
possible to form coloured deposits, but I have not yet deter- 
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mined whether this is due to a inodification of the surface of 
the glass, the removal of the oxygen, or some other cause. 
At the present time, I am studying the effects of the intro- 
duction of a small amount of liquid ligroin, which can be 
accomplished without impairing the vacuum, or destroying 
the coloured film, in the foliowing way :—One end of the 
bulb is drawn out into a thin-walled tube with a bore of 
about ] mm. After a satisfactory coloured film has been 
formed, a swinging motion of the arm drives the drop of 
molten metal down into the small tube, sealing it hermeti- 
cally. The tip of the tube is then cut off under ligroin, - 
which completely fills the tube, as far up as the plug. By 
means of a small flame, it is possible to close the mouth of 
the tube, the empty portion containing practically nothing 
but hydrocarbon vapour. On carefully warming the metal 
plug to the fusing-point, the hydrocarbon is discharged into 
the bulb, passing through the shell of liquid metal which 
adheres to the walls of the tube and removes from the 
fluid any impurities which are detrimental to the film. In 
this way, 1 have been able to introduce ligroin in quantities 
sufficient to thoroughly wet the inside of the bulb, and have 
obtained in this way colours of even greater brilliancy than 
before. 
Conclusion. 


At the present stage of the work, it seems to me that it is 
impossible to decide either in favour of, or against, the theory 
of resonance. Most of the changes produced by varying the 
conditions seem to be what we should expect. The idea of 
electrical resonance has, at all events, proved useful as a 
working hypothesis, for it led directly to the discovery of 
the cause of the changes produced by low temperatures. 
While I have obtained coloured films from sodium, potassium, 
and lithium, I have been unable to obtain them from thalium 
and cadmium, which give granular deposits very similar in 
other respects. I cannot help feeling that I shall eventually 
find some other explanation than the one ventured in the 
title of this paper, though I have been unable to conceive 
of any arrangement of media which will show colours of 
this nature by interference. At all events, it appears to me 
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that we have colour phenomena quite unlike any that are 

already known, and which are of some interest, regardless of 

the ultimate explanation which may be given them. 
Baltimore, February 1, 1902. 


Discussion. 


The Secretary read a letter from Prof. R. THRELFALL 
drawing the attention of the author to some experiments 
upon the same subject published by him in 1894. Particles 
of gold and platinum were deposited in a liquid, and good 
scattering of light obtained in all cases. The polarization- 
angle was exactly the same as with non-conducting particles. 
Prof. J. J. Thomson has shown that the peculiar scattering 
effect is only to be expected within very narrow limits as to 
size of particles. The colours observed by Prof. Wood 
should only be noticed when the particles have a very re- 
stricted size, and evidence in favour of or against the author’s 
theory should be afforded by comparing the observed and 
calculated sizes of the particles. The value of the polari- 
zation-angle of the scattered light observed by Prof. Wood is 
evidence in favour of the theory suggested. 

Mr. Lupton pointed out that the experiments had probably 
been rendered difficult by the different colours in which the 
oxides of sodium and potassium can exist. 


XIV. The Thermal Expansion of Porcelain. 
By A. E. Turton, B.Sc., F.R.S.* 


Tue thermal expansion of porcelain has formed the subject 
of several investigations during the last three years, and has 
become a subject of considerable importance in consequence 
of the employment of porcelain of the Bayeux and Berlin 
varieties for the reservoirs of air-thermometers. 

The present investigation has been carried out with a spe- 
cimen of Bayeux porcelain, which was kindly placed at the 
author's disposal by Prof. Callendar. It is of especial interest 
as being cut from the same tube which was employed (1 metre 


* Read March 14, 1902. 
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length of it) by Bedford in an investigation, by the method 
of Callendar, of the expansion of this variety of porcelain 
between 0° and 830° (Phil. Mag. vol. xlix. p. 90); and of 
which same tube also a piece was used by Chappuis in a 
series of determinations, by the Fizeau method, for the 
interval 0? to 83°. It was the fact of there being some dis- 
crepancy between the results of these observers that induced 
Prof. Callendar to suggest to the author the carrying ont of 
an independent series of determinations, with the delicate 
interference-dilatometer described by the author to the Royal 
Society in the year 1898 (Phil. Trans. A. vol. exci. p. 313, 
and vol. excii. p. 455). 

The interference-dilatometer in question possesses all the 
advantages over the original Fizeau apparatus of the Bureau 
International des Poids et Mesures, Sévres, of that devised 
by Abbe and elaborated by Pulfrich (Zeitschr. für Instru- 
mentenkunde, 1893, p. 365); together with further improve- 
ments on the Abbe form. Two of these improvements are 
of considerable importance, namely, the separation of the 
observing part of the apparatus from the expansion-chamber, 
and its removal to an adequate distance from the heated 
atmosphere above the bath in which the latter is heated ; and 
the measurement of the temperature of the interference tripod, 
and the substance under investigation which it carries, by 
means of a thermometer bent just above the cylindrical bulb 
and so arranged that the latter lies on the platinum-iridium 
tripod table, in tied contact with one of the screws supporting 
the glass cover-disk, and only a millimetre distant from the 
substance itself. For the author has proved by direct expe- 
riment that a thermometer merely hung alongside in the bath 
does not register the temperature of the tripod, which at the 
higher limit of 120? may be as much as 3? lower. The chief 
advantages over the Fizeau apparatus are briefly: (1) The 
employment of a micrometric method of measuring the 
position and width of the interference-bands; (2) the use 
of autocollimation ; (3) the employment of C hydrogen light 
instead of sodium light, as being more truly monochromatic 
and not subject to secondary interference; and (4) an arrange- 
ment of the thermal chamber which readily permits an 
extension of the range to an upper limit of 120°. 
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The author's method also renders the observer independent 
of the nature of the surface of the substance investigated, as 
to whether it is polishable or not. This is attained by the 
use of the aluminium compensator, a relatively thick disk of 
aluminium laid on the top of the substance. It is thus the 
upper surface of this disk, and not that of the substance, 
which, together with the under surface of the glass cover- 
disk, reflects the interfering red hydrogen light. As 
aluminium expands about 2:6 times as much as platinum- 
iridium, it is easy to choose a disk, out of a series prepared 
for the purpose, which will roughly compensate for the 
expansion of the lengths of the platinum-iridium screws, 
which project above the table of the same alloy on which the 
substance rests. By so doing, approximately the whole ex- 
pansion of the substance is recorded by the movement of the 
interference-bands, affording at once an idea of its relative 
expansibility, or in the case of contraction indicating the fact. 
The author's value (quoted later) for the expansion of alu- 
minium agrees fairly well with that given by Fizeau, and it 
has been proved that any error introduced by the use of this 
third substance cannot exceed --- 0:02 of an interference-band, 
an amount far less than the differences observed between the 
numbers of bands afforded by successive determinations under 
identical conditions. The aluminium compensator is simply 
invaluable when substances incapable of good polish are being 
investigated, and “ biscuit" porcelain is eminently such a 
case; and there is the further advantage in the case of a 
piece of tube, of which the section is only an annulus, that 
there is a large field of bands afforded instead of a mere ring 
showing parts of bands. The polish taken by aluminium is 
pre-eminently suitable, as the intensity of the reflected light 
is about the same as that from the cover-glass. The com- 
pensators keep unimpaired if stored in a desiccator. As some 
misapprehension has arisen as to the use of the compensator, 
the author wishes to emphasize the fact that no accession of 
accuracy is claimed for the method, and, as has just been 
shown, it may introduce +0°02 of error; but as this latter 
is absolutely negligible, the other advantages referred to are 
such as to make its use in the specified cases most convenient 
and valuable. Given, however, a substance capable of taking 


THERMAL EXPANSION OF PORCELAIN. 185 


a good polish, and whose thermal deformation is approxi- 
mately known, the compensator is both unnecessary and 
inadvisable. The reflecting surface of the aluminium disk 
used in these determinations was minutely concave, affording 
bands slightly curved. This is an advantage, as it enables 
the observer to know at once whether expansion or contraction 
is occurring, according as the bands move from or to their 
centre of curvature. 

The specimen of Bedford’s tube used by Chappuis was 
15 mm. long, and was furnished at its two ends with plane 
surfaces. The one placed uppermost was polished as far as 
possible, and the fringes of sodium light obtained with this 
annulus were used for his determinations. 

The autbor had an ample amount of Bedford’s tube to 
furnish three specimens for investigation. They were cut in 
lengths somewhat over 12 mm. and ground with truly plane 
ends by Messrs. Troughton and Simms, the makers of the 
dilatometer. It was not found possible to get a satisfactory 
polish ; and this bas been shown to be unnecessary. Portions 
of the two ends were then ground out somewhat, at three 
places in each case, leaving three equidistant small patches of 
the original truly plane end, so that the specimens might 
stand with three-point contact on the truly plane polished 
surface of the platinum-iridium table (that side of the table 
being employed which was not furnished with projecting 
points). Likewise the aluminium disk lay, when put into 
position, with three-point contact on the upper porcelain 
blunt points. The diameter of the pieces of porcelain was 
about 17 mm., and the walls were about 3 mm. thick and 
fairly uniform, the hole being as nearly as possible central. 

The arrangement of the tripod and its contents will be clear 
from the accompanying illustration (fig. 1, p. 186). 

Three independent determinations were carried out with 
each piece of porcelain, each occupying seven to eight hours. 
The method followed was precisely that described in the memoir 
on the * Thermal Deformation of the Crystallized Sulphates 
of Potassium, Rubidium, and Cæsium ” (Phil. Trans. 1899, A. 
vol. excii. p. 467). 

Only the very slightest signs of inequality of expansion 
were observed, as indicated by a just perceptible amount of 
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rotation of the bands, nothing like so much as is described by 
Chappuis for the fringes of the annular rim, and usually it 
was only temporary, the original position being regained 


Fig. 1. 
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before the close of each half of the determination, after 
constancy at the two higher limiting temperatures in the 
neighbourhood of 60° and 120? was attained. 

The results of the determinations, together with the 
necessary data, are set forth in the tables on pp. 188, 189. 

L, represents the length of the specimen of porcelain, as 
measured at the ordinary temperature by the author's thick- 
ness-measurer (Phil. Trans. A, vol. exci. p. 337, 1898). 1t is 
the length at the central axis, immediately under the minute 
silvered ring on the under side of the glass cover-disk, the 
centre of which is the point of reference for the niicrometric 
measurement of the initial and final positions of the bands 
for each interval of temperature. 

la is the thickness of the aluminium disk at the centre of 
reference. 

l represents the mean length of the three platinum-iridium 
screws, or vertical distance between silver ring and surface of 
platinum-iridium table. 

d is the thickness of the air-layer at the centre of reference. 

t, is the initial temperature; in every case it was the tem- 
peratu e of the room (as determined by the thermometer in 
contact with the tripod) at the moment of commencing the 
determination, about 6.30 A.M. in mid-winter, after the appa- 
ratus had been left 16-17 hours since completing on the 
previous day either adjustment or a determination. It was 
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considered more satisfactory to start with a lower limit of this 
constant character, than to attempt to approach nearer zero 
by artificial cooling, as is the method at the Bureau Inter- 
national. 4; is the “limiting temperature of the first interval, 
and t; that of the second interval. é—?, is considered the 
first interval, /; —t, the second. 

bi, b2, and b, are the corresponding barometric pressures, 
required for computing the correction to the observed number 
of bands. 

Jo is the observed number of bands for the first interval, 
and f, for the second. 

The small correction which follows is that which has to be 
applied for the alteration of the refractive index of air due to 
change of temperature and pressure. It is fully discussed 
on p. 349 of the memoir (loc. cit.) on the dilatometer. The 
formula is 


1 1 (n—1)a 

m 

ls ia maa T 1+at, l4a5' LOC 
Ae ee L; 


Ia ^ 7600: 
where f represents the observed and f” the corrected number 
of bands, a the coefficient of expansion of air, and n the 
refractive index of air for the wave-length X of the light 
employed. fz and fy are consequently the corrected numbers 
of bands for the two intervals. 

Then follows the actual amount of diminution of thickness 
of the air-layer, as given by the product f’A/2, where A/2 is 
0:0003281 mm. 

The expansion of the platinum-iridium screws and of the 
aluminium compensator are next given, calculated from the 
formule (vide Phil. Trans. A, vol. exci. pp. 353 & 356, for 
determinations of these coefficients) :— 


For the screws, l [10-8600 +4 5g +4 24] (45 — t4), 
aluminium, ?,[ 10-* (22044212554) (ty - ty) 
29 5 "a = 2 2 1/? 


for the first interval, and substituting t; for t, for the second 
interval. 
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Expansion of Bayeux Porcelain.—Specimen 1. 


L,—12259 mm. — [,-8:187 mm. — /—20:007 mm. — d-0:461 mm. 
; Determination 1. Determination 2. Determination 3. 
E sos: 0^8 109: 1199 
Temperatures ... 4 ty ...... 63?-4 6197 64° 6 
hs 1209.8 1229-2 120?-9 
boss 761-2 mm. 15377 mm. 155:2 mm. 
Bar. preseures | — 760°9 753-1 T0601 
0: ions: 760°6 752:5 7570 
A ues 1:38 6:97 6:83 
Vel 180 Et: “876 
kere i ‘89 67 
No. of bands ... foo. 1742 1714 16:72 
Corrn... —014 —0°14 -0:13 
LA ss 17-28 17-00 16:50 
Dim. of thickness f,'d/2... 00023951 mm 00022606 mm. 00022180 mm. 
of air-layer ... { J, Af2... 00056696 00055778 0:0054433 
lst int. ... 00103662 0:0100297 0:0096676 
Exp. of Pt.-Ir. { na int... 00211900 00208805 00202885 
Exv. of Al lst int 00105577 00102247 00098593 
P. 9* ^ ee | 2nd int 0:0218328 0:0215323 0-0209247 
Ist int. ... —0:0001915 — 00001950 —0-0001916 
Excess exp. Al. È 9nd int. ... —0-0006428 —0-0006518 —0-0006362 
Expansion of 1 La4—lL4.. 00022036 0-0020656 0:0020204 
orcelain. ... | Le, — Lc... — 0:0050268 0:0049260 0:0048071 
0 .. 0000 032 618 0-000 029 724 0-000 030 777 
.. A 0000 000 089 94 . 0:000 000 106 81 0-000 000 100 34 
o 12:2588 mm 12:2587 mm. 12:2586 mm. 
a 0:000 002 661 0:000 002 430 0-000 002 511 
b 0:000 000 007 34 0:000 000 008 71 0-000 000 008 19 
Mean values ......... 60:000 002 534 5—0:000 000 008 08. 


Expansion of Bayeux Porcelatn.—Specimen 2. 


Le =12:'334 mm. — 4,—8187 mm. — /—20:645 mm. — d= 0124 mm. 
Determination 1. ^ Determination 2. ^ Determination 3. 
b s 5° 5 79:2 50-7 
Temperatures ... 4 £4 ...... 619-9 62?:2 63?1 
Posi: 1209-7 121°7 123°-2 
Divus 771-1 mm 108:5 mm 769-3 mm. 

Bar. pressures ... | See 7708 768:5 7090-2 
bison 7705  708:5 769:2 

(Jauss 7:34 7°30 7:98 

ar — 002 = Do _ ves 

biden: 1:323 T f 

No. of bands ... | | a 1752 1781 17-97 
ı Corrn — 0:04 — 004 — 001 

b een: 17:48 17°77 17:03 
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Specimen 2 (continued). 


Determination 1. 


Determination 2. 
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Determination 3. 


Dim. of thickneas { f,'N/2... 0:0024017 mm. 0:0023886 mm. 0:0024148 mm. 
of air-layer ... | 42... — 00057352 0-0058304 0-0058829 
Ist int. ... — 00101925 0-0099444 0:0103770 
Exp. of Pt-Ir. ong int... 00211373 0-0210237 00215744 
lst int. ...  0:0105065 0-0102556 00106997 
Exp. of Al. ... { 9nd int... 00220486 00219412 00225159 
f Ist int. ... —0 0003140 —0-0003119 —0-0003227 
Excess exp. Al.) 2nd int... —0-0009113 —0-0009175 —0:0009415 
nsion of {Jar La... 0:0020877 0:0020774 0:0020921 
orcelain ... | L4 —L«,.. 00049239 0:0010129 00049114 
0... 0000 081 447 0:000 031 780 0:000 030 029 
f 0-000 000 082 63 — 0-000 000 036 32 0-000 000 093 39 
Bs 12:3338 mm. 123338 mm. 12:3338 mm. 
a... 0-000 002 550 0-000 002 577 0-000 002 435 
b... 0:000 000 006 70 — 0-000 000 007 00 0:000 000 007 56 
Mean values ......... a=0-000 002 521. — 5—0:000 000 007 09. 
Expansion of Bayeux Porcelain.—Specimen 3. 
Leq-—12:208 mm. — /,—8:187 mm. — /-20540 mm. d=0154 mm. 
Determination 1. Determination 2. Determination 3. 
-— 89-4 10° 79:5 
Temperatures ... [5 pM 629-9 639-8 6197 
NS 1929-8 19595 1939.0 
Drusi 764-9 mm. 7642 mm 762°9 mm 
Bar. pressures ... 4 5, ...... 7647 7643 762:8 
bo 764:5 764:5 7627 
bh ein: 7:20 7-08 7:22 
a MEN M 
No. of bends B. 1790 17-96 1812 
| Corrn.... —0-05 —0-05 -005 
ae oos 17:85 17°91 18:07 
Dim. of thickness { FLA... 0:0023525 mm 0:0022067 mm. 00023591 mm 
of air-layer ...|/,A/2..  0°0058567 00058764 00059288 
lst int. ... 00096855 0:0006225 00097542 
Exp. of Pt.-Ir. | 2nd int... 00209204 00210787 00211174 
Racha lst int. ...  0-0100371 00099795 00101056 
p. Ot A^. - 12ndint... — 00219452 00221269 0 0221483 
lst int... —0-0003516 —0-0003570 —0-0003514 
Excess exp. Al. [9 int... —0:0010248 — 00010532 —0:0010309 
Expansion of [Li,—L¢,...  0°0020009- 0-0019397 0-0020077 
orcelain ... | Lr, — Le... — 00048319 00048232 0:0048979 
0 .. 0000 031 315 0:000 029 613 0-000 030 987 
$- 0-000 000 083 25 — 0-000 000 090 45 0-000 000 087 50 
o.. 122077 mm. 122077 mm. 12:2078 mm. 
a... 0-000 002 565 0-000 002 426 0:000 002 538 
b ... 0-000 000 006 82 0-000 000 007 41 0000 000 007 17 
Mean values......... a=0-000 002 510. — 5—0:000 000 007 13. 
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The slight excess of expansion on the part of the aluminium 
over that of the screws, acts like the expanding porcelain in 
diminishing the thickness of the air-layer, and has therefore 
to be deducted from the total observed diminution; the 
resulting differences represent the amounts of expansion of 
the porcelain for the two intervals. Then follow the calcu- 
lations of the two constants a and 6 of the coefficient of 
expansion of porcelain. For the discussion of the formule 
employed, and the mode of deriving them, the memoir 
on the dilatometer should be consulted (loc. cit. p. 352). 
It will be sufficient here meray to state the formulæ, which 
are as follows:— 


(ty 5)(b4,—L4) _ (64-5) (L4— L4) 

(tat) (tats) (ts—t) (ts — ta) ' 
TS L, —L,, | I4—L, 

~ (t—^) 3— ts) (t$ —t1) (fs — t3)" 
Lj-L4—0Q—9t,, 


d $ 
E. due. 
TR Lo 
The results for the three pieces of porcelain tube are com- 
pared in the following table, and the final mean result for 
the linear expansion of Bayeux porcelain is given at the foot. 


a. b. 
Specimen 1....... 07000002 534 . 0-000000 008 08 
- D ridus 2521 709 
5 Jeata 2 510 713 


Final mean values: a= 0:000 002 522, b=0:000 000 007 43. 


This investigation, therefore, affords as the mean coefficient 
of linear expansion, a+b¢, of Bayeux porcelain, between 
0° and £, within the limits of 0? and 120°, the value 


10-9(2522 + 1-48 t). 
That is, 
L, = Lo[ 1 + 1079(2522t 4+ 7-4812)]. 


The true coefficient, a, of linear expansion at ¢°, or the mean 
coefficient between any two temperatures (within the limits 
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of 0° and 120°) whose mean is t, is as follows :— 
azza + 2bt— 0-000 002 522 + 0:000 000 014 861; 
or 10-9(2522 + 14:86 t). 

The mean coefficient of the cubical expansion between 
0° and t°, for the same limits of 0? and 120°, derived from this 
investigation, is : 

a 4-56 2: 0:000 007 566 + 0:000 000 022 291 ; 


or 10-*(7566 + 22:29 t). 
That is 
V= Vo[1 + 1079(7566 ¢ + 22:29 t?) ]. 


The actual coefficient of cubical expansion, «, at any tem- 
perature t, within the limits 0° to 120°, and also the mean 
coefficient of cubical expansion between any two temperatures 
(within the same specified limits) whose mean is t, is ex- 
pressed by 

aa + 2ht=10- (7566 -- 41:581). 
. The value obtained by Bedford for the linear expansion for 
the interval 0° to 600° was as follows :— 
L,=L,[1 + (3425:-- 1:070) 10-°], 
and a =a + 2bt= (3425 --2:141)107*. 
Beyond 600° the formula does not accurately reproduce 


the observations, which were carried out as far as 830°. 
For the cubical expansion Bedford gives: 


V,=V,[1 + (10275¢4+3°248)10-*], © 
and a =a + 2Qht= (10275 + 6°48 2)10-—*. 
The result obtained by Chappuis for the linear expansion 
between 0° and 83° was the following :— 
L,= L,[1+ (2824°1¢ + 6:172)10-*], 
a =a + Qhi= (28241 + 12:941)10-*. 
And for the cubical expansion : 
V ,z Vo[1 + (8472:4t + 18:5819)107?], 
a =a + 2bt = (8472:4 --31:061)10-. | 
The gonsiderable difference thus presented between the 


results of Bedford and Chappuis is most striking with regard 
VOL. XVIII. o | 
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to the increment of the coefficient, the constant b in the linear 
expansion being six times greater according to Chappuis than 
according to Bedford. The constant a is at the same time 
reduced. 

The results now presented by the author agree tolerably 
well with those of Chappuis, but emphasize this difference, 
the constant b being seven times larger than according to 
Bedford, and the constant a slightly smaller than according 
to Chappuis. 

In the following table are set forth the actual coefficients of 
linear expansion at particular temperatures, for every 10? up 
to the limit of the determinations, deduced from the obser- 
vations of the author and of Chappuis respectively. The 
actual lengths when Lo 1 are also graphically expressed by 
the two curvesin fig. 2 (the dotted one representing the results 
of Chappuis), for which degrees of SIDE are taken as 
abscissz and the lengths as ordinates. 


Table showing Values of a=a + 2bt for various Temperatures. 


Temperature. Tutton. Chappuis. 

0 0:000 002 522 0:000 002 824 
10 2 671 2 947 
20 2 819 3071 
30 2 967 3 194 
40 3 116 3 317 
50 3 265 3441 
60 3414 3564 
10 3 5602 3 688 
80 8711 8 811 
90 8 859 

100 4 008 
110 4 157 
120 4 305 


The value for 120°, calculated from the formula of Chappuis, 
is 0-000 004 305, exactly the same as the author's value. 

Chappuis offered, towards an explanation of the difference 
between Bedford's results and his own, the observation that 
some rotation of the fringes occurred, indicating inequality 
of expansion and curving of the tube; and further, that the 
hole through the tube was considerably eccentric, so that 
opposite parts of the wall presented variations in thickness, 
and the effect of a glaze differing in expansibility from the 
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* biscuit" might be to slightly deform the tubo on heating. 


In the author’s opinion this is not the cause of the discre 


for in the author 


pancy, 


's experiments the amount of rotation of the 
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interference-bands was negligible, and the hole was central. 
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They indicate clearly, in the author's opinion, that 


The results now presented indicate rather that the discrepancy 
is due to a fundamental real difference, dependent on tlie 
the character of the expansion between 0? and 100? is sub- 


interval of temperature for which the determinations were 


stantially that exhibited by the results of Chappuis for the 


made. 
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interval of 0? to 83°, those results, however, not going quite 
far enough in their difference from those of Bedford ; also, 
that the considerable difference from the latter obeerver's 
values is owing to the large interval included by Bedford's, 
0° to 830°. In other words, presuming the accuracy of 
Bedford's results (and there is every reason to do so, as they 
are confirmed by the results of other observers with Berlin 
porcelain), it appears proved that the increment per degree 
(Aa[At 2b), of the coefficient of expansion, in the case of 
porcelain is not a constant quantity, but one which is much 
larger between 0° and 100? than at the higher temperatures 
explored by Bedford. Two entirely independent series of 
determinations, carried out by the highly accurate inter- 
ference method, and employing the quite different forms of 
apparatus of Fizeau and the author, involving also the use of 
light of entirely different wave-lengths, have now conclusively 
settled the rate of expansion for the short interval of 0° to 
100°, and, indeed, if the author's higher limit is included, 
for the interval 0? to 120". The temperature of 120? herein 
attained, is the maximum which can with safely be employed 
in an interference-dilatometer. 

The conclusion now arrived at with respect to Bayeux 
porcelain is very similar to that derived from a research by 
Holborn and Day (Ann. der Phys. und Chem. vol. ii. p. 505, 
1900), on the expansion of Berlin porcelain between 0? and 
10009. A rod of unglazed porcelain 483 mm. long was 
employed, and the method of the comparator used in making 
the determinations of its expansion. It was found that 
between 250? and 625° the results are fairly reproduced by 
the expression 


1,= l1 + (2954t4- 1:125()10-9]. 


But below 250? the values afforded by the formula are too 
high. Again, between 700? and 900? the determinations are 
not accurately reproduced by the formula; but agreement 
becomes better again at 1000°. 

Prof. Callendar, in discussing the relative results of 
Chappuis and Bedford (Proceedings of the Physical Society, 
Nov. 22nd, 1901), stated that ** Bedford’s results agreed very 
fairly, allowing for difference of material, with Holborn and 
Day’s from 200° to 600°, and that both differed from those of 
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Chappuis between 0° and 80° when extrapolated in a precisely 
similar manner. It was quite possible, as he (Prof. Callendar) 
had previously suggested, that the expansion of porcelain 
between 0° and 100° was anomalous. It appeared certain 
that some anomaly in the expansion at 800? was indicated in 
the experiments of Bedford, and also in those of Holborn 
and Day." 

The supposition of Prof. Callendar, as to an anomalous 
expansion between 0° and 109° in the case of porcelain, 
appears to be well founded, the anomaly consisting in a very 
much larger increment for this interval than for the higher 
interval 200? to 6009. The author fully agrees with Dr. 
Chappuis that the thermal expansion of the porcelain employed 
for air-thermometers, whether of the Bayeux or Berlin 
varieties, cannot be represented by a two-term function 
throughout an interval of temperature exceeding a very few 
hundred degrees. On no account can such an expression be 
safely employed outside the interval for which it was actually 
determined, extrapolation leading to grave errors in the case 
of porcelain. 

Discussion. 


The Secretary read a letter from Dr. P. E. Suaw stating 
that the accuracy of the micrometer readings seemed to 
depend more on the distinctness of the rings than on any- 
thing else. He asked if the author considered mercury or 


hydrogen light better than sodium light, and if the error in 
the present research was less than Ls which is supposed to 


represent the accuracy of the Abbe-Fizeau method. 

Dr. CHREE expressed his interest in the paper because of 
its bearing on the measurement of temperature by the gas- 
thermometer, in which case it is essential to know the coeffi- 
cient of expansion of the porcelain bulb. He did not consider 
the behaviour of porcelain anomalous because an irregular 
expansion might be expected. In the case of Jena glasses 
used in thermometry, the value of a and b determined between 
0? and 100? are different to those obtained when the range is 
extended to 200? C. He was surprised at the differences 
between Bedford and Chappuis and Tutton, and said that the 
evidence was in favour of the instruments used by the latter 
observers. lt would be interesting if the author could 
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obtain Chappuis’ specimen of porcelain and repeat his experi- 
ments between 0? and 80°. 

Mr. Turron, in reply to Dr. Shaw, said that the bands were 
perfectly distinct whon using red hydrogen light. He did 
not use mercury light because of the necessity of constantly 
heating the tube. 


XV. On the Temperature Variation of the Electrical 
Resistances of Pure Metals, and Allied Matters. By 
W. Wiuiams, B.Sc., Municipal Technical College, 
Swansea *. 
Many of the physical properties of metals are periodic 
functions of their atomic weights. This is especially true 
of the valency and atomic volume. In a lesser degree it 
is also true of the melting-point and electric resistance. 
Now, the periodic variations of these four quantities for most 
of the metals can be very simply reluted to one another. 
For if æ is the specific resistance, at 0? C., m the maximum 
chemical valency, V the atomic volume, and T the absolute 


melting-point, to a first approximation e = T , where K 


is a quantity which appears to have different values for 
different groups of metals. Dr. Fleming has already pointed 
out that the metals of large specific resistance are those 
having large atomic volumes and large valencies. For 
silver, copper, magnesium, zinc, cadmium, thallium, lead, 
mercury (in the solid state), and probably calcium, K= 
1°72 x 10° if o is measured in microhms for a centimetre 
cube, and V is the quotient of the atomic weight by the 
density. For gold, indium, tin, and aluminium, however, K 
has only half this value. For sodium and potassium also its 
value appears to be half that given above ; while for arsenic, 
antimony, and bismuth it is about double. 

In the table that follows, o is the value calculated for the 


speciiic resistance at 0? C. from , while o” is the value 


obtained by observation. The maximum chemical valency 
is as given by the Periodic Law, except in the case of gold 
and copper, where the values 3 and 2 are taken as being 


* Read March 14, 1902. 
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more consistent with the chemical characteristics of the. 
metals, 


* The melting-points are as given in Nernst's ‘ Chemistry.’ 
The resistance of a metal is approximately proportional to 
the absolute temperature. Hence v = K mv where 6 is 


273 T^" 
the absolute temperature, so that the specific resistance in the 
solid state at the temperature of fusion is 375 . Now, the 


resistance of pure mercury in the solid state has been very 
carefully investigated by Dr. Fleming (Proc. Royal Society, 
vol. lx. No. 859, p. 79). According to his results, the 
process of fusion appears to set in at —50? C., and is not 
properly completed until —36? C. is reached, the value of 
c' at —50°C. just before fusion begins being 21. By 
calculation, taking m to be 2, and V—14:, we get 17:8. 
Again, at —95° C. (—100? C. on the pt scale), the calculated 
value is 14:4, Dr. Fleming’s value being 15:5. 

The melting-point of calcium is not definitely given. The 
metal, however, is said to melt at “red heat," and will 
therefore have a melting-point between 500? C. and 600? C., 
so that T is about 853. Hence, m being 2 and V 25:4, 
c — 10:6, Matthiessen's value being 7:5 f. 

Taken as a whole, the accordance between o and øg’ is not 
unsatisfactory, being about the same as the accordance 
observed in the case of the law of Dulong and Petit as to 
atomic heat. Thus, taking 6:3 for the constant of that law, 
the value is 15 per cent. above it in the case of calcium, and 
20 per cent, below it in the case of sulphur. Also, con- 
sidering the wide variations that occur in the values of m, V, 
T, and c, the accordance cannot be regarded as a matter of 


t The melting-point of calcium is probably underestimated, 800? C., 
or 1073 absolute being perhaps more nearly correct. 
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accident, but must be taken as an indication of a definite 
physical law. 

Certain metals, however, fail to conform with the relation 
for o although they are closely related, both physically and 
chemically, to those that do. Thus gold, indium, tin, and 
aluminium fail, although the first is allied to copper and 
silver, the second to thallium, and the third to lead. Thus:— 


The metals of the alkali and arsenic groups also fail. Thus :— 


m. | V. T. e ce'. 
Potassium ................-.... 1 454 335 294 84 
Sodium 1. oooeeicr eee en aT 2! 237 369 111 51 
Arsenie sorrindo 5 13:2 719 14:8 351 
Antimony ............. eene 5 179 710 217 43°1* 
Bismuth ..................... 5 21:1 538 339 | 1080 


According to Pictet, if a is tho coefficient of thermal 
expansibility, ViaT is a constant for metals, Calling this 
constant c, we get the following for its values in the case of 
the metals discussed above :— 


V. 

&ilver........... E Pee E 10:2 
Cop nS T1 
Gold oos ese ode ee 101 
Magnesium ......................-. 13:9 
BANG MEM EE 9:1 
Cadmium ................... cene 12:9 
dur me 16:3 
Thallium .................. eene 17:2 
Aluminium ............... e eeees. 10°6 
Indium MOT 15:8 
TE TERR 18:1 


* For antimony, o’ = 458 according to Lorenz, and 40:3 according to 
Berget. 
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Excluding magnesium and tin, the probable value of the 
constant is ‘045. 

The alkali metals appear to constitute a separate group 
having a different value for c, thus, 


V a. T. c. 
Sodium «iiie ree Id eee VERRE 237 *000072 369 0763 
Potassium................ es Tm 45:4 *000083 335 0092 


The mean value for c being *088, or about double its value 
for copper, &c. The arsenic metals, or at least bismuth and 
antimony, also appear to constitute a separate group, having 
c=°021 or half its value for copper, &c. Thus, 


V. a. T. c. 
Antimony ..........eeee eee eee stan 179 0000116 710 0215 
Bismuth ..............- eee enn 211 0000137 538 "0204 


On account of the irregularities of the metal, the result in 
the case of arsenic cannot be taken as definite *. 

Now, the groups that are thus characterized by different 
values for c are also characterized by corresponding 
values for K. Thus, where c—:045, K is 1:72 x 10*. 
Where c is approximately (4x °045), K is approximately 
2 x 1°72 x 10%, and where c is approximately (2 x °045), K is 
approximately (àx1:72x10?). This suggests that the 
relation for o can be rendered more comprehensive if written 


gx es : Aa where A is a constant. Thus modified, the 


relation gives the following values for o:— 


Observed. | Oalculated. 


Bilyeb. iii cos eic E Evi E a uek bx p ^ » 
me esium - 1 edi oo iore c auc o ves 4:1 94 
Sodium ......... eese eese enn 51 71 
VAN ET TE 58 5:36 
Cadmium ...................- ne T: 5 1:95 
Potassium .:.......... eee enn 81 11:5 
Thallium ................ eren 17:6 17:7 
O T E E E E T endis 20-0 217 
Arsenic ....... cesses eese eese senten 851 94:3 
Anlimony 65 ceri sisi eu ava dien 431 50:2 
Bismuth................. eere eene 108:0 801 


* The metal sublimes when heated and has a definite melting-point 
only under pressure, 
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Except in the case of sodium, the order in which the 
metals stand is the same as regards the observed and cal- 
culated values of o; and although the differences are great in 
the case of some of the metals, the values are throughout of 
the proper order of magnitude. The modified relation fails 
to hold, however, for gold, indium, tin, and aluminium, so 
that these metals, as before, are exceptional. Whether it 
holds for caleium and mercury eannot be ascertained until 
the value of c can be obtained for those metals. If they 
follow Pictet's law, so that c lies between *04 and ‘05, they 
will conform with the relation in its modified form to the 
same degree of approximation as they do in the case of the 
original one. 

If m, in the relation for e, is to be the maximum valency 
according to the Periodic Law, the relation will approximately 
hold for platinum and palladium. Thus: 


V. m T c. c. e. Diff. 
Palladium......... 902 8 1775 O4l 844 1002 17p. œnt. 
P:atinum ......... 91 8 2050 ‘0379 7:82 90 13 , 


The metals of the platinum and palladium groups have a 
valency of 4 in their sesqui- and tetra-chlorides. Ruthenium 
and osmium, however, form potassium compounds analogous 
to chromates, manganates, and ferrates, in which the valency 
must be 6. In addition, they form tetroxides RuQ, and 
OsO, indicating a valency of 8 in accordance with the 
Periodic Law, a valency that also accords with the potassium 
compounds K,PtCl,, and K,PdCl,. It therefore appears 
that a maximum valency of 8 is not incompatible with the 
chemical characteristics of the metals. 

The metals of the Iron Group do not conform with the 
relation for c, a matter to be fully dealt with on a future 
Occasion. 

According to the law of Dulong and Petit, s is approxi- 


mately ae where s is the specific heat and w the atomic 


weight. Also, V= 7 , where d is the density. Hence 
V= a Again, if a is the coefficient of thermal expansi- 
bility, supposed to be constant, and if X= Vað and c= Vial, 
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we get 
_ A mVÓ Bm) _ Bmd _ Bm 

— 273° cT ^ cud ^ cup uh © 
where B is a constant, n the average number of atoms per 
unit volume, p the atomic specific heat, and h or (p0) the 
average thermal energy of an atom at temperature 0. Now, V. 
is proportional to the average space assigned to an atom at the 
absolute zero. Hence A or V!a@ will be proportional to the 
average relative displacement of the centres of two neigh- 
bouring atoms between absolute zero and the temperature 6, 
which we may call the average atomic displacement at 
temperature 6. 

If a is constant, so that X for any metal is proportional 
to 9, and if p is also constant, 2 must be proportional to 0, so 


c 


that =. = Zi l-et, where o and o, are the values at t? C, 
0 


aud 0° C. respectively, and e=°003665. According to this, 
the temperature resistance-coefficients of all pure metals must 
be the same, namely 535, and the resistance must vanish at 
the absolute zero. The investigations of Fleming and Dewar, 
however, have shown that while the resistance tends to vanish 
at the absolute zero, the temperature-coefficient is usually 
higher than 445, its average value being about :004. Now 
we know that a and p are not constant, but slowly increase 
with rise of temperature. Hence the view suggests itself 
that the deviation of the temperature-coefficients from the 
simple value 5}. may be due to the temperature-variations 
of a and p. 

Since the relation e - e,(1--e) is true to a first approx- 
imation for all pure metals, we can put 

2: = LORT T et) (14 yt 90 4L. .), 

which suggests that temperature enters into the relation for 
c in two ways essentially different, namely : 

(1) Directly, as an essential factor, and represented above 


by 218 H and 
(2) Indirectly, and represented above by $ (0), as the tem- 


perature-variation of one or more of the other essential 
factors. 
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We have then to inquire whether these essential factors 
can be a and p, and whether $(0) can be built up from their 
temperature-variations. 

According to Prof. J. J. Thomson (* Nature,’ May 10th, 
1900), the specific resistance of a metal on the electronic 
theory is given by 

2, 


= qe 


where g is the average number of electrons dissociated in unit 
volume per unit time, 4 is the mass of an electron, e its 
electrical charge, u its average velocity of translation, and / 
the length of its mean free path. Hence, since p, e, and lare 
constant as regnrds temperature, the temperature-variation of 
c must depend upon the temperature-variations of w and g. 
On this matter, Prof. J. J. Thomson makes the following 
observation :—“ If we suppose that u, the mean velocity of 
translation of the corpuscles, varies with the temperature in 
the same way as the velocity of translation of the molecules 
of a gas, uu! would be proportional to the absolute tem- 
perature, and the specific resistance would, considered as a 


function of the absolute temperature 0, vary as -; if g, the 


amount of ionization, increases as the temperature increases, 
the resistance will vary more slowly than the absolute tem- 
perature ; if g diminishes as the temperature increases, the 
resistance wil vary more rapidly than the temperature." 
Hence, according to Prof. J. J. Thomson, in the temperature 


c 0 0 : 
relation z, 7 973°): the factor =. 373 enters in the deter- 


mination of the average velocity of translation of the moving 
electrons, while $ (0) enters as the temperature-variation of 
the electronizaiion-coefficient q. 
JnAÓ o 0 A ho =< 
But c Cr Hence 7 n8 Xy so that $(0) = 
and therefore, since according to Prof. J. J. Thomson ¢ (8) = T 
we must have qx : This result, taken in conjunction with 


px suggests that qe : That is, that for the metals 


that conform with the in for o, the electronization per 
unit volume increases with the average thermal energy of the 
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atom and the number of atoms per unit volume, and decreases 
with the average relative displacements of the atoms and their 
maximum chemical valency. 

The investigations of Fleming and Dewar have shown that 
$ (0) is not a linear function of 8. If, however, we confine 
ourselves to a limited range, say from 0? C. to 100? C., 
we may consider it to be approximately linear, and so 
considerably simplify the matter. In that case we get 
o=o,(1 + e¢)(1+t)=0,(1+at+ bt?), where a= (e+ y), and 
b=ey. As might be expected, this temperature-factor fails 
to hold both at very high and at very low temperatures, but 
may be taken to hold with a considerable degree of accuracy 
between 0? and 100°, the only range within which the tem- 
perature-variations of a and p can be said to be fairly 
accurately known. 

Let a and s be linear functions of the temperature, which 
is sufficiently accurate for our present purpose, and let 
a=a,(1+ 8^) and s=s(1+52), where a and s are the values 
at t° C., a and s at 0? C., and 8 and 8 the temperature- 
variations. Then 


a= vis [(1- S) eger] n, 


À — po [1- 5) t 45¢ | (273 +4) ; 
and pp j 

n _ 1448 

"eu ~ l-18t 
E. 4 P MB eee Ne &c., 
ò 

pem and ð= ——o97328* 
1— 2738 1 2738 


—_—-—— 


2 2 
Thus yz4(8'—8), 9— m d , &c., and in the 
approximate temperature-factor — — = l + at + bf, which holds 


between 0° and 100°, a-et (B — —9) and 6=46(6'—3’). 

This result, however, cannot at present be subjected to any 
reliable and decisive test. For the accurate investigation of 
the temperature-variation of a over wide ranges of tem- 
perature has not been made for pure metals, while, though 
various observers have investigated the temperature-variations 
of s, there is a considerable want of accordance between the 


where Jf'— 
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results obtained. The accurate determination of both thermal 
expansibility and specific heat are matters of very great 
difficulty, trifling differences in the values of either quantity 
producing very serious differences in the values of the tem- 
perature-variations deduced from them. Thus, according to 
Naccari, the specific heat of copper at 100? C. is 09422, and 
"09634 at 200? C. Assuming the latter value to be only 
4 per cent. too high, the value at 2009 C. would be :09586. 
In the former case the temperature-variatioif, is 0000212, in 
. the latter -000016 ; so that a difference of only 4 per cent. 
per 100? in the value of s produces a difference of 30 per 
cent. in the value of the temperature-variation. Now, apart 
altogether from experimental difficulties, which are certainly 
very considerable, differences greater than this can arise in 
the values of s at the same temperature of different specimens 
of the same metal from differences in mechanical qualities 
alone. Unless, therefore, the value of ce, a, and s are 
accurately determined for the same specimen and over a 
considerable range of temperature, we cannot expect a close 
and definite relation to exist between their temperature- 
variations. Hence, as the experimental information has to 
be collected from different observers for different specimens, 
probably in different mechanical conditions, we must be 
satisfied if the relation y=4(8’ —@&) yields values of the proper 
order of magnitude, differing from those obtained experi- 
mentally by no more than those values for the same metals 
according to different observers differ from one another. 

In spite, however, of the imperfections of the experimental 
data available to test the matter, enough appears to be known 
to show that $(0), for many of the metals, is mainly deter- 
mined by 8 and ô, that the probable form of the function is 
I and that yz (8 —6"), as the following results will 
show. 

In selecting experimental data respecting £9 and 8, the 
results of Fizeau by the interferometer method have been 
taken for a between 0° and 100° ; these being taken because 
they depend upon measurements susceptible of more accurate 
determination than those of other methods. 

As regards specific heats, the results of Naccari (1888) 
have principally been followed. 
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Naccari’s values for s are as follows—the values at 0° C. 
being calculated from the values given at 100? C., 200° C., 
and 300° C. :— 


€ee6999*09259004*9920000908*9950*9 


*e*«9009209926004909420*90282a2c€6 


i pipscuRuied c e Uis «0006 *0951 04 . 0004967 
Aluminium .........cee00. | 2116 :2211 :2306 , 


Naccari’s results for copper are notin accord with those of 
Bedé and Trowbridge. Thus, according io Bedé, the mean 
value of s between 15° and 100? is :09381 ; *09483 between 
16? and 172? ; and :09680 between 17° and 247°. Hence, 
the average value of 5 is :000516. Again, according to 
Trowbridge (* Science Abstracts,’ Dec. 1898), the mean value 
of s between — 181° and 13° is *0868, and :094 between 23° 
and 100°. Hence the average value of 8 is (000546. 

Naccari gives no results in the case of tin. Lorenz gives 
the following: s at 09—-05368 ; at 50?—-05534 ; at 75° 
=°05643. Hence the average value of à is 00064. 

Naccari’s results for aluminium are confirmed by those of 
Richards. Thus, according to Richards, the mean value of s 
between 0° and 100° is ‘2270; :2370 between 0° and 300? ; 
and :2520 between 0? and 600°, Hence the average value 
of ô is *000463. 

Fizeau's values for a are as follows—ay denoting the value 
at 40? C., and a, that at 50° C. :— 


According to Fizeau, zinc behaves in an anomalous manner 


as regards its thermal expansibility, the value of a being 
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greater at 40? than at 50? C. This, however, is not in accord 
with the observations of Matthiessen, according to whose 
results for zinc, 2=4[1+°00002741¢ + 00000002340], where 
land J, are the lengths of the same bar at t° and 0? respec- 
tively. Hence 8-200172. For most of the metals, how- 
ever, for which both Matthiessen and Fizeau give values, 
Fizeau's values for B are about half those deduced from 
Matthiessen's observations. Thus : 
Matthiessen. ` Fizeau. Ratio. 
0025 20 


Silver............. eurer 00149 -000806 1:85 
Cadmium ............... 00854 001124 315 
LEN TONNES *00259 001671 E 
Palladium ............... — "00184 «00088 29 
ld ge ec *00165 *000507 2-91 
Platinum ..............« 000923 89 
Mean z 1:89 


Fizeau's values for copper and aluminium are confirmed 
by those of Dulong and Petit, and Mr. Tutton. Thus, 
according to Dulong and Petit, the mean value of a for 
copper between 0° and 100? C. is *00001718, and :00001883 
between 0° and 300°. Hence 8—:00101. Again, according 
to Mr. Tutton (Proc. Royal Society, lxiii. p. 208), the value 
of a for pure aluminium is 10-* (2204 4-2:12 t], so that 
8=:000962. Hence, perhaps, until more decisive deter- 
minations are made in the case of pure zinc, by Mr. Tutton's 
improved interferometer method for instance, and as the 
molecular constitution of the metal is simple like that of 
copper and silver, we may take for 3 half the value deduced 
from Matthiessen's observations as in the case of most of the 
metals tabulated above. 

From the values of 8 and 6 given above, we get the 
following results : 


B. à yg'—2. a. b. 
00 | 000 | 000 | 0 | 00000 


CODDOE sascssusscteecovesseesie 1509 599 460 4125 167 
llt. ee m | 0906 393 245 3910 090 
Tni eene eei eros s avian 2163 700 731 4396 270 
Cadmium ..................... 1327 468 431 4096 158 

see Pea ya EE E 0959 488 236 3901 087 
"Ar et eaan A 0966 533 217 3883 080 


Aluminium ............ ] 1206 478 964 4029 | 133 


— eS 
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For magnesium B appears to be abnormally high. Thus, 
according to Fizeau, the value of a at 40° is 00002694, and 
*00002762 at 50°, so that 8—:00281. We must therefore 
conclude, either that magnesium does not conform with the 
relation for y, or that Fizeau’s value for 8 is not charac- 
teristic of the metal itself, but of a particular specimen only. 
For the remaining metals, with the exception of those after- 


wards to be mentioned, data cannot be obtained respecting 
ô and £. 


According to the temperature relation = —=1+ [e+3(S’— 
8)]t-- 4e(g' —8')é2, since in the case of the metals tabulated 
above 6! is less than f, the locus of wu or— must be concave 
upwards, and the value of T must TER as the temper- 
ature rises. This is in accord with the results of observation 
as the following table will show, where St and its mean value 


between 0° and 100° are tabulated. For comparison, the 


à + 0000018 ¿ 
‘00391 + 0000018 ¢ 


00100 
"00397 -+ 0000014 t "00104 
00116 
00423 
00401 
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values deduced from Fleming and Dewar’s observations, 
denoted by F, those given by Benoit denoted by B, and 
those given by Vicentini and Omadei denoted by V, have 
also been inserted. The values calculated from Fieming and 
Dewar's observations have been obtained by applying to 


them the approximate relation a= (lt en +t) between 
0? and 100°. 

T denotes the values obtained from thermal data, 6 and B, 
while E, in the case of copper, denotes the values given by 
Elmore. 

In the case of the metals tabulated above, it will be found 
that not only is y approximately 4(8/—6) and a approxi- 
mately e+4(8'— ò), but that y is also approximately 48 or 
48', and a approximately e+4’, or ¢+4', as the table 
opposite (p. 209) will show. 

In the table the column headed y contains the values 
calculated for that constant from Fleming and Dewar’s 
observations ; the third column headed Diff. indicates the 


percentage difference of by Y from its mean value 1:046, while 


the second is the percentage difference of ri from its mean 
value :896. 

From the table it will be seen that the order in which the 
metals stand as regards the values of y is, with the exception 
of aluminium, the same as that as regards the values of 18 


and 48'; that the ratios 2y and a are approximately con- 


stant; and that the values deduced for a from y, namely 
e-- y, are practically the same as those deduced from B and 
B', namely e-4- 48, and e 4- 18'. 

Hence, since for these metals y is approximately 3(6’ —8&), 
and also approximately 18 or 46’, it follows that & must be 
approximately $5', and ô approximately $8. That is, that 
the temperature-variation of the specific heat must depend 
upon that of the thermal expansibility, or, more correctly 
perhaps, that the temperature-variation of the specific heat and 
that of the thermal expansibility must depend upon the tem- 
peralure-variation of the same physical property of the metal. 
This result, again, on account of uncertainties respecting the 


209 
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Silver ...... 


Aluminium.. 
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experimental data bearing upon it, cannot be accepted without 
considerable doubt and hesitation. I have only ventured to 
put it forward because it appears to have enough probability 
in its favour, and to be sufficiently interesting and suggestive 
to deserve a fuller consideration, and to have a special in- 
vestigation into the experimental facts bearing upon it made 
by competent observers. 

If eis the average increase of s per unit rise of temperaturo, 
and if $—18, as suggested above, then, approximately, 


e=}(s,8) = I , where w is the atomic weight. The fol- 


lowing are some of the results obtained for e from this 
relation :— 


[^ w. e (calc.) | e(obe.) 
0000 

Aluminium ...... 1036 27 800 950 Naocari 
1000 Richards. 

Copper ............ 1251 63:3 410 Bède. 
490 Trowbridge. 

Tin gusce dH 1671 119 295 941 rens. 

Cadmium ......... 1124 112 210 240 Naccari 

Palladium ...... 106 175 210 Violle. 

Silver ............ 0806 108 160 210 Naccari. 

Iridium ............ 1198 192:5 131 151 Violle. 

Platinum ......... 0923 195 100 112 Violle. 


The relation does not hold for the metals of the Iron group. 
Also, for many of the metals experimental results cannot be 
obtained to test the matter, while for metals like lead, mag- 
nesium, and zinc, the results available are not conclusive. 


According to the relation c o £ , Since @ is constant during 


fusion, the change of resistance that accompanies fusion must 
depend upon the change in the value of g*. Hence, if c, is 
the value of ø in the solid state just before fusion has begun, 
and c, its value in the liquid state just when fusion is com- 
pleted, and if gs and ge be the corresponding values of q, 


* Which implies that the average velocity of translation « of the 
moving electrons is not affected by the act of fusion, but remains un- 
altered like the temperature. 
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e ud 


calaia, thallium, lead, and mercury, g œ > If we assume 


For copper, silver, magnesium, zinc, cadmium, 


that À in this relation is to stand for the internal, and not for the 
total energy of the atom, it will be the same in the solid and 
liquid states at the temperature of fusion. Hence, if A,, A, be 
the values of X corresponding to o,, Cn =^., 

The ratio à can be calculated from the increase of volume 
that accompanies the fusion. Thus, if d is the average 
distance between the centres of two neighbouring atoms at 
the absolute zero, d --À, and d+2, will be its values in the 
liquid and solid states respectively at the temperature of 
fusion. Also, if pe and p, be the corresponding densities, and 


if (&) or r FEN be denoted by s, we get 
A, (d- A) e —d. 


Now the only cases where reliable information respecting 
Ps Pep Ca, and ce, can at present be obtained, are those of lead, 
cadmium, tin, and zinc, and in the case of these metals, since 
the melting-point is low, the average value of a between 0? 
and 100? is probably not far from its value between absolute 
zero and the melting-point T, so that very approximately 
A,-daT. Hence 

A, (L+eT)e—1 
^ a aT i 


the ratio being thus independent of the actual value of d. 
In order, however, to compare the value of A, with the 
constant of Pictet’s law, namely ViaT, we shall put d= Vi. 

The increase of volume that accompanies fusion has been 
specially investigated for several metals by Vicentini and 
Omadei, their results being taken in the table that follows 
except in the case of zinc. 


* This assumption implies that the electronization per unit volume, so 
far as it depends upon tem perature, is determined :— 

(1) By the kinetic energy of an atom considered as a system of electrons 
in orbital motion,—this being unaffected by fusion, since the temperature 
of the atom is riot altered. 

(2) By the average distance apart of the atomic centres,—which is 
directly affected by fusion. 
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Pe. Pe- de. Às. pus e Dif. 
Lead i565 11005 | 10645 | 976 | 046 | 166 | 19 |--12 p. cent. 
Cadmium ...| 8366| T989|-085 | 044 | 193 | 28 |-16 „ 
Tin... 7183 | 6988|-054 | 029 | 186 | 21 |+12 ,, 
Zim e| eee 6480 | -087 | 042 |207 | 20 |- 4, 


Vassura’s values for = have been taken in the case of 


cadmium and tin, and De la Rive’s in the case of lead and 
zinc. 

Omadei gives no values for p, and p, in the case of zinc. 
According to Roberts-Austen, however, the density of zinc 
just when fusion is completed is 6:480, from which value 


Ae can be calculated. 

Taking the results in the table as experimentally valid, it 
is seen that to a rough approximation = = As, The deter- 
mination of Ne however, is a matter of difficulty, the results 
obtained above from x being undoubtedly imperfect and 


unreliable. Thus, Omadei's value for the percentage increase 
of volume of thallium in the act of fusion is 4:32, whereas, 
according to Toepler, it ought to be 3:22. The former of 


these values gives A,=°081 and “= 1:84, whereas the latter 
gives A,='072, and be = 1°64, Moreover, it is not probable 


that the increase of resistance that accompanies fusion is 
determined by the increase in X alone, though possibly A may 
be the most important factor concerned in the matter. At 
any rate it is worthy of note that, whereas in the case of 
metals which expand on melting the specific resistance is 
greater in the liquid than in the solid state at the temperature 
of fusion, in the case of bismuth and antimony, which 
contract on melting, it is less. 

Platinum and palladium differ from the metals already 
discussed, as regards their temperature-coefficients, in the 


fact that for them the value of a is less than —, and the locus 


zB. 
278 
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of ø concave towards the axis of temperature, whereas, in the 
case of the other and apparently simpler metals, a is greater 


than T and the locus of o convex towards that axis. This 


anomaly indicates that for platinum and palladium, the 
temperature-variation of the electronization-coefficient q 
cannot be accounted for by the temperature-variations of X 
and h, as in the case of the simpler metals. Some other 
factor has to be superposed upon these in order to convert 
into an increase the decrease that would arise in g from them 
alone. The thermoelectric curves of platinum and palladium 
are also exceptional as compared to those of the simpler 
metals. For whereas the curves, as given by Fleming and 
Dewar, have a positive curvature for the simpler metals, for 
platinum and palladium the curvature is decidedly negative. 
These exceptional characteristics are probably closely related, 
since on the electronic theory both the electrical resistance 
and the thermoelectric properties of a metal depend upon the 
electronization-coefficient g. 

As might be expected from their ferro-magnetic properties, 
iron, nickel, and cobalt, as regards their temperature- 
coefficients, constitute an exceptional and highly charac- 
teristic group, the discussion of which must be reserved for 
a future occasion. 

The results discussed in the paper may be summarized 
thus :— 


(1) A relation o = CAVE which roughly holds for 
Silver, Platinum, 
Copper, Palladium, 
Magnesium, Thallium, 
Sodium, Lead, 

Zinc, Mercury, 
Cadmium, Arsenic, 
Calcium, Antimony, 
Potassium, Bismuth ; 


but fails for gold, indium, tin, and aluminium. It also fails, 
as we should expect, for iron, nickel, and cobalt—while in 
the case of the remaining metals data cannot be obtained to 
test the matter. 
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(2) A temperature factor 
Cc .. 1 , 
=E (14 et) [1+ 5 (F —&)t4 .. 1 


obtained from the relation ga a approximately true for 


tin, copper, cadmium, lead, zinc, silver, and aluminium, but 
not for platinum and palladium, and of course the metals of 
the Iron group. 

2'18 


w 3 


(3) A specific heat relation e = approximately true 
r 


o 
Aluminium, 
Copper, 

in, 

Cadmium, 
Palladium, 
Silver, 
Iridium, 
Platinum ; 


but not, of course, for the metals of the Iron group. The 
results are uncertain in the case of lead, magnesium, and 
zinc; while in the case of the remaining metals, the relation 
cannot at present be tested. 


(4) A relation TaN at the temperature of fusion, 


roughly true for lead, cadmium, tin, and zinc, the only 
metals for which, at present, it can be tested. 

The results, however, in many respects are incomplete 
and unsatisfactory, as of course is to be expected from the 
imperfect character of their experimental basis. Perhaps, 
however, the paper—in spite of its imperfections, may prove 
useful as a statement of what may be done to correlate 
expansion-coefficients, specific heats, and electrical resistances, 
and that it may do good by calling attention to the matter, 
and stimulating experienced observers to take up its 
systematic investigation. 
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XVI. On the Measurement of Young’s Modulus. By W. 
Cassie, M.A., Professor of Physics in the Royal Hol- 
loway College *. 


A RELIABLE oscillation method of measuring the stretch 
modulus ought to have advantages in accuracy and con- 
venience which would give it some practical value. A 
method depending upon the oscillations of a spiral spring 
has been given by Prof. L. R. Wilberforce *, and a simplifi- 
cation of that method depending upon flexural vibrations of a 
straight piece of wire has been given by Mr. G. F.C. Searle f. 
The apparatus described in the present paper yields an 
oscillation method which is fairly simple, and it has the 
additional advantage that without any change of the apparatus 
a statical measurement of the stretch modulus can also be 
easily 1nade. 

If a horizontal bar AB, fig. 1 (hereafter called the needle), 
is symmetrically supported by two equal parallel wires pg, 
rs, it may be made to execute a small oscillation in the plane 
of the paper about an axis passing through the middle point 
of qs perpendicular to the plane of the paper. This oscil- 
lation is accompanied by alternate extension and contraction 
of the supporting wires, so that the resistance to stretching 
of these wires controls the oscillation and determines its 
period. The period of the oscillation for a given pair of 
wires may be made of any convenient length by altering the 
moment of inertia of the needle. Some of the dimensions 
of the apparatus can be eliminated by observing other 
modes of oscillation of the system: so that in its simplest 
form the experiment gives an expression for the stretch 
modulus involving only four periods and the weight of 
the needle, quantities which can be measured with ease and 
accuracy. 

In the statical method a small weight is hung on the 
needle at a measured distance from the centre. This produces 


* Read November 22, 1901.  , t Phil. Maz. Oct. 1894. 
t Ibid. Feb. 1900. 
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a known difference between the tensions in the wires, and the 
consequent difference in extension can be measured on a 


scale by a beam of light reflected from a small mirror 
attached to the needle. By hanging the small weight at 
various distances a series of measurements can be made. 


I. First OSCILLATION METHOD. 


The Needle.—The vibrating needle AB may be conveniently 
made of a straight bar or tube with a heavy cylinder fixed at 
each end of the bar by set screws. If these cylinders are 
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hollow, and each made with four set screws placed as shown 
in figs. 2 and 3, their positions can easily: be adjusted in 


Fig. 2. Fig. 3. 


any way that may be required. The centre of the bar is 
fixed with a set screw into a short flanged tube, fig. 4, and 


Fig. 4. 


C fig. 2, with two pairs of parallel knife-edges projecting 
from the sides. These knife-edges rest on double hooks, 
Fig. 5. 


fig. 5, which hang from the suspending wires. This flanged 
Q 2 
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tube with the knife-edges carries also a vertical screw with 
a nut—a gravity bob—for adjusting the position of its centre 
of gravity. 

The Suspension.—The parallel wires to be stretched consist 
of a single length of wire with its ends fixed below to the 
hooks supporting tbe needle, and passing above over a pulley, 
P (fig. 6), of diameter equal to the distance between the 


Fig. 6. 


parallel knife-edges on the needle. A slight groove is made 
round the pulley to keep the wire in position. After the 
adjustments are complete the pulley is clamped between the 
blocks X, Y, fig. 6, which swing down to each side of it, so 
that the suspending wires are rigidly fixed at the top. 
Adjustment.—To adjust the apparatus the needle is placed 
with its knife-edges on the hooks, and while the pulley is 


MEASUREMENT OF YOUNG'S MODULUS. 219 


free to turn the needle is adjusted until it rests in a horizontal 
position. The centre of gravity of the needle is then in a 
vertical line midway between the suspending wires. The pulley 
is then clamped, and the equality of tension of the wires 
tested by seeing that they give the same note when struck. 
If now the centre of gravity of the needle is at the same 
level as the knife-edges, the pitching oscillation will be due 
entirely to the stretching and contraction of the wires. If 
in practice, however, the centre of gravity does not occupy 
exactly this position, the effect of a small error in this respect 
proves to be so small that it may usually be neglected. In 
any case it can be allowed for. The calculations are given 
below. The position of the centre of gravity of the central 
tube can be separately adjusted to the right level by means 
of the gravity bob, G, fig. 4, which is attached to the tube 
for that purpose. And as the woight of the central tube is 
a very small fraction of the whole weight of the needle, 
any outstanding error in the position of its centre of gravity 
would be quite inappreciable in its effect. 

In the bifilar oscillation the period is affected by the 
resistance to torsion of the wires. This effect is eliminated 
by observing the periods with the needle suspended by first 
the inner, and second the outer pair of knife-edges, so that 
the suspending wires are at two different distances apart. 
The supporting pulleys on which the wires are clamped at 
the top are made of diameters equal tu the distances between 
the knife-edges, so that the wires are parallel in each 
experiment. The free lengths of the wires are taken the 
same in each experiment; this can be secured automatically 
by an appropriate arrangement of the pulleys. 

Calculation of the Periods. — Of the oscillations possible to 
this system we shall make use of three. They are rotations 
about three perpendicular axes through the centre of the 
needle, viz. :— 


1. About a vertical axis—the bifilar oscillation. 

2. About a horizontal axis perpendicular to the length of 
the needle— pitching. 

3. Abouta horizontal axis along the length of the needle— 
rolling. 
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Let I be the length of each of the wires, 

M the mass of the needle, 

A the modulus of stretching of each of the wires, 

¢ the modulus of torsion of each of the wires, 

k, the radius of gyration of the needle about its axis of 
figure, 

k, the radius of gyration of the needle about an axis 
perpendieular to its axis of figure through the 
cenire of gravity. The needle is made a figure of 
revolution so that this radius of gyration may be 
taken the same in all such directions. 


Firstly, assume that the mass of the hooks on which the 
knife-edges rest may be neglected in comparison with that of 
the needle, and that the centre of gravity of the needle is at the 
same level as the knife-edges. Then the equation of motion 
of the bifilar oscillation when the wires are distant 2c apart is 


MA -(ws 4-27 28, 


and the frequency n, is given by 


e 2 
Arkin? = T M 
Similarly the frequency n,’ when the wires are distant 9d 
apartis given by 
d 2 
aeta tem P 4 2r, 
therefore 


Am bf (n? —n,?) =f (c* — d). e è œ (1) 


Again, the equation of motion .for the pitching oscillation 
when the wires are distant 2c apart.is 


and the frequency n; is given by 


4? kj? ng? da 


— MU 
Likewise the frequency of pitching n, when the wires aré 
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distant 2d apart is given by 


Therefore 
Am! (nf — n?) "aen 2... Q) 
. Consequently 


A ny? 


A=4My— "x 


nj? —n? 


a result requiring no measurement except the periods and 
the weight of the needle. 

Secondly, if the centre of gravity of the needle is at a 
distance z below the level of the knife-edges the equation of 
motion for pitching with the wires 2c apart is 


M (k,? + 27) 6= -(E£ ewgs) 0, 
and the frequency is given by 


; 2d ga 
n m = aM t Rear 
Likewise the frequency with the wires 2d apart is given by 
2rd? gz 
Q . 
EM ES (4,2 + 22) MI ii ky? ta” 


Therefore 
2r(c? —d?) 
2», /2) — J 
47? (n! — n?) = (ky? + a) MC (0 e (4) 


“The periods of the bifilar oscillation are the same as in the 
first case. So that equations (1) and (4) give 


2 
A= Mge zm S (L* Ta) 2... (5) 
as æ is always small compared to k, 2?/k,? is usually 
negligible, and when this is so equation (5) reduces to (3). 
Thirdly, to allow for the hooks supporting the knife-edges, 
let m be the sum of their masses, and k their radius of 
gyration about a vertical axis through their common centre 
of gravity. Then if n, and n,' are the frequencies of pitching, 
and n; and n4' of bifilar oscillation with the wires distant 2c 
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and 2d apart respectively, we have 
pus M uL s 
* l "Mg? + mig? + wig + mk,’ 
2N MER. MR 
l ` M k,? + mc? 
and corresponding equations with d substituted for c. 
Thus we get . 


$n, m &+a—k 
A ROLE m)g "4 — (Lg CHE, . (6) 


Amn? == 


since m is small compared with M, and c, d, and k; are small 
compared with kj. When the fraction in the last bracket is 
negligible, or when the hooks are so shaped that k= Ve + d*, 
equation (6) reduces to the original result of (3). 


II. Sgcoxp Osci.LATION METHOD. 


In certain cases it is necessary to clamp the wires direct to 
the needle instead of attaching them to hooks which support 
the needle by knife-edges. In this case flexure of the wires 
has to be taken account of. 

In the bifilar oscillation the effect of flexure is negligible. 

In the rolling oscillation when the centre of gravity is at 
the same level as the points of attachment of the wires there 
is a quick oscillation due entirely to the resistance to flexure 
of the wires. 

In the pitching oscillation both stretching and flexure of 
the wires are involved. The influence of flexure alone may 
be ascertained from the rolling oscillation, and by allowing 
for this in the pitching oscillation the stretch modulus may 
be deduced. 

This method has the disadvantage of requiring the moments 
of inertia of the needle to be separately determined. This, 


however, can be avoided by the following modification of 


the oxperiment. 

If the centre of gravity of the needle is raised above the 
level of the points of attachment of the wires the period of the 
roling oscillation is lengthened ; and by suitably adjusting 
the height of the centre of gravity this period may be made 
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infinite. In that case the effect of gravity exactly counteracts 
the effect of flexure for a small rolling displacement. This 
being so, if we set the needle to pitch, the effects of gravity 
and of the flexure will still exactly counteract each other, and 
the resistance to stretching of the wires will alone control 
and determine the period of the pitching. 

In adjusting the apparatus for this experiment it is neces- 
sary to take care that the moments of inertia involved in the 
bifilar and pitching oscillations are equal. This may be 
secured by fixing at each end of the bar of the needle a cross 
consisting of four equal screws at right angles to the length 
of the needle, two horizontal and two vertical. Nuts on 
these screws afford a convenient means of adjusting the 
position of the centre of gravity and the moments of inertia. 
^ For the determination of the stretch modulus, however, 
this adjustment of the centre of gravity is not necessary. 
The double observation which eliminates the effect of torsion 
eliminates at the same time the effect of flexure of the wires. 

The equation of motion of the pitching oscillation may be 
written 


Mj) -(x + D 


where f9 expresses the couple due to flexure, this couple 
being independent of the distance between the wires. The 
frequencies of pitching with the wires 2c and 2d apart 
respectively are given by 


Arken? = 2a + Í 


Mi * M 
2nd? 
and ankn = “er + A 
so that 
on 


Amk? (ng —n, = Mi (c) —d*). e o œ (7) 


The bifilar periods still satisfy equation (1), so that 


13 
Ng 
r~=4Mg né 


=n 
as before. 
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III. Staticat METHOD. 


The apparatus of the first method also lends itself readily 
to the statical measurement of the stretch modulus. Let the 
bar of the needle be divided in centimetres and let a small 
weight, say 100 grams, be hung on the needle at a succession 
of measured distances from the centre, Then in each position 
the small weight produces a known difference in the tensions 
of the suspending wires, and with a small mirror attached 
to the needle, the differences of extension of the wires may 
be read by a beam of light reflected on to a scale. 

If tho small mass hung on the needle is w, the distance 
between the vertical wires is 2a, and the distance of the scale 
from the mirror on the needle is À, it is easily seen that if 
a displacement z of w along the needle produces a dis- 
placement y of the spot on the scale, 


Ih | 
Aziwg ‘a Y e o o o òo (8) 


For if the displacement z of w turns the needle through an 
angle 0, one wire is stretched 2a0 more than the other, and 


the tension on that wire is increased by an amount P more 
than the tension on the other. So that 


The chief precaution required in this experiment besides 
those usual in measuring a stretch modulus is to place the 
mirror so that the displacement of the spot on the scale due 
to the bifilar motion of the needle is at right angles to that 
due to the stretching of the wires. 
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XVII. Contributions to the Theory of the Resolving Power of 
Objectives. By Professor J. D. EvgnzTT, F.R.S.* 


In high class objectives, both of telescopes and microscopes, 
the practical limit to the power of separating close points 
(called resolving power or separating power) depends upon the 
blurring due to diffraction. Owing to diffraction, the image 
formed of a bright point is not a point, but a spot, brightest 
in the central part, and falling off without any discontinuity 
from the centre to the margin. In favourable circumstances 
this spot is surrounded by a succession of bright rings. The 
phenomenon is seen in its greatest perfection when small 
aperture is combined with good definition. Blocking out the 
central portion of the objective makes the spot smaller and 
the surrounding rings relatively brighter. 

Dawes (Mem. -R.. Astr. Soc. xxxv. p. 158) made very 
elaborate observations on double stars for the purpose of 
investigating the separating power of telescopes ; and arrived 
at the conclusion that the angular distance between the two 
components, when they are nearly equal in magnitude, and 
are just separated, is given by the formula— 


4:56 seconds, divided by diameter of objective tn inches. 


The first calculation of the relative brightness at different 
points of the spot. and rings, which constitute the diffraction 
image of a point formed by a lens symmetrical round an axis, 
was published by Airy in 1836 (Camb. Trans. v. p. 283), in 
a very clear and readable paper. His basis of procedure is 
the very direct and intelligible one of considering the concave 
wave-front which advances from the objective to the focus, 
`- and computing, for its initial position, the “disturbance” which 
it produces (according to Huygens’ principle) at any given 
small distance measured laterally from the geometrical focus. 

Another principle of calculation, less obviously correct 
but leading to precisely the same result, is employed in 
Mascart’s Optique and in Preston’s ‘ Light.’ 

Both methods of procedure lead to one and the same 
infinite series for the ** disturbance" at given lateral distance 


* Read February 28, 1902. 
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from the geometrical focus; and this series is a Bessel’s 
function of the first order. It is in fact en). m denoting 
ar b, where R is radius of aperture, f focal length, 5 lateral 


distance, and X wave-length. The calculation assumes 
identity of disturbance both in degree and in kind at all 
points of the wave-front. 

A simple calculation (given at p. 277 of my Deschanel, 
Part iv.) shows that the extreme difference of optical path, 
for disturbances coming from different points of a concave 
wave-front to a point at lateral distance b from the geo- 
metrical focus (the centre of the sphere to which the wave- 
front belongs), is 2b sin a, a denoting the angular radius of 
the wave-front as seen from the focus. When the extreme 
difference of path is A, we have therefore 


A 
sir ee e e e D 
Comparison with observation shows that this value of b- 
represents with fair accuracy the limit of separation. The 
angle subtended by the distance b at the second nodal point 
of the objective, which is identical with the angle subtended 
by the corresponding distance in the object, as seen from the 
first nodal point, is | 


f being the focal length, and D the diameter of the objective. 
This formula A/D for the least distance between the com- 
ponents of a double star, agrees with Dawes's value- above 
quoted, if we put A="000022 inch= °56 micron. The wave- 
length for the brightest rays is usually taken as °55 micron, 
which is as good an agreement as could be desired. 

Passing now to the case of the microscope, and supposing 
the same formula for the minimum distance b in the image to be 
still applicable, we may conveniently transform it by means 
of the equation (which we shall discuss later) 


pi Yı sin Q= pug yasin Og . ... (3) 
applicable to any optical system which gives sharp flat images. 
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In this equation, 

Yı Ys denote the distances of a point of the object, and the 
corresponding point of the image, from the axis of 
the system ; 

pa ft, the indices of the first and last media ; 

0, 0, the angles made with the axis by any incident ray and 
the corresponding emergent ray. 

The ratio (p sin 9;)/ (p, sin 0z) is equal to the magnification 
¥y2/y1, and is therefore the same for all values of 0. This 
constancy is called by Abbe the sine condition. 

In the present case 0z is a, y; is b, wgis 1 ; and if a, denote 
the obliquity of an extreme incident ray, the equation gives 

pyi sin a, bsina, 
sin a sina | X A Ài 

VT sing’ mina Psna imaina, ana; C 

A, denoting the wave-length in the first medium which 

corresponds to X in air. This value for y, the distance 

between points or lines which can be barely separated, has 
been extensively adopted. Helmholtz in the Jubelband of 

Pogg. Ann. 1874, p. 557 adopts it in the form last written. 

Abbe calls y sina; the numerical aperture of the objective, 

and adopts the formula wave-length divided by twice the 

numerical aperture. Drude (Lehrbuch der Opt:k) adopts it as 
the limiting distance for oblique illumination, and its deuble 
as the limiting distance for direct illumination. 

Microscopic test-objects are not self-luminous like double 
stars, but are viewed by transmitted light. If no condensing 
arrangement is employed, the pencil of light sent by a point 
of the object to the objective consists of rays from different 
parts of the source, that is, in effect, from different sources. 
An orthogonal section of such a pencil does not possess the 
characteristic properties of a wave-front. Different portions 
of it have no definite relation of phase, and are incapable of 
mutual interference. Our formule are therefore no longer 
applicable. Practically we may regard such an orthogonal 
section as made up of a number of small parts, each of which 
is a wave-front, giving by reason of its smallness a very 
large diffraction image of a point of the object. These 
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separate images of the same point overlap without inter- 
ference, and as they do not exactly coincide, compose a 
larger and more blurred image of the point represented. 

The cure for this evil is furnished by employing a con- 
denser of high quality, to throw upon the part of the object 
under examination a very sharp image of the source of 
illumination. {f the image were perfectly sharp, each point 
of the object would get its light from its own special point 
of the source, and the effect would be to make the object act 
as if it were self-luminous. Each point of the object would 
send to the objective a pencil whose orthogonal sections would 
be true wave-fronts, to which our previous reasoning would 
be applicable ; so that the diffraction spot which represents a 
point would have the small size due to the largeness of the 
entire aperture. 

This appears to me to be the chief benefit conferred by 
sharply focussing the source on the object ; but it has not so 
far as I am aware been pointed out by any writer on the 
microscope hitherto. Abbe in his great paper on microscopic 
perception (Archiv für mikr. Anat. ix. p. 413, 1873) regards 
the condenser merely from the point of view of geometrical 
optics, and recommends the use of one which is not achromatic. 
Microscopic observers long ago ascertained, as an empirical 
fact, that achromatic condensers gave better results than non- 
achromatic ; while mathematicians refused to believe them, 
and maintained that achromatism could be of no advantage, 
seeing that the sole purpose of a condenser was to give wide 
pencils of strong light. 

There is another advantage from sharp focussing by the 
condenser, which may be regarded as the complement of that 
above indicated. If the focussing were perfectly sharp, the 
waves from one point of the object could not interfere with 
waves from another point. Such interference gives rise to 
spurious diffraction patterns, liable to be mistaken for structures 
existing in the object. The two components of a double star 
exhibit no mutual interference in a telescope ; and different 
points of a microscopic object cannot produce mutual inter- 
ference if they send light which has come from completely 
distinct sources. Lord Rayleigh (Phil. Mag. xlii. 1896) was, 
I believe, the first to indicate this advantage. Abbe, in his 
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paper on microscopic perception, makes no allusion either to 
the focussing of the source on the object, or to the finite size 
of the spot which (with its surrounding rings) is the diff- 
raction image of a single isolated point. 

The following explanation of the advantage of oblique 
illumination is, I believe, new. 

Perfect sharpness of focussing by a condenser is un- 
attainable ; and two points of the object which are not 
further apart than twice the limiting distance of separability 
will inevitably have a portion of the source in common, as 
regards their illumination. Let 8 denote the obliquity of the 
illumination, the two object-points in question being supposed 
to be in a plane which contains the illuminating rays and the 
axis of the objective. The difference of optical path for rays 
coming from the same point of the source to the two object- 
points is ssin 8, s denoting the distance between the two 
points. The best condition for separation is, that this dif- 
ference of path shall be half a wave-length in the medium in 
which the object is immersed (say $à), for this gives the 
most complete extinction in the overlapping portion of the 
two diffraction spots which are the images of the two points. 


Putting then l 
ssin =M; . . . - . . (5) 


and assigning to s the value A,/sin aq, which being double of 
the accepted minimum value may be taken as representing 
an ordinary test, we deduce 


singzisne.. . . . . .,(6) 
If we put s equal to the accepted minimum itself, we obtain 
sing-sina.. . . . e . (7) 


These conclusions agree with the received view among 
microscopists, that the obliquity of illumination should be 
rather less than the obliquity of the extreme rays of the 
incident pencil. | 


Note on Hockin’s proof of the Sine Condition. 


Various proofs have been given of ihe sine condition 
expressed by equation (3), which must be fulfilled in every 
case in which a sharp image, in a plane perpendicular to the 
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axis of the instrument, is formed of a small flat object whose 
plane is perpendicular to the axis. By far the simplest is 
that given in an article * On the Estimation of Aperture in 
the Microscope," published after the author's death in the 
Journal of the Royal Microscopical Society (1881, ser. 2, 
iv. p. 337), where he is described as the late Mr. Charles 
Hockin, junr., an electrician and mathematician of repute. 
Appreciative notes by Abbe are inserted in the article. 
Strange to say, the proof does not seem to have been 
reproduced in any English publication, though it is to be 
found, modified for the worse, in German optical treatises. 
In Müller-Pouillet it is erroneously described, and the 
author's name is given as John Hockin. These circumstances, 
in conjunction with the great importance of the theorem 
itself, are my reasons for reproducing it. I have corrected a 
clerical error of — for + in the two principal equations. 

Let PP’ in the figure represent the axis of an optical 


system which gives the linear image P'Q' of the small object- 
line PQ, both the lines PQ and P'Q' being perpendicular to 
the axis. The incident pencils may be of large angle ; and 
the image is supposed to be aplanatic, that is to say, all rays 
sent by P pass through P', and all rays sent from Q pass 
through Q’. Let PS be any one of the rays sent from P, 
and QS a ray from Q intersecting it at 5. 

Since PQ is small, the angle PSQ is small, and the plane 
pencil bounded by PS, QS will give an emergent pencil 
bounded by P'S', Q'S’, the optical path from S to S' having 
the same value for all the rays of the pencil ; denote this 
value by (S3). 

Then, if p be the index of the first and yw’ that of the last 
medium, the optical path from P to P' is 


p .PS4 (SS)—p' . P'S, 
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and is constant for all rays that go from P to P'. Similarly 
the optical path from Q to Q' is 


p. QS-(SS)—,u .Q'S, 
and is constant. Subtracting, and denoting the difference of 
the two constants by c, we have 


p(PS — QS) — u (P'S — QS) =e, 
or (calling the obliquities 0, 0), 
p . PQ sin 0—pu'P'Q sinf =c. 
But @ and @ vanish together, therefore c is zero; and we 


have 
p. PQsind=p.PQ'sin® . .. (3) 


The ratio of p sin @ to p' sin Ó' has therefore the constant value 
P'Q'/PQ for all tbe rays by which the image is formed. 

The present paper has been framed with a view to sup- 
plementing two papers by Lord Rayleigh, one of them (in 
two parts) in the Phil. Mag. for the second half of 1879, 
and the other (which has been already quoted) in Phil. 
Mag. vol. xlii. 1896. "They contain a much fuller treatment 
of the theory of resolution than I have met with elsewhere. 


11 Leopold Road, Ealing, W. 


XVIII. Note on the Compound Pendulum. 
By S. A. F. Waits, M.A.* 


[ Abstract.) 


IN the determination of the length of the simple equivalent 
pendulum for a compound pendulum, whose form is a sym- 
metrical bar and bob with one fixed, one movable knife- 
edge and no sliding weight, it is convenient to make the 
mass of the movable knife-edge small. In this case small 
displacements of this knife-edge will not materially alter the 
position of the centre of gravity or the radius of gyration of 
the whole pendulum about an axis through its centre of 


* Read April 25, 1902. 
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gravity, and the time of oscillation about the fixed knife-edge 
will remain practically constant. 

The best determination of the correct position of the 
movable knife-edge for an equal time of oscillation will be 
given when, for a given displacement of this knife-edge, 
there is the greatest variation in the time of oscillation about 
it. If k=the radius of gyration of the pendulum about an 
axis through its c. g. parallel to the axis of suspension, 
h- the distance of the axis of suspension from the c. g., 
t = the time of one complete oscillation, 


(9T A4 ke 
hg 


r Val ia / ^ HR 
'")mdh FNV +R MC 


Critical values of a occur when 


d h WB- 
dh +k e 
From this we see a maximum value of A occurs when 
h=254k. 2i 
Assume a pendulum having the form of a brass bar, 
length z, breadth a, and thickness t, fitting into a lead block, 


length y, breadth b, and thickness T, and let the ratio of the 
dimensions be 


T 


a t 
P b =4,- "T =], 


then the mass of the lead block will be very approximately 
twice that of the bar. 

If we make a=j;2 we find x=3:23k. Making 
x= 100 cms., k=30°6 ems., and the distance of the c. g. from 
the top of the bar 86:6 cms. 

Also 2:54 k=78°64 cms., so that if the movable knife- 
edge is 8 cms. from the top of the bar we have h=2'54 k 


a dt 
and a maximum value of di 


The corresponding length of the simple equivalent pen- 
dulum is 90:7 cms., so that the fixed knife-edge comes 
conveniently near the bottom of the brass bar and not in 
the lead block. ; 
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[For a seconds pendulum the value of æ should be 
110 cems.] dt 
The calculated value of 7, ='009 sec. per cm. So that . 


for 1 cm. change of position of the movable knife-edge 
there is nearly 1 sec. change in the time of 100 complete 
oscillations. 

In an experimental pendulum constructed on the above 
lines, the upper knife-edge was movable in a slot cut in the 
brass bar, the mass of the knife-edge approximately com- 
pensating the mass of the brass removed for the slot, The 
length of the brass bar was 98°8 cms., and the length of the 
slot 2°83 cms. 


Time about movable knife-edge when at top of slot 
= 1:921 secs. 


?9 9 99 » " bottom of slot 
= 1'89 í secs. 
Giving "0095 sec. per em., which agrees well with the 


calculated value. 

The length of the simple equivalent pendulum was found 
to be 91:4 cms, when t=1'918 secs., giving the value of 
g = 9814. 

The ratio of A to k was 2:59, which differs little from the 


calculated ratio for a maximum value of p 


dt 


nd 


d 


The curve showing the variation of s. with A has the form 
R 2 
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given in the figure. When À« ks zt increases rapidly but is 
negative, When À—2:54 k, S is a positive maximum, and 
any error in the observed time of oscillation about the fixed 
knife-edge should produce an error of the same sign in the 


length of the simple equivalent pendulum. 


DISCUSSION. 


Dr. Curre said that the mathematical work might apply 
to either of two distinct problems. It might refer to the case 
of an ordinary pendulum with one movable knife-edge, the 
object sought being the particular position in which a given 
change in the period answered to the greatest movement of 
the knife-edge. The second case, the one which he supposed 
the author had in view, was that of a Kater pendulum, the 
object being to ascertain what design enabled the position 
of the movable knife-edge to be most accurately determined 
from the condition that the period about it should equal that 
about the fixed knife-edge. The author's reasons for neglect- 
ing the solutions answering to a short pendulum of large 
moment of inertia did not appear mathematically complete, 
though they might be supported from physical considerations 
as to the relative accuracy of the determinations of “g” with 
long and with short pendulums. 

Mr. Watson said that, so far as the accuracy of the result 
was concerned, the distance between the knife-edges was the 
determining factor. The position of the movable knife-edge 
for strict equality of period could be deduced by inter- 
polation from periods determined in two positions of the 
movable edge. In accurate work, a light bob equal in size 
to the heavy bob might be placed upon the other end of the 
pendulum to keep the air friction constant. 
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XIX. Note on a Temperature Indicator for use with Platinum 
Thermometers in which the Readings are Automatically 
Reduced to the Gas Scale, By Rogert S. WHIPPLE *. 


In 1887 Prof. Callendar pointed out ¢ that if R, denotes the 
resistance of the spiral of a particular platinum thermometer 
at 0°, and R, its resistance at 100°, a temperature-scale may 
be established for the particular wire, this scale being called 
the scale of platinum temperatures, such that if R be the 
resistance at any temperature T° on the air-scale, this tem- 
perature on the platinum scale will be i =e x 100°. For 
this quantity he employed the symbol pt, its value depending 
on the sample of platinum chosen. 

In order to reduce to the standard scale of temperature 
the indications of any platinum thermometer, it is necessary 
to know the law connecting T and pt. These are of course 
identical at 0? and 100? ; but the determination of the re- 
mainder of the curve expressing the relationship between 
them is a matter of experiment. 

The work of Prof. Callendar established for pure platinum 


ihe relation oxi. um 
4-1 pi-3|[(55) 7109]- 


The value of 9 depending on the purity of the platinum 
employed. 

When working with platinum thermometers it is usual to 
calculate a table of corrections for converting the tempe- 
ratures on the platinum scale to. the corresponding tem- 
peratures on the gas- or air-scale for the particular sample 
of platinum wire used. Some of these tables have been pub- 
lished, notably those by Drs. Harker and Chappuisf for 
several values of 8. These tables are of the and assist- 
ance to the worker in platia st. 'Lesunenetrye 

The instrument which I am bringing to your notice is very 
similar to the well-known Callendar & Griffiths' Temperature 


* Read April 25, 1902. 
f Callendar, Phil. Trans. vol. clxxxii. p. 147. 
t Harker and Chappuis, Phil. Trans. vol. exviv. pp. 118-128. 
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Indicator, with the exception that it is so arranged that the 
readings obtained are automatically reduced to the gas-scale, 
thus avoiding the necessity for the correction referred to above. 

It consists of a simple Wheatstone-bridge with equal ratio 
coils, the other arms being the thermometer and a long 
helical bridge-wire, together with the compensating leads of 
the thermometer. ‘A travelling contact is moved round the 
wire until a balance is obtained. The balance point is indi- 
cated by means of an index attached to the coil of a 
D'Arsonval galvanometer. 

The bridge-wire is wound in a helix cut on the outside of 
an ebonite drum, the contact being mounted on the inner 
surface of a drum which can be moved over the bridge-wire 
by means of a screw of the same pitch as the helix. 

The scale is divided on the outer face of this drum and 
passes under a reading-index fixed above it. The scale has 
been calculated so that the values obtained with a platinum 
thermometer having a “ô” of 1:5 are given on the gas-scale. 
The scale is an open one, the length of a degree-division 
ranging from 5 mm. at 10? to 3 mm. at 1350" C. 

As there are no coils in series with the bridge-wire, rapidly 
varying temperatures.can be easily followed. 

The instrument is self-contained, galvanometer, battery, 
etc., packing into a case 27 x 20 x 22 centims. It was con- 
structed by the Cambridge Scientific Instrument Co. 


[Note added Oct. 1902.]—I was not aware when designing 
the above instrument that Mr. Rollo Appleyard had suggested 
the idea of calibrating directly a bridge-wire in temperature 
degrees. See “A Direct Reading Platinum Thermometer,” 
Phil. Mag. Jan. 1896. 

Discussion. 

Dr. CHREE asked the following questions :—Was not the 
instrument as constructed restricted to platinum thermo- 
-meters of wire haying, 2 grom. specified value of 6 ; if so, 
what was this value? Did the helical wire balance the 
entire resistance of the thermometer, or only the excess above 
the resistance at 0°C., and could the instrument measure 
temperatures below 09 C.? What error was likely to come 
in when measuring temperatures up to 1000? C. from changes 
in the resistance of the helical wire under the variations of 
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atmospheric temperature to which it would be exposed in 
ordinary use? Would there not be some wear between the 
wire and the contact-piece ? 

Dr. HARKER asked what were the limits of the value of ô 
for wires now supplied for commercial purposes. He 
thought that the accumulation of dust between the contact- 
piece and the wire, due to continual scraping, was a more 
serious objection than the wearing away of the wire. 

Mr. WHIPPLE said that the value of * 8" for recent samples 
of wire seldom exceeded 1:52, and that the “8” of the wire 
generally employed in thermometers, even for commercial 
purposes, was 1:50. The bridge-wire in the instrument 
shown balanced the rise of temperature above 0°C., but 
there would be no difficulty in adjusting the instrument to 
read below zero. The maximum error that could possibly 
arise owing to variations in the temperature of the instru- 
ment would not exceed 0:1? C. In reply to Dr. Harker, the 
contact on the bridge-wire being a potential one, any increase 
in its resistance did not affect the reading. The wear 
between the contact-piece and bridge-wire was very slight. 


AX. Account of the Exhibitions at the Meeting held 
on Friday, April 11, 1902. 


Dr. R. A. LEHFELDT exhibited an “ Electric Heater." The 
apparatus consisted of a vacuum-jacketed glass tube con- 
taining water which was boiled by passing a current through 
a platinum spiral immersed in the liquid. Tap water is 
preferable to distilled water because the small electrolytic 
action in the former case causes the boiling to proceed quietly. 
Different temperatures can be obtained by using other 
liquids. 

Mr. WATSON gave a list of liquids which he had found 
suitable for boiling electrically. He had used this method 
of obtaining a steady temperature in an apparatus for com- 
paring thermometers. 


Mr. P. H. Grant exhibited and described * An Apparatus 
for Vapour-pressure Measurements.” The liquid of which 
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the vapour-pressure is required is introduced into the vacuum 
of a syphon barometer. This is mounted alongside an 
ordinary syphon barometer, and the upper extremities of 
both are surrounded by a bath which can be kept at any 
desired temperature. The levels of the mercury in the open 
tubes are then adjusted until the upper mercury surfaces are 
at the same level. The vapour-pressure is then measured by 
the difference of level in the open tubes. By a simple modi- 
fication it is easy to investigate the vapour-pressure of a 
liquid in the presence of air. The two chief advantages of 
the method are (1) the avoidance of the temperature cor-. 
rection, and (2) the wide range of temperature over which it 
can be employed with the use of a small bath, 

Prof. CaLLENDAR referred to the advantages of the 
apparatus, and said that it appeared specially suitable for 
elementary laboratory measurements. 


Mr. J. T. Monnis showed an experiment illustrating the 
use of Cathode Rays in Alternate Current work. The usual 
form of Braun tube was used, the rays falling upon a 
luminescent screen and forming a blue spot. A solenoid 
conveying an alternating current was fixed near the tube, and 
the varying magnetic field caused the spot to oscillate about 
its mean position. To determine the maximum value of the 
current, a switch should be arranged to rapidly replace the 
alternating current by a continuous one. The continuous 
current is then adjusted until the maximum excursion of 
the spot is the same as before, and the value of the current 
read off from an ammeter in the circuit. For accurate work, 
the frequency of the discharge from the induction-coil ex- 
citing the tube should be adjusted until it is almost exactly 
in synchronism with the alternating current. The unsteadi- 
ness of the spot of light in the zero position limits the 
accuracy of the measurements. Mr. Morris has tried to 
reduce this unsteadiness by using an earthed aluminium 
diaphragm instead of a glass one. 

Dr. HARKER thought the spot of light shown might have 
been made brighter by the use of a larger coil, and said that 
the vacuum required careful attention in order to get the 
best results. 
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Mr. DuppELL pointed out that the movement of the spot 
about its zero position might be due to the action of the 
earth’s constant magnetic field upon the varying current 
passing through the tube. 

Mr. Witson NoBLE suggested that the irregularity in 
the position of the spot might be due to the irregular spark- 
ing of the coil and the consequent irregular magnetic field 
acting upon the rays. 

Prof. S. P. Toompson said that the movement was probably 
due to internal electrostatic causes. He suggested the use 
of yttria as a luminescent material. 

Mr. Morais, in reply, said that the earth’s field was too 
weak to account for the variable zero position. He had tried 
shielding the tube with an earthed copper-wire screen without 
any appreciable gain in steadiness. 


Mr. Morris then showed an experiment “ On the Growth 
of Electric Currents in an Inductive Circuit.” An E.M.F. 
of 0°8 volt was applied to a coil wound on a ring-shaped 
laminated iron core. When the current had attained its 
steady value the E.M.F. was reversed, and the variations of 
the current strength shown by an ammeter. About 20 seconds 
were required for the current to attain its maximum value 
in the opposite direction. A secondary coil was also wound 
upon the same core, and the effect produced upon the growing 
current by the closing of this secondary circuit was shown. 
Mr. Morris has determined curves of growth for different 
currents, and he showed how similar curves could be used to 
determine experimentally the hysteresis loss in transformers. 

Dr. GLAZEBROOK drew attention to the fact that this 
method has been applied, with some slight modifications, to 
the determination of the hysteresis loss in some 3000 H.P. 
transformers. 


Mr. Crorr showed some apparatus and devices useful in 
teaching. The method of determining graphically the focal 
length of a lens from the distances of conjugate foci from the 
centre was illustrated. The graphical solution of a quadratic 
equation was also shown. An apparatus for producing and 
demonstrating the properties of three-phase currents was 
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exhibited and. described. Mr. Croft then showed crystals 
illustrating the five regular solids, and an electric lamp with 
the filament in one plane useful for optical work. The 
flatness of a piece of plate glass can be tested with a scribing 
block. The point is adjusted to touch the glass in one 
position. By breathing on the glass, and moving the block 
about, it is easilv seen if the point leaves the surface. 

Mr. J. M. Barr said that the method could not be applied 
to steel. To test the flatness of a piece of steel, he had made 
use of a table with four legs placed upon the surface. One 
leg of the table was adjustable, and was made part of a 
circuit containing a microphone. If the ends of the four 
legs are placed in one plane, it is easy to test flatness by 
observing when the adjustable leg leaves the surface. The 
amount of the irregularity of the surface can be measured 
by having a micrometer attached to the movable leg. 


XXI. A Mechanical Break for Induction Coils. 
By Dr. Dawson TurNeR*. 


Tue use of induction-coils in the production of Réntgen-rays 
and in wireless telegraphy has made the construction of a 
suitable break a matter of importance. The ordinary break 
is unsuitable because of the wearing away at the point of con- 
tact, and there are objections to the use of mercurial breaks. 
The portable mechanical break which was shown at the 
meeting consisted of two metallic rollers with their axes 
parallel and kept in contact by a spring. One of the rollers 
has a cam attached to its spindle, and can be made to rotate 
by means of a small electric motor. Once in each revolu- 
tion the cam separates the rollers, thus making the break, 
and at the same time causing the second roller, which rides 
like the first one loose upon its axis, to turn about one-eighth 
of a revolution. As soon as the cam has passed the rollers are 
brought into contact by the spring, and the next break occurs 
at a different place. The wearing is thus distributed evenly 
over a large surface. The break is placed in a box containing 


* Read April 25, 1902. 
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water, alcohol, or petroleum, and works best with the latter. 
An objection to the arrangement is the noise it makes when 
working. Some experiments were then shown on the dis- 
charge of electrified bodies by ultra-violet light. A disad- 
vantage of the electric arc when used to furnish ultra-violet 
light for use in medicine is that the light is accompanied by 
heat, so that it is necessary to shield the patient from the 
heat without interfering with the passage of the light. A 
condenser spark between iron electrodes is useful because it 
gives a large amount of ultra-violet radiation without much 
heat. Dr. Turner showed that this light is capable of dis- 
charging bodies whether positively or negatively electrified. 
He then showed that glass and mica are opaque to the 
radiation, while pure rock-salt is transparent. 


Mr. WiLsoN Nos se also exhibited a mechanical break. 
A roller and a disk, with their axes parallel, are placed in 
contact and made to rotate in the same direction hy a 
motor. Longitudinal slots are cut upon the surfaces of 
both, and the break occurs when a slot in the roller comes 
opposite a slot in the disk. Since the two are moving in 
opposite directions at their point of contact, the break is 
very sudden. To vary the length of the break without 
altering the rate of rotation, the slot in the roller is wider 
at one end than the other, aad the disk can be placed so as 
to touch the roller at any point of its length. 


DIscussIon. 


Prof. THompson said he knew of no metal which would 
withstand continual sparking without wearing, and suggested 
that breaks should be so designed that the parts affected by 
the sparking could be easily replaced. He asked if there 
was any difference in the wear of the two rollers. Referring 
to an experiment shown by Dr. Turner, in which ultra-violet 
light discharged a positively electrified body much quicker 
than a negatively electrified one, he asked if this would be 
the case if the apparatus were surrounded by an earthed 
metallic screen. 

Mr. Watson suggested that the wearing of the edges 
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in Mr. Wilson Noble’s break might be lessened by filling the 
cavities with slate. 

Mr. DupDELL said that the worst substance for making 
contact-pieces was carbon; then came zinc, brass, and copper, 
with platinum best. These were the results in air, but the 
effects in liquids were different. With rapidly moving 
contacts all metals seem equally good, but in ordinary coils 
the contact-pieces move slowly. 

Prof. EVERETT said it was interesting that rock-salt, which 
is very transparent to long waves, should also be transparent 
to very short waves. 

Dr. Dawson Turner said that if the experiment referred 
to by the Chairman had been performed inside an earthed 
metallic screen, the negatively electrified body would have 
been more quickly discharged. 


XXII. A Simple Electrical Micrometer.—-Part I. 
By P. E. Suaw, B.A., D.Sc.* 


[ Abstract.) 


Two years ago the Author described an instrument with 
which he measured very small lengths by the application of 
electric contacts f, and the micrometer shown was a simple 
form of the original apparatus. A screw, fitted with a milled 
head, turns in a fixed nut and its lower end presses upon the 
extremity of the long arm of a lever. A metal point is 
attached to the short arm, and the distance through which 
it moves, on turning the milled head, can be deduced from a 
knowledge of the pitch of the screw and the ratio between 
the arms of the lever. In using the instrument either (1) 
this point, or (2) the screw-point itself (the lever being 
removed) is brought up to electric contact with the moving 
body, and the contact is accurately determined by the sounds 
in a telephone in the circuit. The Author illustrated the use 
of the instrument for measuring small lengths, by describing 


* Read May 9, 1902. 
T Shaw, Phil. Mag. Dec. 1900. 
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the following eight applications to ordinary laboratory 
measurements :— 

(1) The measurement of the thickness of plates, films, or 
fibres. The object is placed between two metal plates. The 
point of the micrometer-screw is adjusted to touch the top 
plate and the reading taken. The object is removed, the 
point is again brought into contact with the top plate, and 
the difference between the readings in the two cases gives 
the thickness of the film. 

(2) The determination of Young’s Modulus by the elon- 
gation of a wire. The Author described experiments on two 
wires, each 24 metres long, hanging side by side, one of copper 
and the other of steel. The wires terminated in horizontal 
platforms to which the stretching weights were attached. 
The wicrometer-screw measures first on to one platform 
while loads are applied: below it, then on to the other plat- 
form while loads are applied as before. The first measure- 
ment gives the elongation, and the second shows any error 
due to yielding of the brackets supporting the wires. By 
reversing the process of measurement we obtain values for 
the other metal. 

(3) The determination of Young’s Modulus by the bending 
of a beam. 

(4) The determination of simple rigidity by a static method. 
Observations were made upon a rod held horizontally by 
rigid wall brackets. One end of the rod was fixed and the 
other held in position by a pin pressed into a hole in the end 
of the rod. From this end an arm projected outwards. 
Weights were applied to the extremity of this arm, and the 
twist measured by observing with the micrometer the move- 
ment of the end of the arm. 

(5) Application as an extensometer. 

(6) Measurement of thermal expansion. 

(7) Microscopic measurements. In measuring the dia- 
meter of a capillary tube the cross wire of a microscope is 
brought so as to appear to touch one side of the tube, and 
the point of the micrometer is brought into contact with the 
metal stage. The stage is then moved by a screw until the 
cross wire comes to the other side of the tube. The micro- 
meter point is moved into contact again, and the difference 
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in the readings gives the diameler of the tube. In this 
measurement the full magnifying power of the microscope is 
utilized, and the work of moving the stage is performed by 
a rough screw. 

(8) The direct measurement of the wave-length of light. 
Newton’s Rings are formed by a convex lens and a piece of 
plate glass. The convex lens is fixed to the short arm of the 
lever, and the distance through which it must be moved to 
cause a certain number of bands to appear at the centre 
gives a means of calculating the wave-length of the light 
employed. 


DISCUSSION. 


Prof. EvERETT said the apparatus combined fineness and 
accuracy of measurement, and expressed his interest in the 
determination of distances with the microscope. 

Mr. R. J. SowTER asked if any special precautions had 
been taken to prevent deformation in the instrument. If not, 
then it was optimistic to assume that one or more multi- 
plying levers could be used to measure lengths of the order 
of a millionth of a millimetre with any physical accuracy, 
assuming the multiplication of measurement to be according 
to the law of the lever, as Dr. Shaw apparently did. 

Mr. W. Warson said that in determining the wave-length 
of light by Newton's rings, it was necessary to measure from 
the knife-edge of the lever to the centre of the rings. The 
accuracy of the experiment was limited by the difficulty in 
judging the centre. The variation of the temperature of the 
air would distort the lever and produce errors. In reference 
to the experiments on Young's modulus using two wires of 
different material, he said that no precautions had been taken 
to procure a steady temperature, and pointed out that varia- 
tions in temperature would affect the two wires unequally. 
In the experiment on the torsion of a rod, the twisting had 
been produced by an unbalanced force. The other arm of 
the necessary couple must therefore have been unsatisfac- 
torily supplied by the friction of the pin which held the rod 
in position. In measuring the diameter of a capillary tube 
with extreme accuracy, it was necessary to have a normal 


section, which was somewhat difficult to obtain. Dr. Shaw : 
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apparently considered the instrument as suitable for labora- 
tory work. If it was for elementary students it was 
unnecessarily elaborate, and if for obtaining accurate 
measurements there were objections and uncertainties which 
should be investigated. Mr. Watson said that a similar form 
of micrometer had been described by Mr. H. C. Russell, 
and used in the observatory at Sydney. 

Mr. Mark Bann said that as errors would be introduced 
by variations in temperature, it might be advisable to make 
the instrument of a nickel-steel alloy with a small coefficient 
of expansion. He had known errors to grow even after a 
steady temperature was reached. He asked if the knife- 
edges and screws used were good enough to give the same 
reading twice, and said he thought the limit of physical 
accuracy could be obtained by using a single disk on a serew 
calibrated throughout its length. It could almost be stated 
as a law that for a given ultimate approximate result, error 
increases more rapidly with the number of links in the 
mechanism used to attain that result than with the magnitude 
of the number representing the increased order of fineness 
required when less links are used. He considered that a 
screw having a pitch of ‘25 mm., which carries a disk 
divided into 250 parts of :25 mm. each (giving about an 
8 centim. diameter), would give far better results than the 
complex mechanism shown. Such a screw would give 
1 micron advance for each division of the disk ; but he 
believed that one rarely attains an accuracy in construction 
beyond the limit of one ten-thousandth of an inch. He had 
exhibited in Paris in 1900 a single screw micrometer used in 
combination with a telephone receiver. 

Dr. Sgaw, in reply, said that the main justification of the 
apparatus was in the consistency of the results given by it ; 
these were excellent, as the tables given in the paper showed. 
This method had been shown io be much more accurate than 
most of those in general use. As to the contention that the 
apparatus, while too sensitive for laboratory practice, was 
not sufficiently so for research on length changes, he pointed 
out that the accuracy of all measuring instruments was 
always on the increase, so that laboratory methods which 
were considered good recently would not necessarily suffice 
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in the immediate future. Why be content, even for teaching 
students, with measuring to the one 50th of a mm. by the 
microscope, when with the simple electric micrometer we 
get, with little trouble, to the one 1000th of amm.? Dr. 
Shaw knew nothing of the prior publication in Australia 
mentioned by Mr. Watson; if there were such a method 
introduced years ago, it was all the more astounding that 
Mr. Russell and his successors should have allowed such an 
excellent idea to lapse and remain immature and unknown. 
Some speakers had suggested that uncertain deformation of 
the levers might occur during an experiment and vitiate 
results ; but a new strain implied a new stress, and, unless a 
definite change occurred in the forces of the system, we 
could not suppose a change in deformation. A like answer 
was given to the criticism that the levers might expand 
under heat during measurement. Why, if sufficient time had 
elapsed to allow the system to attain temperature equilibriam, 
should anyone postulate expansions without indicating a new 
or irregular source of heat? Most of the above supposed 
evils of course existed, but they were of small account. As 
with every good apparatus ever produced, if ordinary and 
suitable precautions be taken, these errors were reduced to a 
lower order of importance and could be neglected. In con- 
clusion, the method had been firmly established in University 
College, Nottingham, and had superseded other apparatus. 
It would no doubt spread and become general. 


XXIII. On the Ebullition of Rotating Water.—4A Lecture 
Experiment. By T. C. Porter, Eton, Bucks." 


Ir the water in a beaker, having approximately vertical 
sides, be caused to rotate about an axis concentric with the 
vertical geometrical axis of the beaker, it is obvious that in 
any horizontal section of the water the pressure is least in the 
centre, and increases from the centre outwards. It is also a 
well-known fact that the temperature at which water boils de- 
pends upon the pressure to which it is subjected, being lower the 
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lower this pressure is. Thus if a beaker of water were at a tem- 
perature just below the boiling-point, and it conld be suddenly 
made to rotate throughout its mass without cooling it, the water 
would turn into vapour in and about the axis of least pressure, 
from the surface downwards, forming, at all events for the 
moment, a thin core of steam in the middle of the water. In 
practice, however, water cannot be made to rotate throughout 
its mass suddenly; and if the rotation is generated gradually, 
the water-vapour is also, as a rule, gradually formed, and is 
given off from the surface without ebullition, in the quantity 
sufficient to relieve the tension of those particles of water for 
which the pressure is diminished. The very form taken by 
the water as it rotates, increases its surface area, and thus 
tends to promote evaporation, and so to check ebullition. 
For these reasons the writer has failed to exhibit the expe- 
riment to be described in this its simplest form. If, how- 
ever, the water is supplied with heat whilst it is rotating, 
the steam is formed only in the region of least pressure, 
forming a gaseous core in the rotating water, as in fig. 1. 
The experiment is an exceedingly simple one both to make 
and to photograph; it may be well to give a few details 
as to its performance, though the 
four figures given are only careful 
drawings from four of the original = 
photographs. - Fior 
In fig. 1 the spiral wire stirrer used 
is seen near the surface of the water ; 
whilst beneath the wire gauze, on 
which ihe large beaker rests, and 
which serves to distribute the heat 
more evenly, are visible the flames 
and upper parts of the four Bunsen 
burners employed to heat the water. 
The spiral stirrer was driven by a 
small motor; but experience soon 
proved that results as good, if not 
better, could be obtained by stirring 
the water by hand, using a long glass rod completely covered 
by a piece of indiarubber tubing in order to avoid the 


risk of breaking the glass vessel. After giving to the water 
VOL. XVIII. 8 
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throughout its depth the necessary and rapid rotation, and 
before taking the photographs, this rod was rapidly with- 
drawn from the beaker, its stirring motion being carefully 
maintained during the act of withdrawal. Some of the pho- 
tographs were taken by diffused daylight combined with that 
of the electric are, the latter being concentrated by a lens, 
so as to illuminate the whole of the beaker and its contents 
as brightly as possible. The plates were Edwardes's Iso- 
chromatic Instantaneous, and the exposures were about the 
gy of a second. A dilute developer should be used, and 
as much as 30 min. or more allowed for development. 

Thus far the experiment illustrates in an apparently simple 
and beautiful way the lowering of the boiling-point of water 
under reduced pressure; butthere are some very curious phe- 
nomena to be presently described, which are shown by the 
column of steam, if the water is first stirred and then left to 
come to rest, whilst the heating is continued. Just after 
the stirrer has been removed, the appearance presented is 
that recorded in fig. 1. 

The lengths of the multitude of curved lines, shown in 
the óriginal photographs near the bottom of the beaker, and 
formed by the rotation of small stray bubbles, are an index 
to the speed with which the water is rotating when the 
duration of the exposure for the photograph is remembered ; 
and in fig. 1 the rate of rotation is much higher than in the 
subsequent figures, which are taken at later stages. In fig. 1 
there is a markedly concave surface to the water in the 
beaker, and the column of steam is practically continuous 
from base to summit where it joins the air. This phase 
lasts about a minute, when the water has been stirred as 
rapidly as is possible by hand, and then it will be noticed 
that pulsations set in: at first these are feeble, and succeed 
each other with great rapidity; but their period rather rapidly 
lengthens till it may last four seconds or more, and at the same 
time they become more and more violent. 

The course of events during a single pulsation is as follows:— 
1st phase, the surface-curve of the water flattens, and in the 
later stages of the experiment the curvature disappears ; whilst, 
so far as can be judged by eye and from the photographs, 
at the instant when the surface of the water is most nearly 


EBULLITION OF ROTATING WATER. 219 


level, or just before it, a column of steam springs up with 
great rapidity from the base of the beaker to the surface of 
the water, heaving this up in its central portion, and in the 
later stages of the experiment often causing the ejection of 
water from the beaker. This phase is shown in fig. 2, where 
the reversal of the surface curvature is 
very evident. Immediately after the 
eruption of the steam, and whilst the 
steam-column still stretches from the 
base of the beaker to the surface of the 
water, follows the 2nd phase. The 
steam-column seems to condense and 
breaks up, leaving only a few small 
bubbles, which either hang stationary 
or move downwards in the liquid; 
whilst if the water has dust in it the 
motion of the dust particles shows that 
a curious kind of annular wave, concentric with the steam- 
column and at any moment occupying a horizontal plane, tra- 
verses the water from top to bottom, and spreads out in so doing, 
apparently causing in its course the partial or almost complete 
condensation of the steam and the curious brief downward 
movement of the bubbles left: at the same time the surface 
of the water in the beaker becomes deeply indented, perhaps 
sinking in to take the place of the steam which has condensed, 
(though the writer does not feel at all certain that this is the 


Fig. 3. Fig. 4. 


cause of the depression formed). This second part of the 
pulsation is illustrated by fig. 3. After this the apex of the 
82 
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surface vortex rises, and the first phase of the phenomenon 
recurs. This state of pulsations continues for perhaps three 
or four minutes: the eruptions of steam are very violent 
towards the close of the period, especially if the water has 
been boiled for long, or is made slightly alkaline (the con- 
ditions for boiling with bumping), and fig. 4 shows the effect 
of such a condition of things. The original photograph was 
taken midway through the pulsation period and in the 2nd 
phase. In this photograph it will be noticed that the point 
where the steam was first formed is not on the surface of the 
beaker as it generally is, but in the water itself. Some other 
photographs were taken at the close of the pulsation period, 
when the axis of rotation of the water begins to “ wobble,” 
and consequently the point where the steam is formed is not, 
as a rule, in the geometrical vertical axis of the beaker. Soon 
after this “ wobbling ” sets in the steam begins to Le formed 
anywhere, at, or near, the bottom of the beaker—and all 
evidence of the effects of rotation vanishes. 

The curve of the surface of the water throughout is never 
a parabola, as it would be if the angular velocity of the water 
were everywhere equal: thus the divergence from the para- 
bolic form indicates how very much more rapidly the water 
rotates as it nears the axis of rotation. This fact is also 
evident from the inspection of the lines formed by the small 
bubbles rotating near the base of the steam-column as already 
mentioned. One might naturally expect that the outbursts 
of steam, (those which occur during the pulsation period), 
would occur when the surface vortex was deepest,—instead of 
which the exact opposite is the case. At times, too, large 
bubbles of steam form suddenly in the water and condense, 
without the surface-level of the water in the jar being simul- 
taneously visibly disturbed: at any rate, if it be so—and it 
would seem that it must be, considering the high elasticity 
and incompressibility of water,—the disturbance is anything 
but easy to observe. 

With respect to the cause of the pulsations already alluded 
to, it may be well to state that by stirring cold water ina 
beaker-shaped jar, having a small hole in its bottom through 
which a stream of air-bubbles can be blown (to imitate the 
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generation of the steam, but not its condensation), there is 
abundant evidence from the motion of small bubbles that 
pulsations set in in this case also, and indeed there is some 
evidence of a similar phenomenon when an ordinary glass of 
water is stirred: hence it does not seem likely that in the 
cuse of the hot water the pulsations are directly caused 
by either the formation or condensation of the steam, 
although this may reinforce them when once they have been 
set up. 

Lastly, the form of the steam-columns often presents an 
unmistakable likeness to those of solar prominences, which 
can scarcely be altogether fanciful ; for there is every reason to 
believe that the latter are explosive emissions of gaseous matter 
projected through and above the solar atmosphere. May not 
their immediate cause be the diminution of pressure on the 
sun’s surface at and near the centre or centres of “ depressions ” 
caused by violent cyclonic disturbances in the solar atmo- 
sphere? The enormous velocity with which such ejected 
matter is seen to rise, and also the rapidity with which it is 
dispersed, have their counterparts in the experiments which 
have been described: no one who sees these last for himself 
can fail to be impressed by the great velocity with which 
the steam-column rises in the water, and by the suddenness 
with which it condenses, and that, too, in water at, or at any 
rate very near to, its boiling-point,—whilst the hanging fila- 
ments such as appear in fig. 3 recall most vividly some well- 
known drawings of solar prominences as they die out: the 
fact that in both cases the filaments hang with their length 
vertical, and do not lie horizontally, seems to the writer very 
significant. 


This short paper is little more thana description of a phe- 
nomenon of which the writer has never seen any account 
given elsewhere; it makes hardly any attempt to explain 
much of it; still it is offered in the hope that some one more 
conversant with hydrodynamics than the author may give the 
true solutions to the questions it suggests. 


Eton, Bucks, May 1902. 
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Discussion. 


Mr. C. V. Boys exhibited a small heat engine in which 
rotating water evolved steam without ebullition. 
` Mr. T. H. BLAKESLEY expressed his interest in the apparent 
want of buoyancy of the steam-bubbles in the second phase 
of the pulsation. He said that in filtering liquids he had 
sometimes noticed what appeared to be large bubbles of air 
which lacked buoyancy. They were really drops of the 
liquid surrounded by a film of air, a fact demonstrated, when 
the arrangement broke up, by the air forming a much 
smaller bubble possessing the usual signs of buoyancy. 
Perhaps the steam-bubbles noticed by Mr. Porter were of 
similar construction. He suggested that the curve of the 
water surface could be made parabolic by rotating the beaker 
and giving it a flat top. In this case the vertical distance 
between the highest and lowest points of the surface would 
be a measure of the velocity of rotation after the surface cut 
the flat top. 

Mr. W. Warson said that as the viscosity of water changed 
rapidly when nearing the boiling-point, small variations in 
the temperature of the liquid might alter the parabolic form 
of the surface. Any bubbles of steam formed away from the 
axis of rotation would be driven to the axis on account of 
the density of the water being greater than that of the steam. 

Mr. Prick said he had seen some similar experiments 
illustrating the formation of waterspouts. The appearance 
was like the effect shown, but the pulsations were absent. 

Dr. A. GnirriTHs, in suggesting an explanation of the 
oscillation of the water, pointed out that if the distance of a 
rotating body (held in position by a spring) from the axis be 
forcibly diminished, the conservation of the moment of mo- 
mentum indicates an increased rate of rotation. Qn releasing 
the body, the increased centrifugal force causes it to shoot 
past its original position. Beyond the position of equilibrium, 
ihe conservation of the moment of momentum indicates a 
diminished speed which decreases the centrifugal force. 
Thus the body oscillates radially. When the water in the 
beaker is flat, the mass of the water is at a less average 
distance from the axis of rotation, than when it is heaped 


HEAT EVOLVED ON CONTACT OF LIQUID WITH SOLID. 253 


towards the sides. Thus the outward-driving force is pro- 
bably larger when the depression is small than when it is 
large. The outward force drives the water beyond the 
position of equilibrium which it would hold in the absence of 
oscillation. 

Prof. S. P. Taompson said it would be interesting to 
observe the effects produced by varying the method of 
supplying the heat to the water. 


XXIV. On the Heat Evolved or Absorbed when a Liquid is 
brought in contact with a Finely Divided Solid. By 
G. J. Pargs*. 


I, INTRODUCTION. 


PourLLET [f discovered the fact that when a powder is put 
into a liquid which does not exert any solvent or chemical 
action upon it, there is a rise of temperature. In some 
of the experiments made by Pouillet with mineral substances, 
the rise of temperature varied from :3? to 1? C. This 
discovery was confirmed by several other investigators, 
but nearly all the earlier observations were merely thermo- 
metric, and are therefore of little value for purposes of com- 
parison, since the rise of temperature must obviously depend 
on the thermal capacity of the whole mass throughout which 
the heat is distributed. In fact, by suitably varying the con- 
ditions of the experiment it has been found possible to obtain 
any rise of temperature up to 30° U. or more. 

Junck f} found that when sand is placed in water the tem- 
perature of which is above 4? C. there is a rise of tempera- 
ture, and when the temperature of the water is below 4? C. 
there is a fall of temperature. This is quite in accordance 
with what would be expected on the supposition that tho 
Pouillet effect is due to a pressure at the surface of the powder, 


* Read June 20, 1902. 
t Pouillet, Ann. de Chim. et de Physique, xx. p. 141 (1822). 
t Junck, Pogg. Ana. cxxv. p. 292 (1805). 
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and the variation of pressure for a given nba oy tem- 
perature can be calculated from the equaticn dp= — dr, 


where a is the coefficient of expansion of the liquid at con- 
stant pressure, p the density, c the specific heat, 7 the absolute 
temperature, and J the mechanical equivalent of heat. 

Meissner * showed that when certain powders are placed 
in water at a temperature below 4° C., a rise of temperature 
is observed, and he accordingly rejected the physical hypo- 
thesis of surface pressure, and adopted a chemical or physico- 
chemical hypothesis which had been advanced by Cantoni t, 
and which has been more fully developed by Martini f. It 
has, however, been pointed out that the experiments of 
Meissner do not disprove the validity of the hypothesis of 
surface pressure, for as the pressure increases the point of 
maximum density of water is lowered, and at a pressure 
of about 200 atmospheres the point of maximum density 
of water is at or near 0° C., as shown by Tait, Amagat, 
Lussana, and others $. 

Lagergren || has shown that the pressure at the surface of 
silica and water would, from the above equation, amount to 
some thousands of atmospheres. 

Martini, on the other hand, is unwilling to admit such an 
enormous pressure at the surface, and he supposes that, just 
as some solids are dissolved by liquids and thereby become 
liquid, so liquids are absorbed by powders and thereby 
become solid, the heat evolved being equivalent to the latent 
heat which the liquid gives up in solidifying. 

Other investigators who have made experiments on the 
Pouillet effect and allied phenomena are Tate J, Melsens **, 

* Meissner, Wied. Ann. xxix. p. 114 (1886). 

T Cantoni, Rend. del R. Istituto Lombardo, viii. p. 135 (1866). 

i "nn Atti del R. Istituto Veneto, viii. (1896) ; ix. (1897) ; xii. 
1 : 
] § Tait, Proc. Roy. Soc. Edinburgh, 1881-82, 1882-83; Marshall, Smith 
& Omond, Proc. Roy. Soc. Edinb, 1881-82; Amagat, Comptes Rendus, 
exvi. p. 940 (1898) ; Lussana, Nuovo Cimento (4) ii. p. 233 (1895). 
|| Lagergren, Kongl. Vetenskaps Akademiens, B. 24, Afd. ii., Stockholm, 
899. 

«| Tate, Phil. Mag. [4] xx. p. 508 (1860). 

** Melsens, Mémoires de l'Académie de Belgique, xxiii. (1873) ; Ann. 
de Chim. et de Phys. [5] iii. p. 522 (1874). 
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Chappuis *, Wiedemann and Lüdeking t, Gore f, Erco- 
lini $, Bellati |, and Linebarger T. 

In Gore's experiments, a powder such as silica or alumina 
was dropped from the air into water which contained some 
soluble salt ; the liquid was not stirred, and the temperature 
observed was that of the powder which sank to the bottom of 
the liquid. The object of these experiments was to discover 
the influence of the substance in solution; and in fact the 
whole research was the outcome of another investigation in 
which Dr. Gore showed that a powder has the property of 
abstracting from a liquid part of the substance in solution. 
One remark of Dr. Gore bears on the present investigation : 
having made observations on precipitated silica and sand, he 
states that the action is purely a surface one, and he suggests 
that if the relation between the rise of temperature and the 
area of the surface were known, the method could be employed 
to obtain the area of the surface of a powder. 

Prof. FitzGerald** regarded the Pouillet effect as due to a 
pressure at the surface of the powder and the liquid; he 
suggested the application of the laws of thermodynamies, and 
he pointed out the need of further investigation and quanti- 
tative treatment. 

Notwithstanding the large number of observations which 
have been made in connexion with this phenomenon, there 
are no data by means of which we are enabled to express the 
quantity of heat evolved as a function of the area of the sur- 
face. The experiments of Martini, Ercoiini, and others show 
that for the same powder and liquid the quantity of heat evolved 
is proportional to the mass of the powder used in the experi- 
ment, but no attempts have been made to calculate the area 
of the surface exposed to the liquid. The equation used by 


Ercolini is M + po— 5. bz 0, where M is the mass of the 


* Chappuis, Wied. Ann. xix. p. 21 (1883). 
t Wiedemann and Lüdeking, Wied. Ann. xxv. p. 145 (1885). 
1 Gore, Phil. Mag. xxxvii. p. 306 (1891); Birm. Phil. Soc. Proc. 
vol. ix. pt. 1 (1893). 
$ Ercolini, Nuovo Cimenti, Serie 4, vol. ix., Feb. 1899. 
|| Bellati, Atti del R. Istituto Veneto, Tomo lix. Parte Seconda, 1900. 
«| Linebarger, Physical Review, vol. xiii. No. 1, July 1901. 
** FitzGerald, * Nature,’ vol. xlix. pp. 293, 816 (1894). 
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water, including the water equivalent of the calorimeter, p is 
the mass of the powder, and c the specific heat of the powder, 
0 is the observed rise of temperature, k is a constant and 
represents the amount of heat evolved on putting one gram of 
the powder into water. 

The value of & is, however, not really constant, but di- 
minishes very slightly as p increases. Martini explains this 
on the supposition that some of the water is solidified on the 
powder and its specific heat is thereby reduced to*5. Bellati 
has, however, shown by direct experiment that this supposi- 
tion is wrong. Soma silica was well dried, and then exposed 
to aqueous vapour so that it absorbed moisture, tho miss of 
which was determined by weighing the silica before and after 
its exposure; the specific heat of the water was then found 
by means of a Bunsen’s ice-calorimeter, an assumed value 
being taken for the specific heat of silica. The specific heat 
of the water was found to be much greater than ‘5, and it did 
not differ very much from 1. 

It seems highly probable that the specific heat of the water 
close to the surface of the silica differs from the specific heat 
of the water which is farther away from the surface, but any 
attempt to distinguish clearly between the two must neces- 
sarily lead to some doubtful assumptions. A consideration 
of the Pouillet effect is, however, incomplete if the possibility 
of such a variation in the specific heat of the liquid is not 
taken into account. There is also another possible source of 
variation in the quantity of heat evolved, which none of the 
investigators have considered, namely, the variation of the 
heat evolved with the temperature. In many of the records 
of experiments the initial temperature of the calorimeter is 
not even stated, and in other cases, where the temperatures 
are recorded, it is impossible to decide whether the variations 
in'the quantity of heat evolved depend upon differences 
in the initial temperature of the liquid and powder, or upon 
change of specific heat of the liquid, or upon some cause of 
error in the experiment. 

The objects of the present investigation were to obtain a 
relation between the quantity of heat evolved and the area of 
the surface exposed, to find the rate of variation of heat 
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evolved with variation of temperature, and to apply to the 
results the laws of thermodynamics. 

The nearest approach to a relation connecting the 
quantity of heat evolved with area of surface is the state- 
ment of Mr. Linebarger, that the finer the powder the greater 
the heat effect, and in the case of water and silica the heat 
effect is about proportional to the fineness of the powder. 
This conclusion is based upon a very few experiments with 
two samples of silica of different degrees of fineness, and it is 
directly opposed to the views of Martini, who states that the 
fineness of the powder does not influence the result to any 
important extent *. 


II. 


On the Relation between the Area of Surface of Silica and 
the Heat evolved on bringing the Surface in contact with 
Water. 


In making any experiment on the Pouillet effect, it is 
essential that the powder should be perfectly dry and tbat it 
should be at exactly the same temperature as the liquid. 
Very few of the investigators have succeeded in securing these 
conditions, but Mr. Linebarger's methods seem to leave nothing 
io be desired, and the experiments now to be described were 
made in a similar way. 

The precipitated silica, sand, or other substance to be 
experimented upon, was heated in an evaporating dish to dull 
red-heat. A test-tube was drawn out toa narrow neck at 
about seven or eight centimetres from the closed end, and the 
tube was then weighed. Some of the powder was now placed 
in the tube while it was still hot, and the tube was connected 
to an air-pump, and the air was exhaustel as completely as 
possible, the powder being at the same time heated until 
the tube showed signs of softening and closing in under 
the atmospheric pressure. The bulb was now sealed at the 
narrow neck, and when cold the whole of the tube and the 


* Martini, Atti del R. Istituto Veneto, Tomo lix. Parte Seconda 
(1900), p. 622 (Non à dunque la sottigliezza dei granuli della polvere che 
influisca in modo sostanziale sul fenomeno come ce lo provano le tre 
qualità di carbonato di calce), 
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powder were weighed together ; the difference between this 
weighing and the first weighing gave the mass of the powder, 
and a third weighing gave the mass of bulb and powder. 

The calorimeter used in these experiments was a copper 
vessel, 9 em. in height and 7:5 cm. in diameter ; it weighed 
104-605 grammes, and its water equivalent was 9°95 grammes. 
This was suspended by silken threads inside another copper 
vessel, this again was placed in a glass beaker containing water, 
and the glass beaker was placed inside another glass beaker, 
the space between the two beakers being filled with * glass 
wool" or “ cotton silicate," which is a very bad conductor 
of heat. The whole apparatus was kept in a cupboard with 
glass doors. The temperature of the calorimeter could there- 
fore be kept constant for a considerable time. 

The thermometers were divided to :02? C., and the readings 
were taken to the tenth of a division, so that there was a possible 
error in each reading of not more than :002? C. 

An instrument was used to serve the purpose of crushing 
the bulb, thus liberating the powder under the surface of the 
water, and it also served as a stirrer to keep the temperature 
of the water uniform. A piece of brass tubing about an inch 
in diameter was filed away in the middle, thus leaving two 
rings at the ends about an inch apart and connected by that 
part of the tube between them which had not been tiled away. 
A nut was soldered on to the tube between the rings and a 
screw worked in the nut, the axis of the screw being at right 
angles to the axis of the tube, so that when the glass bulb was 
placed in the tube it was held firmly by the screw pressing 
against it, and a few more turns of the screw were sufficient 
to break the bulb. The top of the screw was flattened to a 
sharp edge, which engaged in a split at the end of a stout 
brass wire ; this wire could thus be used to turn the screw, 
and then could be immediately removed. A piece of glass 
tubing was attached to the brass tube so that the screw worked 
along the axis of the glass tube, which served as a handle of 
non-conducting material. The water equivalent of this instru- 
ment was 2:35 grammes, and that of each thermometer was 
1:50 grammes. 

In making an experiment, the bulb containing the powder 
was placed under the surface of the water in the calorimeter, 
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and allowed to remain there for some hours, generally about 
twenty-four hours. The temperature was then observed 
every five minutes, and if several consecutive readings were 
the same, the bulb was broken, and the temperature again 
observed until it was constant. The rise of temperature was 
generally complete in three minutes or less, the liquid being 
gently stirred together with the powder. 

The mass of water, M, was always large compared with the 
mass of the powder, p, and hence the error, if any, involved 
in taking the specific heat of the water as 1, must have been 
exceedingly small. The temperatures at which the experi- 
ments were made did not differ very much, and the variation 
due to these small differences of temperature was neglected ; 
from theoretical considerations it follows that the variation in 
the heat evolved is not more than ‘3 per cent. per degree 
centigrade, and later experiments tend to confirm this. 

The specific heat of the glass bulb and its contents was 
taken as ‘19; any error in this assumption could not have 
affected the results, since the mass of the bulb and its contents 
was always small compared with the mass of water. 

The average diameter of the grains of powder was obtained 
by measuring many hundreds of grains by means of a 
microscope supplied with stage micrometer and eyepiece 
micrometer. The microscope was so adjusted that thirty 
divisions of the eyepiece micrometer exactly corresponded 
to one tenth of a millimetre on the stage micrometer, so that 
one division of the eyepiece micrometer represented -$z cm, 
lt was found that in the dry state the smaller grains of 
powder were often joined together, forming larger grains, 
and it was not easy to distinguish a lump consisting of several 
small grains from a complete grain; hence any measure- 
ments of powder in the dry state are likely to make the 
powder appear much coarser than it really is. When the 
powder was put in a drop ort water on a glass slide under 
the microscope and stirred with a small brush, the larger 
pieces of silica were seen to break up into smaller grains of 
fairly uniform size. The average diameter of the grains was 
found to be 2 of a division of the eyepiece micrometer, that 
is 00025 em. Suppose now there are n such average grains to 
a gramme of powder, then, since the specific gravity of the 
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powder ia 2:2, we have 
nx z (00025): x2:39—1 
on the assumption that the grains are spherical, and the area of 
surface is equal to 


1 1 
" 2— ers 


00025 


= 10900 sq. cm. 


That is, one gramme of the precipitated silica exposed a surface 
of about 10900 sq. cm. Another variety of silica used in 
these experiments was examined under the microscope, and 
the average diameter of the grains was found to be 1-2 
divisions or ‘000410 cm., so that the area of surface per 
gramme was 


1 1 
6 x 004 * 3.3 = 6820 sq. cm. 


Experiments were also made with some fine grey sand of 
specific gravity 2:6 ; the average diameter of the grains was 
*010 cm., and the area of the surface exposed by one gramme 
of the sand was therefore 
1 1 
6x 26 Di — 231 sq. cm., 
on the assumption that the grains were spherical. 

The probable error in estimating the surface of a powder 
by this method is considerable, because the particles are 
irregular in shape and size, especially those of the sand. 
Experiments were therefore made with “ cotton silicate” or 
“ plass wool," a kind of glass of specific gravity 2:7, in the 
form of fine filaments which, when examined under the 
microscope, are seen to be almost perfect cylinders, of fairly 
uniform size. The length of each cylindrical filament was 
very great compared with its diameter, so that in calcu- 
lating the area of its surface only the curved surface was 
considered. The average diamcter was found to be 00175 cm.; 
hence the area of surface exposed by one gramme of the 


silicate was 
4 


rx 00115 47 sq. em. 
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The accompanying table (I.) shows the results of some of 
the experiments. Other experiments were made, but the 
results are not shown because they are considered to be 
unreliable. In several experiments, there was a slight crack 
in the bulb before it was placed in the calorimeter, and in these 
instances the result obtained was far too low, though the crack 
was not large enough to admit any visible quantity of water ; 
this shows the great importance of keeping the powder dry 
until the moment of the experiment. Other experiments were 
rejected because there was a rapid variation in the temperature 
of the room at the time, so that the final temperature of the 
calorimeter did not reach a constant value until long after the 
time usually occupied in making an experiment. The rise of 
temperature observed in the experiments with sand and cotton 
silicate was only about 445? C., and hence the results are only 
given to the second significant figure. 


TABLE I. 
o bb S ma n ® o 
i E SoS s| s a |å 
E a |e | Begs | j3 jè 
& -zo| 9 be : 
i s |e | *:2382 | a |g Jë 
i Nature of m Sc | 2 Sas É 5 A ; 
lm Substance. g 3 E 2 E- ES RS E he $ T 
3 » | Pele 3 jZ ae re $. © &9|&à. 
te 38 | E|'eB|z2|lseLss|E 2, € $8 | 29 
s 8 l3s5laBlelesHs|s2| 9 |ES| EE 
B a |z&|3 E HEEREIE: 6s | 65 
3 3 2 BE] = to 3 ee 
Zi A |e = a A O O 
1. | Silica " Š 
(precipitated) | 00025 | 10900 | 3:749 |3: 205:51 |6:334 | :208 | 11°4 100105 
2. "M " » | $9563|355| 210°31 |6:562 | *192 | 11:3. |-00104 
3 » es B - 4169 [3 21005 |7:012 | :222 | 11:2 |-00103 
4 T » » » 4037 |3 23974 |7:586 | "194 | 11°5 100105 
§.* T 00040 | 6820, 3:94014:03| 207-26 |7:320 | 1986 | 715100105 
6. | Sand 010| 231/20:050|3:70| 220:08 |5:400 | :022 24 |. 0010 
7 » " » |20°589 |4°57| 24010 |5:482 | -020 -23 0010 
8 es 5s » [22:033 [3:81 | 252:28 |8-320 | -020 23 |-0010 
9 » ” » |20°188 |4°14| 255°15 |9°228 | 018 23 |-0010 
10. | Silicate 
(cylindrical 
filaments) |00175| 847| 2:240|3:81| 200-10 |5742 | 010 89 0011 
1. j i h » 4 006 |3:50| 210°98 157722 | :018 95 0011 
12. T ” » uw | 4138/[9:47| 211776 |6052 | :018 92 0011 


* See Table TI. for results of other experiments with silica. 
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It is considered that these results justify the enunciation of 
the following law :— 

When silica, sand, or glass, is brought in contact with water, 
at approximately constant temperature, the heat evolved is pro- 
portional to the area of the surface exposed by the solid, 
and the amount of heat developed per square centimetre is 
approximately :00105 calorie when the temperature is near 
7? C. 

III. 


A pplication of the Laws of Thermodynamics. 


Assuming that the phenomenon of Pouillet is reversible, 
we may apply the laws of thermodynamics. Let À be the 
amount of heat developed per square centimetre at the 
surface of the solid and liquid at constant temperature, let 
c be the specific heat of the liquid when the surface remains 
constant, let s be the area of surface of the powder exposed 
to one gramme of the liquid, the volume of which is supposed 
to remain constant, let P be the surface-pressure for the 
given solid and liquid. Then, with the usual notation of 
thermod ynamies, 


dQ-c.dt—h.ds, . . . . . (i) 
and dQ=7 . dd, hence 
T.d$-c.dt—h.ds. |. . . . (ii) 
The variation of the internal energy is 
dUzJ.dQ—P.ds-J.c.dt—(J.Àh4P)ds, (iii) 


where J represents the mechanical equivalent of heat. 
Imposing the condition that the variation of the internal 
energy is a perfect differential, we obtain 


de, dh dP : 

(Z+ )--t. e e. e. e (iv.) 
Imposing the condition that the variation of entropy, dq, is 
a perfect differential, we obtain 


dc dh h 
di v p.t e e e . . (v.) 
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From equations (iv.) and (v.) we have 


T dP : 
A= — J . "dt " e e e e (vi.) 
de t dP » 
and 215g5gas See (vii.) 


Applying these equations to the results obtained for water 
and silica, we find that the surface-pressure diminishes with 
rise of temperature, for since heat is evolved when the surface of 
water and silica is extended, k is positive, and heuce from equa- 


tion (vi) E is negative. Taking A as *00105 when r is 280° 
and J—42x 10', we have P — —157; that is, at 7? C. the 


surface-pressure of water and silica diminishes at the rate of 
157 dynes per em. for an increase of temperature of 1? C. 


; de , dh _ 00105 ., 
From equation (v.) we have ds t = Sp 7 0000037 


at a temperature of 7° C. d " 
From equation (v.) it is clear that if either T or is 


known, the other can be found, and if both of these could be 
determined with precision, a value for absolute zero could 
be obtained, which would be independent of the air-thermo- 
meter. 


IV. 


On the Rate of Variation of the Heat evolved with Change 
of Temperature. 


The accompanying Table II. shows the results of experi- 
ments made to determine, at least approximately, the value of 


--— ; 
the term A which appears in the foregoing theoretical 


investigation. The same powder was used throughout, and 
the results are tabulated in calories per gramme as well as in 
calories per sq. cm., so that the data should be equally useful 
whatever be the hypothesis advanced. 

The thermometers used in these experiments gave a range 
of temperature from 5? C. to 25? C.; hence the range over 
which experiments could be made was rather less than 20? C. 

VOL. XVIII. T 
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TABLE II. 


Experiments with precipitated Silica. Average diameter of 
grains ‘00040 cm. Estimated area of surface per gramme 
6820 sq. cm. 


Mass of water, 


Mass of including water-' Calories | Calories 
Number de Mase of | oquivalent of | Initial | Rise of per 
of Expe-| Po" cer of calorimeter, | Temp. | Tempe- | gramme | sq. cm. 
riment. | P bulb. | powder, bulb, | (Cent.). | rature. f 
grammes thermometer, 
and stirrer, 
o Qo 

Is 3:940 | 403 207-26 1:320 "136 715 

Zio: 4282 | 3:32 190-26 1:300 164 7°29 

Boie 3760 | 3:55 201:88 6:930 131 7:19 

LM 3002 | 8325 19571 6238 132 717 

D ates: 3721 | 400 196-26 67710 136 717 

Orire 3601 | 332 211:49 7:200 122 T17 

Triin 332356 | 358 20525 1:106 *114 719 

B. ioca 4100 | 374 214-16 1:902 :138 7:09 

Bions. 201 | 414 197-01 29436 | -164 | 758 
10: sis 3:950 | 3:92 182:94 24:180 "162 750 
IL 3:007 | 322 202:57 24-410 :138 7°64 
12. s 41780 | 467 206:67 24:000 178 1:08 
I3: sese 4417 | 379 212-02 24-060 160 768 
I s 4691 | 317 230-80 24:670 154 7:58 
15. 2: 4 884 221-21 23:906 :130 738 
16. ...... 9:329 | 299 227 68 24:700 "124 737 


It was found necessary to modify the apparatus so that the 
calorimeter could be kept for some hours at constant tempe- 
rature above that of the atmosphere. The cylindrical copper 
vessel in which the calorimeter was suspended was closed by 
a tightly fitting copper lid, under the rim of which was tightly 
packed an indiarubber ring which had previously been 
stretched around the top of the vessel. Into the copper lid, 
two copper tubes about two inches long were soldered; 
through one of these tubes the bulb of the thermometer 
could be put into the calorimeter, and through the other passed 
the handle of the crushing instrument. Thus the bulb could 
be crushed and the liquid stirred and the temperature observed 
without opening the vessel. The copper vessel was now 
immersed in several gallons of water, the top of the lid being 
about an inch below the surface, This water was kept at 
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approximately constant temperature for several hours, during 
which time the bulb containing the powder was immersed in 
the water in the calorimeter, so that there could be no doubt 
about the powder and the water being at the same temperature. 

This apparatus proved so satisfactory that it was finally 
adopted in the later experiments at the lower temperature, 
instead of the arrangement previously described. 

In the first eight experiments the mean temperature was 
about 7?:1 C. and the mean heat evolved was 7:18 calories per 
gramme, or ‘00105 calorie per sq. cm. In the last eight 
experiments, the mean temperature was about 24?:3 C. and 
the mean heat evolved was 7:55 calories per gramme or 
*00111 calorie per sq. cm. 

dh _ *00006 


The mean value of a7 r = "0000035. 
h 00108 . 
The mean value of pa = 2881 = 0000037. 


Hence, roughly speaking, ^ = hand À varies as 7, that is 


the heat evolved is roughly proportional to the absolute 


temperature. 


V. 


On the Rate of Variation of the Specific Heat of Water with 
Extension of the Water-Silica Surface. 

de irm, and hence from the 

results stated above it follows that “ must be very small. 


If the values of G and : are correct to the second significant 


It has been shown that 


figure the value of a is 2x 10-7, and this may be taken as 


us 
ds 
For an accurate determination of P experiments would 


indicating the order of magnitude of the term 


have to be made over a much wider range of temperature, 
and it would be advisable also to obtain, if possible, a silica o£ 
much finer and more uniform quality than that used in these 
experiments. 
It is known that the surface-tension of a liquid in contact 
T 2 
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with air can be represented approximately as a linear function 


of the temperature, and hence, from equation (vii.), » is 


approximately zero. But it cannot be assumed that the 
-surface-pressure of water and silica follows the same law as the 
surface-tension of a liquid in contact with air. 

In making any experiment to determine directly the 
specific heat of water in contact with silica, we are met at 
once with the difficulty that the specific heat of silica is not 
accurately known. 

According to Joly * the specific heat of amorphous silica 
is 2875, but it has been suggested f that this value is too 
hizh, and that the error arose through neglect of the Pouillet 
effect; a similar question in regard -to the specific heat of 
carbon has been investigated by Kopp, Wüllner & Bettendorf, 
and Weber f. 

Bellati $, in his attempt to determine the specific heat of 
moisture absorbed by silica, took for the specific heat of the 
silica the value :1993 as the mean of the various values 
obtained for different forms of silica. 


The value of o cannot, however, be obtained by direct 


experiments such as those made by Bellati. Suppose, for 
example, p grammes of silica having a specific heat k, and w 
grammes of water, are mixed and raised to a temperature f, 
and the mixture is then put into a Bunsen's ice calorimeter 
and cooled to 0? C., the heat given up is 

(pte tp e p.e . 3a = (pk-+w—p. 8. N t, 
approximately, from equation v. 

It is necessary, therefore, to distinguish between the true 
or absolute variation and the apparent variation in the specific 
heat of water in contact with a solid. The true variation in 


the specific heat is proportional to 7. i ds and is probably very 
small; but since in any experiment ui is impossible to prevent 


* Joly, Proc. R. Soc. xli. p. 250 (1886). 

f Martini, Atti del R. Istituto Veneto, Tomo lix., Parte seconda, p. 637. 
t Weber, Pogg. Ann. t. 154, pp. 367-423 (1875). 

$ Bollati, Atti del R. Istituto Veneto, Tomo lix., Parte seconda, p. 945. 
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the evolution or absorption of heat at the surface depending 
on the term dr the apparent variation in the specific heat, 
that is, the variation actually observed in any experiment, is 


proportional to the difference of the terms ds and z that 


is, approximately proportional to 4 
Hence the apparent specific heat of water in contact with 
a solid is approximately (1-22) where A is the area of 


the surface of the water in contact with the solid, and w the 
mass of the water. For example, in the earlier experi- 
ments of the present investigation, the mass of water was 
about 200 grammes and the area of surface exposed by 
4 grammes of powder was 4x10900— 43600 sq. cm., and 


the value of - was 37 x 107: hence the apparent specific heat 
T 


of the water was equal to (1— $5609 x 37 x 1077) —--99919. 
lt is evident that if the mass of water is small compared with 
the mass of powder, the variation in the apparent specific 
heat may be very great, so that it is not necessary to assume, 
as Martini did, that some of the water is solidified on the 
surface of the powder, in order to account for the apparent 
variation in the specific heat. 


VI. Experiments with Mercury. 


Experiments were made to show a fall of temperature on 
putting a finely divided solid into mercury. After several 
fruitless attempts with silica, the following method was 
adopted. 

About 3009 grammes of mercury were placed in a glass 
beaker, and some cotton silicate was placed in the same 
beaker above the mercury ; above the cotton silicate was 
a cardboard disk which covered the silicate entirely, except 
that a space was left for the insertion of the thermometer, 
and a little space was allowed for the edge of the disk to 
clear the sides of the beaker. On pressing down the disk 
the cotton silicate was suddenly immersed in the mercury, 
and in some experiments there was a fall of temperature 
amounting to :016? C. But the results were not consistent, 
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for in other experiments there was a slight rise of tempera- 
ture, caused probably by the cotton silicate being at a higher 
temperature than the mercury. After leaving the cotton 
silicate immersed in the mercury for some time, so as to take 
the same temperature, it was suddenly released, and a rise of 
temperature was the invariable result. With 11 grammes 
of cotton silicate the rise of temperature was about 02° C., 
and with 30 grammes of silicate the rise of temperature was 
about ‘05° C., but the results varied considerably. 

These experiments do not lend themselves to quantitative 
measurement, for the surface of the mercury cannot be deter- 
mined. When the filaments of cotton silicate are put into 
mercury they tend to cling together in bundles or tufts, and 
the mercury breaks up into a great number of little globules 
between the tufts of silicate. The surface exposed by the 
mercury is thus large and indeterminate. The results show, 
however, that the sudden contraction of a mercury surface 
causes an evolution of heat and corresponding rise of tempe- 
rature, and the effect can be regarded as a modification of 
the Pouillet effect for a liquid which does not wet, or enter 
into intimate contact with the solid. 


H.M. Dockyard School, Portsmouth, 
March 1902. 


DISCUSSION. 


Prof. EvERETT said the research was a valuable contri- 
bution to our knowledge of the Pouillet effect. The results 
were consistent in showing a generation of heat to theamount 
of about one-thousandth of a therm per sq. cm. of increase 
of surface of contact between the water and the silica. He 
thought this heat must be due to diminution of volume in 
the water-film ; for extension of area of a liquid film tended 
to produce cold. Cold was in fact produced by enlargement 
of the surface of mercury in the concluding experiments. 

Mr. J. MacFARLANE Gray said that the paper was to 
him peculiarly interesting, because satisfactory explanations 
of the phenomena described could be obtained by substituting 
the universal dynamic pressure of a corpuscular ether for 
the unthinkable universal attraction of matter. He gave an 
example to iliustrate what he calls the metafilm at a surface, 


ON UNEVEN DISTRIBUTION OF LIGHT, 269 


and pointed out that it is necessary to consider both the 
matter-volume and the meta-volume of bodies to get at the 
explanation of physical phenomena. In the Author's ex- 
periments there is a diminution of meta-volume, and the 
ether produces heat equal to the product of the ether pres- 
sure and the volume of the cancelled metafilm, just as the 
heat of evaporation is reproduced when steam is condensed. 
The experiments were to him not a surprise, but a confirmation 
of his views. 

Mr. J. H. Garpiner drew attention to the necessity of 
heating the powdered silica to red heat in order to get rid 
of moisture. If possible, the silica should be heated in the 
actual tube and sealed up whilst hot. 

Mr. R. S. WurrPPLE said that Dr. Cobbett had shown that 
results very similar to the Pouillet effect could be obtained 
with an ordinary clinical thermometer and a piece of muslin. 
The bulb of the thermometer was covered with two or three 
layers of muslin, and the thermometer, thus covered, was 
placed inside a sterilizer which was maintained at the normal 
blood temperature, 98?-4 F., for several hours. If the thermo- 
meter, still covered with muslin, was then placed in the 
mouth of a person whose temperature was nurmal, a rise of 
two or three degrees would be shown by the thermometer. 


eS EG 


XXV. On a Remarkable Case of Uneven Distribution of 
Light in a Diffraction Grating Spectrum. By R. W. 
Woon, Professor of Experimental Physics, Johns Hopkins 
Umversity*. 

IT is a well-known fact that in the spectra formed by a 

diffraction-grating the light is unevenly distributed, that 

is ihe total light in any one spectrum will not recombine to 
form white light. 

I have been examining a most remarkable grating recently 
ruled on one of the Rowland dividing-engines in which this 
uneven distribution is carried to a degree almost incompre- 
hensible. If the spectra of an incandescent lamp are viewed 

* Read June 20, 1909, 
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directly in the grating without any other optical appliance, 
at certain angles of incidence perfectly sharp monochromatic 
images of the filament appear in different parts of the first 
order spectra. Sometimes these images are nearly black, and 
sometimes they are far brighter than the rest of the spectrum. 
On mounting the grating on the table of a spectrometer I 
was astounded to find that under certain conditions the drop 
from maximum illumination to minimum, a drop certainly of 
from 10 to 1, occurred within a range of wave-lengths not 
greater than the distance between the sodium lines. Jn other 
words, this grating at a certain angle of incidence will show 
one of the D lines, and not the other. 

Setting the grating at nearly normal incidence, a bright 
narrow line appeared in the yellow, and a slightly broader 
dark line showed up in the green. On decreasing the angle 
of incidence these lines approached one another, one travelling 
up the spectrum, the other down. At an incidence angle of 
a few minutes they came in contact, presenting an appearance 
very similar to one of the shaded lines in the spectrum of a 
Nova. On decreasing the angle of incidence to zero, the 
lines fused producing uniform illumination at the spot. 

When the light is incident on the opposite side of the 
normal from the spectrum we find the red and orange 
extremely brilliant up to a certain wave-length, where the 
intensity suddenly drops almost to zero, the fall occurring, 
as I have said, within a range not greater than the distance 
between the D lines. A change of wave-length of 1/1000 is 
then sufficient to cause the illumination in the spectrum to 
change from a maximum to a minimum. 

The theory of the diffraction-grating, as it stands at the 
present time, appeared to me to be wholly inadequate to 
explain this most extraordinary distribution of light, and I 
accordingly endeavoured to find out if possible the necessary 
modifications which must be introduced. 

The ordinary theory shows that under certain conditions 
(square groove and normal incidence for example) the directly 
reflected light, or central image, may have certain wave- 
lengths wholly absent and appear strongly coloured in 
consequence. Coloured central images have been studied 
experimentally by Quincke, and Rayleigh has treated them 
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theoretically for transmission-gratings, and Rowland for 
gratings acting by reflexion. 

In studying the colours of these central images I have 
found that when the plane of polarization is parallel to the 
groove the colour is quite different from what it is when 
the plane is at right angles to the groove. The polarizing 
power of gratings has been experimentally investigated by 
Wien and Rubens, but to the best of my knowledge their 
experiments were confined to wire gratings, and dealt merely 
with the amount of light directly transmitted under the 
two conditions. So far as I know, polarization has never 
been introduced into the theory of gratings. 

It occurred to me that polarization might prove to be the 
key to the explanation of the very singular behaviour of the 
grating of which I am writing. Experiment proved this to 
be the case, for it was found that the singular anomalies were 
exhibited only when the direction of vibration (electric vector) 
was at right angles to the ruling. On turning the nicol 
through a right angle all trace of the bright and dark bands 
disappeared. The bandsare naturally much more conspicuous 
when polarized light is employed. 

We will now examine in some detail the appearance of 
the spectrum at different angles of incidence. In fig. 1 we 
have the appearance of the spectrum for ten different angles 
of incidence. The position of the dark and light bands in 
the spectrum was determined by employing sunlight, and 
using the Fraunhofer lines as reference-marks. The wave- 
lengths are indicated at the top of the figure, and the angles 
of incidence at the left. Beginning with No. 1, we have the 
light incident at an angle of 4° 12’ on the same side of tlie 
normal as the spectrum. A bright line not much wider than 
the distance between the D lines appears at wave-length 609, 
and a dark band at 517: the latter is sharp and black on one 
side and shades off gradually on the other. On decreasing the 
angle of incidence to 2° 37’ the bands approach, occupying 
the positions shown in No. 2. 

Numbers 3 and 4 show two subsequent positions, and it will 
be noticed that the rate of progress along the normal spectrum 
is the same for each. In No. 4 we have the appearance 
which I have likened to the line in the spectrum of a Nova, 
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In No. 5 the incidence is normal and the lines have fused 
and disappeared. This is not merely an approximation, for 
I have found that if the grating be turned until the spectrum 
has this appearance, the light reflected back through the 


Fig. 1. 
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Incidence. 
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collimator passes through the slit. This furnishes us with 
a new method for adjusting a grating for normal incidence. 
On passing this position a narrow bright line appears which 
broadens into a very sharply defined rectangle, appearing, as 
is shown in No. 6, at an incidence angle of 5’ on the opposite 
side of the normal from the spectrum. This rectangle 
broadens as the angle of incidence increases, its edges be- 
coming heavily shaded, as is shown in No. 7, where we 
lave essentially two dark bands retreating from each other 
at equal rates as the angle of incidence increases. There 
is nothing especially peculiar about the one which is journey- 
ing towards the violet end of the spectrum, but the other 
behaves in a most singular manner, which could only be fully 
illustrated by a.kinematograph-view of its changes. In No. 7 
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we find it very sharp and black on the right-hand edge, 
shading off towards the red end of the spectrum. As it 
moves along, a shadow appears on its right-hand side, the 
two shadows being separated, however, by a narrow bright 
region ; the right-hand shadow increases in depth, while the 
left-hand one clears up, until the band becomes symmetrical, 
a narrow bright line with a shadow on each side, as is shown 
in No. 8. On increasing the angle of incidence still further, 
the inverse of this operation takes place, until in No. 9 the 
shadow has transferred its position to the right, and appears 
with a sharp black edge as before only reversed in position. 
This process of turning inside out of the shadow marks the 
beginning of another curious event, for, as the reversed 
shadow travels along towards the red with increasing angle 
of incidence, an exceedingly black symmetrical band splits 
off from it and travels down the spectrum in the opposite 
direction, arriving at the position shown in No. 10, at an 
incidence angle of 5° 45'. This band is much wider than 
the others and seems to be absolutely black at the centre, 
even with a fairly wide slit. 

This represents the cycle when the grating is in air. If 
a piece of plane-parallel glass is cemented to the front of the 
grating with cedar oil the cycle is quite different. In this 
case we have a pair of unsymmetrical shaded bands which 
move in the same direction as the angle of incidence is 
changed. In fig. 2 I have given the appearance and position 
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of these bands for three different angles of incidence. It 
will be observed that they remain distinct on passing through 
the position of perpendicular incidence. 

It is impossible to identify these bands with those observed 
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with the grating in air, since the jump in the refractive index 
of the medium in which the grating is immersed is too great. 
To determine the effect of increasing the refractive index 
of the medium on the position of a given band I fastened a 
plate of glass in front of the grating at a distance of about 
0:3 mm. from the ruled surface. Water was introduced 
between the two, and glycerine applied to the lower edge. 
The denser fluid gradually diffused up into the water, and I 
observed the dark bands sharply curved, on looking at the 
spectrum directly in the grating without the aid of a telescope, 
the shift being towards the red, as the refractive index 
increased. The appearance of one of the bands is shown 
in fig. 3. It will be observed 
that the shift is in the same 
direction as when a resonator is 
immersed in a medium of high 
dielectric constant, and though 
there may be no connexion be- 
tween the two phenomena, it 
seems perhaps worth while to 
mention it us there may be some- 
thing akin to resonance in the action of this grating. 

lt is useless to attempt to fully explain the very complicated 
sequence of events which I have outlined, until some working 
hypothesis is established which will explain some one of them, 
and it appears to me that the first thing to do is to make some 
assumption which will explain the very remarkable fact that 
a change of wave-length of one part in a thousand is sufficient 
to change the illumination from a maximum to a minimum. 

We know that this can take place if we are dealing with 
interference with a large difference of path.  Hamy's 
* extincteur ”* is a piece of apparatus which illustrates this 
better than anything with which I am familiar. It occurred 
to me that possibly the anomalies were to be referred in 
some way to the interference between disturbances coming 
from widely separatad lines, though I had no very definite 
idea as to just how it could produce any of the anomalies, or 
how it was to be connected with the polarization effect. It 
seemed worth while, however, to investigate the matter, and 

* M. Hamy, Compt. Rend. cxxv. P 1092 (1897). 
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I accordingly covered the grating with a thin sheet of black 
paper, leaving exposed only a strip about 0:3 mm. wide along 
one edge. By bringing the eye close up to this small strip 
the spectrum could be distinctly seen, but the sharpness of 
the dark bands seemed to be undiminished. As there were 
only about 200 lines acting there could not have been any 
very considerable difference of path between even the 
extreme rays. In consequence of this I am compelled to 
refer the matter to the form of the groove. The important 
fact which must be taken into account in any endeavour to 
explain the action of the grating is, that the anomalies only 
occur when the electric vector lies across the ridge. We cau 
speculate about the action of the narrow ridges on the light 
waves, assuming, perhaps, something of the mature of reso- 
nance taking place across the ridge, or we can seek for 
the explanation in the behaviour of the transverse vibrations 
in between the ridges, but in any case we are confronted 
with the difficulty of explaining the tremendous change in 
the intensity of the illumination with the exceedingly small 
change of wave-length. 

The study of this grating has been limited to the two 
or three days immediately preceding the closing of the 
laboratory for the summer, consequently I have been unuble 
to give a very exhaustive account of its behaviour under 
other conditions, or secure any very satisfactory photographs 
of the peculiar spectra. The few photographs which I have 
taken and which are reproduced, were made on some old ortho- 
chromatic plates, without any especial appliances, the plates 
being applied to the end of the spectrometer tube, while 
the slit was illuminated with a Nernst lamp, which makes 
the best source of light possible when a continuous spectrum 
is required. The photographs are interesting as showing 
the sharpness of the bright and dark bands in the spectrum. 
I am of the opinion that a study of the colours of the central 
image with polarized light in the case of this grating may 
throw some further light on the problem, which is one of the 
most interesting that I have ever met with. 

Baltimore, June 2nd, 1902. 
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XXVI. On the Electrical Resonance of Metal Particles for 
Light- Waves—Second Communication. By R. W. Woon, 
Professor of Experimental Physics, Johns Hopkins Uni- 
versity*. 


In a previous papert I have shown that granular deposits of 
the alkali metals exhibit brilliant colours by transmitted light. 
These colours were referred provisionally to the electrical 
resonance of the minute particles for light-waves. 

At the time of writing this paper, I was not acquainted with 
Prof. Threlfall’s interesting work on the optical properties 
of metallic precipitates and his attempts to verify the polariza- 
tion effeets calculated by Prof. Thomson, to which I alluded. 
] feel sure that the colours observed by Prof. Threlfall, and 
those which I have observed, are to be referred to the same 
causes. It was found that the immersion of the particles in 
a liquid of high dielectric constant produced striking changes 
in the colour of the transmitted light, the change corre- 
sponding to a shift in the absorption-band towards the red 
end of the spectrum. It has been recently shown by 
Aschkinass and Shaefer] that the length of electromagnetic 
waves to which a system of metallic resonators respond, is 
increased by immersing the resonator system in a liquid of 
high dielectric coustant, which is obviously analogous to the 
behaviour of the sodium and potassium films. It is also well 
known that the position of the absorption-band of aniline d yes 
depends to a certain extent on the dielectric constant of the 
medium in which the dye is dissolved. 

Continued investigation along the lines indicated in my 
previous paper has convinced me that it is impossible to 
refer the colours either to interference or diffraction, and it 
remains only to determine whether the resooance of the metal 
films is molecular, as in the case of the aniline dyes, or 
whether we are dealing with an electrical vibration of metallic 
masses, smaller than the light-waves though of the same 
order of magnitude. At the time of writing my first paper 

* Read June 20, 1892. 


t Proc. Physical Society, vol. xviii. p. 166; Phil, Mag. April 1902, 
[ Drude's Annalen der Physik, vol. v. p. 489. 
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I had been successful in producing coloured films only with 
sodium, potassium, and lithium. Consequently, the only 
optical investigations that could be made were such as could 
be adapted to films formed on the walls of exhausted bulbs. 
Determinations of dispersion were practical impossible 
under these conditions, except by means of very elaborate 
apparatus, which it did not seem worth while to construct 
until further efforts had been made to obtain films of this 
nature which would be permanent in air, and could be 
examined with the interferometer. I have smce succeeded 
in producing deposits of gold, which exhibit colours very 
similar to those shown by the potassium films. The deposit is 
formed by the discharge from a gold cathode in à moderately 
high vacuum, the colour depending on the distance of the 
glass plate from the electrode and the degree of exhaustion. 
Under certain conditions a green film is deposited, of a tin& 
similar to that of gold leaf, while under other conditions 
blue, violet, and purple films can be obtained. The colour of 
the green film is doubtless to be ascribed to the same causes 
which operate in the case of gold leaf. The tint of the blue 
and purple films, however, is changed by moistening the plate 
with ligroin, precisely as is the case with potassium deposits. 
The mere approach of a glass rod, moistened with the liquid, 
is sufficient to produce a change of colour, the film apparently 
possessing the power of condensing the vapour upon its sur- 
face. Platinum and other metals in a fine state of division 
have this same property, consequently it seems extremely 
probable that the gold deposit is of this nature. Thus far 
I have only obtained two or three deposits which show this 
change. Most of the films are but slightly, if at all, affected 
by ligroin. 

In the case of the gold films, the particles are too small to 
be seen under the microscope, with the facilities at my dis- 
posal; and I am inclined to the opinion that, in the case of 
the sodium and potassium films, particles which were actually 
seen with the microscope were only the moderately large 
ones, and may not have been instrumental in producing the 
colour.. In continuing the work, I plan to make more ex- 
haustive examinations with the microscope, using higher 
powers if possible, employing photography, and ultra-violet 
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light if necessary, for I believe that only in this way can the 
nature of the resonator be determined. There will be no 
great difficulty in determining the dispersion, since the gold 
films are permanent, and can be examined with the inter- 
ferometer, or they may easily be given a prismatic form. I 
feel confident that they will show anomalous dispersion, a 
phenomenon which, if observed, would be almost proof 
positive that the absorption-band was due to resonance. It 
would not, however, enable us to decide whether the resonance 
was within the molecule or not, for prisms built up of tinfoil 
strips were found by Garbasso and Aschkinass* to refract 
and disperse electromagnetic waves. Rubens and Nichols 
have examined the action on heat-waves of resonator systems 
formed by ruling crossed gratings on thin silver films, and 
found evidences of a higher reflexion percentage when the 
length of the resonators approaches a whole number of half 
wave-lengths. 

Prof. Nichols and I are, at the present time, working in 
collaboration on the selective reflexion from a number of 
plates covered with resonators, very much smaller than any 
that have hitherto been employed. By depositing thin films 
of gold in vacuo, on glass, and ruling under oil, I have suc- 
ceeded in producing resonators measuring 0'8 pu by lly, 
which should resonate in a part of the spectrum where there 
is plenty of energy. Some of the trial rulings were made on 
the blue and purple films which I have mentioned, and in 
examining them under the microscope I have detected 
numerous minute granules, of about the same size as the 
sodium particles which I described in my previous paper. 
Whether these are the particles deposited by the cathode dis- 
charge, or merely metallic dust cut off by the diamond point, I 
am unable to say. The fact that the coloured films of gold are 
produced when the glass plate is at some distance from the 
cathode, seems to indicate that the gold vapour, if we may 
use the term, has time to condense into minute drops before 
reaching the plate. These films adhere much less firmly to 
glass than the green films which are formed when the 
distance between the cathode and the plate is small. In the 


* Wiedemann's Annalen, vol. liii. p. 534. 
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latter the deposit is doubtless molecular, and the optical 
properties are similar to those of gold leaf. I have thus far 
been unable to obtain coloured deposits of platinum, which 
is the only other metal I have examined at the present time, 
which fact makes it seem as if the molecule was in some 
way concerned with the colour. The variable nature of the 
colour, however, especially in the case of sodium and potassium, 
makes it appear improbable that the action is similar to that 
of aniline dyes; namely, a resonance within the molecule ; 
for deposits of the same substance can be obtained showing 
an absorption-band almost anywhere in the visible spectrum, 
which is not the case with the more common types of coloured 
inedia, 

The colour of the gold deposit varies, as I have said, with 
the conditions under which the deposition takes place. I 
have employed gold cathodes of two forms: a flat plate 
about 3 cms. square, and a thick wire, screening off the 
radiation from all but the tip with a mica screen. The most 
interesting deposits were obtained from the small source. 
In one instance the film showed a brilliant green surface 
colour, resembling fuchsine, the transmitted light having a 
purple tint. Owing to the transparency of the film a good 
deal of white light is mixed with the selectively reflected 
light ; this can be cut off with a nicol, if the reflexion takes 
place at the polarizing angle for glass, and the coloured light 
from the film which is unpolarized then appears in great 
purity. One plate showed patches of brilliant carmine red, 
deep blue, and green, of an intensity and saturation which I 
have never seen equalled in any interference experiment. 
The colour of the selectively reflected light depended some- 
what on the angle of incidence, a phenomenon observed also 
in the case of the sodium and potassium films. Increasing 
the angle of incidence changed the colour from green to blue; 
the period of vibration of the resonator system appears there- 
fore to be less when the angle of incidence is large. 

If the glass plate is placed near the tip of the gold wire, 
the green deposit, similar to gold leaf in its optical propert:es, 
is deposited at the centre,  Surrouuding this is a film appear- 
ing light yellow by transmitted light, and bluish by reflected 
light. This seems to be what we should expect, fur the 
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smallest particles, which will resonate for blue light, will be 
deposited when the distance from the cathode is a little 
greater than that at whieh the molecular deposit occurs. 
Increasing the distance, we get larger particles, and the point 
of maximum resonance moves up into the green, giving us a 
purple film’ with green surface colour. At a still greater 
distance we get particles large enough to resonate for red, 
and the film appears deep blue by transmitted light. All of 
these variously coloured films can be changed into the green 
structureless film by heating. We may regard the change 
as due to the fusing together of the resonators. If this is 
the case, the electrical resistance should be less after firing 
than before. This was found. to be the case. The con- 
ductivity of the films is surprisingly good. A strip of a deep 
blue film measuring 10 by 5 mms. had a resistance of only a 
little over 2 ohms. After heating the film its resistance 
dropped to about half this value. 

It is even possible to change the colours by heating with- 
out sending the film over to the gold-leaf stage. I have a 
yellow film which local heating has changed to blue and 
purple in spots. A similar temperature change was noticed 
with the sodium and potassium films, as I mentioned in my 
previous paper, which I was unable to explain satisfactorily, 
since it appeared to be the opposite to what we should expect, 
if it was due to evaporation, which was the.only thing that 
occurred to me at the time. It now seems as if the changes 
in both instances could be referred to a partial coalescing of 
the resonators. 

I find a difficulty in reconciling the assumed resonance of 
the films with their electrical conductivity, but the matter is 
perhaps less troublesome than the explanation of why gold- 
leaf transmits any light at all. 

Coloured films of a similar nature can be made of silver, 
by pouring a solution of Carey Lea’s soluble allotropic silver 
on a glass plate and evaporating it over a flame*. Ten parts 
of the ferrous sulphate solution are mixed with fourteen parts 
of the sodic citrate solution, to which is then added ten parts 


* American Journal of Science, vol, xxxvii. p. 476 (1889). 
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of the silver nitrate. The precipitate is allowed to settle, 
the liquid decanted, and the residue filtered. A small amount 
of distilled water is next poured into the filter and allowed 
to run through. More distilled water is now passed through 
the filter and collected. It will be found to have a very deep 
red colour, and if a small amount be spread over a clean 
glass plate and evaporated, it leaves a film which appears deep 
red, purple, and blue by transmitted light. The reflected 
light is of a complementary tint, the purple film reflecting 
green, and the red a greenish blue. 

Ligroin changes the optical properties of the film, though 
the change is only to be seen when a nicol is used, and even 
then it is not very pronounced. I feel pretty certain that I 
have detected traces of a granular structure in these silver 
films with the microscope, and hope to confirm the observa- 
tion as soon as a more perfect objective is at my disposal. 

An investigation of the dispersion of the films, which I 
intend to take up next, and a more careful study with polarized 
light, will doubtless throw further light on the matter. 


Baltimore, Md., U.S.A. 
May 30, 1902. 
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XXVII. On the Thermodynamical Correction of the Gas- 
Thermometer. By H. L. CALLENDAR, M.A., F.R.S., 
Professor of Physics, Royal College of Science *. 


1. Introduction. 


THE correction of the gas-thermometer to the absolute 
scale is a subject possessing considerable theoretical interest ; 
it has also acquired some practical importance at the 
present time in view of the increasing accuracy attainable in 
thermometric measurements. A number of papers on the 
subject have recently appeared in the Philosophical Magazine 
and other periodicals. These show some divergence in the 
methods proposed and in the results deduced, and little has 
yet been done in the direction of calculating tables of cor- 
rections for different gases, or in the practical application of 
the results to thermometric measurements. 

I propose in the present paper to give some account of the 
theoretical and experimental work bearing on the subject ; 
to explain a method of expression in terms of the ** Co-aggre- 
gation Volume" which I have found very convenient in 
treating similar problems relating to imperfect gases ; and to 
show how to calculate tables of corrections in a simple and 
practical manner. 

The earliest work of any value was that of Regnault 
(Mémoires de Institut, Paris, 1847) (1) on the deviations of 
gases from Boyle's law; (2) on the pressure- and expansion- 
coefficients at various pressures; (3) on the comparison of 
the thermometric scales of different gases over the range 0? 
to 300? C. These experiments established the suitability of 
the gas-thermometer as a standard, but the order of accuracy 
attained in the comparisons did not suffice to detect any differ 
ence between the scales of the more permanent gases. 

The Absolute or Thermodynamic scale of temperature was 
invented shortly afterwards by Lord Kelvin, who devised a 


* Read March 26th, 1901. Publication was delayed to await the 
results of experiments in progress at University College. But in con- 
sequence of my removal to the Royal College of Science, it has been found 
impossible to include this experimental work in the present paper. 
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very delicate method of detecting the deviations of actual 
gases from the ideal state (Trans. Roy. Soc. Edinb. vol. xx. 
p. 289, April 1851; Phil. Mag. [4] 1852, p. 481), and 
explained how to reduce the indications of the gas-thermo- 
meter to the absolute scale. The experimental measurements 
were carried out shortly afterwards in conjunction with 
Joule (Phil. Trans. 1854, p. 321), and still remain among 
the most important data for the determination of the thermo- 
dynamical correction. The history of this investigation is 
contained in Sir Wm. Thomson's Mathematical and Physical 
Papers, vol. i. pp. 333—455, and need not be considered in 
detail ; but it will be necessary to give a brief account of the 
method for the elucidation of the notation adopted and the 
method of calculation proposed in the present paper. 


2. Theory of the Porous-Plug Experiment *. 

The notation adopted is as follows ;— 

=intrinsic energy of fluid per unit mass. 

p =pressure; v-— volume of unit mass. 

F =E + pv=total heat of fluid per unit mass. 

H — heat supplied per unit mass from external sources. 

Q = (d8/dp) y=“ Cooling Effect,” or fall of temperature 
per unit fall of pressure in adiathermal expansion at 
constant F. 

S —(dH/d0), — specific heat of fluid at constant pressure. 

T-(pv/R) z temperature by gas-thermometer. 

0 =temperature on the thermodynamic scale. 

We have the following relations between the different 

quantities :— 

By the first law of thermodynamics, 

dh=dH—pdv. . . . . . . (1) 

By the second law of thermodynamies, 


(dHjdp)g —6(dv]d0),. . . . . (8) 


dF =d + d(pv)=dH + vdp 
= (dH/d6) pd6 + (dH/dp)gdp + vdp 
=Sd0—(0(dv/d0),—v)dp. . . . (8) 


* For practical details see Preston, ‘Theory of Heat,’ p. 702 (1894); 
Edser, ‘ Heat for Advanced Students,’ p. 384. 
x2 


Whence, 
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When a fluid is flowing steadily along a tube through a 
porous plug or throttling aperture without external loss or 
gain of heat, as in the experiment of Joule and Thomson, the 
function, F — E + pv, will remain constant provided that the 
kinetic energy of flow is the same on either side of the plug. 
It is convenient to have a name for this function, which 
I have called the Total Heat, employing the expression used 
by Regnault for the same quantity in the case of a saturated 
vapour. Expansion through a porous plug is frequently 
spoken of as “free” or “unresisted " expansion, but this 
term appears to be inappropriate, since the external work 
done is d(pv) and not zero, as in Joule's original experiment. 
It is often said to be “adiabatic” in the sense that no heat 
is supplied to the fluid from external sources. But this may 
lead to some confusion, as the process is not isentropic. 
I have found the term “ Adiathermal ” more convenient, as 
implying that there is no heat-transmission, and that the 
total heat remains constant (dF 2 0). 

Applying the condition dF=0, we have by (3) above the 
well known relation, 


SQ-S(d0/dp)g-0(dv]d0),—v:. . . . (4) 


This equation gives the “cooling effect" in adiathermal 
expansion under the condition of constant total heat, which 
is the quantity measured in the porous-plug experiment. It 
is convenient to employ the single letter Q for the cooling 
effect (dO/dp)r, and to measure it in degrees of temperature 
centigrade per atmosphere (p=10° c.a.s.=75 cms. Hg. at 
0? C. and lat. 45?), in which case S should also be measured 
in terms of a unit 10° ergs. The sign of Q is positive when 
a fall of temperature accompanies a fall of pressure, as in the 
case of air and CO,. It is negative, a heating effect, in the 
case of hydrogen at ordinary temperatures. 

It is.important to observe that the vanishing of the cooling 
effect is not in itself a sufficient criterion of the ideal gaseous 
state, pv RO. The condition 0(dv/d0),=v would evidently 
be satisfied by any fluid possessing the characteristic equation 
v/0 — f(p), where f( p) is any arbitrary function of p. But 
if the fluid satisfies Boyle's law at all temperatures, we must 
have pu=/ (0), and the two conditions together are satisfied 
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only by the ideal gas. Similarly Joule’s experiment on the 
expansion of a gas into a vacuum (dE-—0) leads to the 
condition O(dp/d0), =p, if there is no change of temperature, 
which is satisfied by any fluid possessing the characteristic 
equation p/0 —f (v), where f (v) is any arbitrary function of v. 
This condition, in conjunction with Boyle's law, again suffices 
to define the ideal state ; but no one of the three conditions 
is sufficient by iiself. 


3. Application to the Gas- Thermometer. 


In the practical application of the gas-thermometer, we 
assume an equation of the form pv= RT, in which T is the 
temperature by gas-thermometer, and differs from 0 in 
proportion as the gas in question deviates from the ideal 
State. In order to apply the results of the porous-plug 
experiment to the correction of the scale of the gas-ther- 
mometer, Thomson originally proposed to estimate the 
difference 0 —T approximately by the following method :— 

Suppose the experiment to be performed in a calorimeter 
at constant temperature, so that the gas after passing the 
plug is restored to its initial temperature. The heat absorbed 
in the calorimeter is evidently equal to the amount Sd60 
which would have been required to heat the gas up to the 
original temperature at constant pressure if the experiment 
had been performed adiathermally with a fall of temperature 
a6. But the heat absorbed at constant temperature in the 
calorimeter is also by the first law equal to the increase 
of intrinsic energy (dE/dv)gdv of the gas, together with the 
external work d(pv)g done by the gas. Writing for 
(dE/dv)g its value 0(dp/d0), —p, we have 


— 8d0 = (0(dp/d0Ó),—p)dv--d(pv), |. . (9) 


which is evidently equivalent to the equation (4) previously 
given, but with v instead of p as indepeudent variable, since 
(dp/d0),(dv/dp)g= —(dv/d0),. ^ Integrating this expression 
over the range of an experiment from p'v' to p'v" at constant 
temperature, and putting on the left the observed value of 
the fall of temperature (0 — 6”), we obtain Thomson's original 
equation, 

S(0 — 0") Z0(dW/d0), —W --p'v'—p'v, . (6) 
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in which W is the work represented by the integral of pdv 
at constant temperature. The integral W and its variation 
with temperature cannot be determined for the gas without 
an exact knowledge of the form of the isothermals, and of 
the coefficient (dp/d0), in terms of the absolute scale. 
Thomson therefore proposed to make an approximate esti- 
mate by assuming (1) that the gas obeyed Boyle's law 
p = RT— p'v!, (2) that the degrees on the absolute scale 
were nearly the same size as on the constant-volume gas- 
thermometer at the temperature of experiment, or that we 
may write (dp/d0@),=(dp/dT),=p/T=R/v. Making this 
‘approximation, we obtain immediately, 


6—T=8(9—8")/Rlog, (v/v). . . . (7) 


This approximation is unsatisfactory, because if we knew the 
absolute value of the pressure-coefficient and the deviations 
from Boyle’s law, the gas-thermometer might be corrected to 
the absolute scale without performing the porovs-plug ex- 
periment. The quantities neglected are evidently of the 
same order as the quantity sought. Thomson and Joule 
clearly realized this, and devised other methods of correction, 
but unfortunately the first approximate solution is still 
retained in many text-books *, in a slightly different form, 
as the final and correct solution of the problem. The method 
of exposition generally adopted is as follows :— 

Assuming that the degrees on the scale of the constant- 
pressure gas-thermometer are of the same size as those of the 
absolute scale at the temperature of the experiment, we may 
write de/d0 — dv|dT — R[p in equation (4). Rearranging the 
terms and substituting T for pv/ R, we then obtain 

0—TzSpdO]Rdp. . . . . . (8) 


Assuming further that the small difference (0— T) is inde- 
pendent of p, the right-hand side is integrated from p' to p", 
substituting for dÓ the actual difference of temperature 
(0  —60'") observed when the gas expands adiathermally from 
a pressure p' to a pressure p". This gives again the ex- 
pression 
6—T=S(F —0")/R log [p - S(0 —0")/R log v"/v. (9) 
* E. g. Maxwell's ‘Heat,’ p. 214 (1897) ; Tait's ‘Heat,’ p. 340 (1895). 
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When the experiment was tried, it was found that the fall 
of temperature (0—60') was not proportional to log (p/p'), but 
simply to (p—p'), so that the second assumption involved 
in solution (9) is evidently erroneous. As a matter of fact, 
Joule and Thomson did not make any direct use of the 
approximate solution in this form. But owing to its frequent 
repetition, it has proved a stumbling-block to many who 
have attempted to apply the results of these experiments to 
the calculation of the difference between the scales. 

In order to calculate the correction for the atr-thermometer 
over the whole range, Joule and Thomson proceeded in 1854 
by a different method. Combining Regnault's formula for 
the pressure-coefficient at various constant densities, namely, 


Pressure-coefficient of Air =-00365343 --:000011575 V,/v, . (10) 


with his experiments on the deviations from Boyle's law at 
4? C., and with their own experiments on the cooling-effect, 
they calculated the following formula (the units being feet 
and pounds) to satisfy all the available experimental data:— 


pv R(6— (0012811 —1:3918/0 + 353'2/6%)Vo/v). (11) 


This is a very simple and direct method provided that the 
data employed are accurate and consistent. Calculating 
from this formula they obtained the value of the freezing- 
point of water on the absolute scale 0° C.=273°72 Abs., 
which is still frequently quoted, and was universally accepted 
for many years. They also calculated a table of corrections 
for the air-thermometer which has been quoted in many 
recent books (e. g. Guillaume’s Thermométrie, Paris, 1889) 
as the final result of their work. It is evident, however, that 
the value 0° C.—273:72 Abs. is simply the reciprocal of 
Regnault’s limiting coefficient at zero initial pressure, namely, 
"00365343, and does not depend at all on the value of the 
cooling-effect ; and since Regnault’s formula (7) is well 
known at the present time to be erroneous, it is not to 
be wondered at that the values of the thermodynamical 
correction given in Joule and Thomson's original table should 
be very greatly in excess of the true difference between the 
scales. 

Other attempts have been made on similar lines to calculate 
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tables of reduction for the gas-thermometer, notably by Joch- 
mann (1860), and by Weinstein (1881), whose results are quoted 
in Guillaume’s 7'Àhermométrie, p. 261 *. Weinstein quotes 
Jochmann's equation, and endeavours to adapt the method 
for caleulation of the corrections of the constant-volume 


thermometer. By a somewhat complicated method, taking - 


account of Regnault’s data in addition to those of Joule and 
Thomson, he arrives at an empirical equation of the form 


0/0,—(1--:0036541)*€9 . . . . (12) 
in which ¢ is the temperature on the centigrade scale. The 
values of the corrections calculated by this method are much 
smaller than those in the original table of Joule and Thomson, 
and are of the right order of magnitude between 0° and 100°, 
but it does not appear that an equation of this type correctly 
represents the phenomena. 


4. Rankine’s Equation for CO,. 


In the same paper (Phil. Trans. 1854, p. 337) Joule and 
Thomson quoted another empirical formula for CO, contained 
in a letter from Rankine, namely, 

pv=RO—aR6v,/6v, . . . . (13) 
in which the value of the constant a (in degrees of tem- 
perature) was given as 1'9, and was deduced solely from 
Regnault's observations of the pressure-coefficient of CO, at 
various constant densities. In a previous paper (Trans. Roy. 
Soc. Edinb. xx. p. 561) Rankine had given an estimate of 
Oo, the absolute zero, obtained by plotting Regnault's values 
of the pressure-coefficients of air and CQ,, which led to the 
value 0,—274^6, but in the formula quoted he employed 
0,—274^0. This formula agreed very well with Regnault's 
coefficients of expansion for CO,, and also with his observa- 
tions on the compressibility. Joule and Thomson further 
showed that it satisfied their own observations on the 
cooling-effect at that time available, employing the expression 
Qz3Ra0,/S0?, deduced from Rankine's formula. Taking 
Rankine's value for a, and putting R — 1:89 x 108, 8— 8:4 x 10€ 


* Jochmann, Schlomilchs’ Zeit. Math. Phys. v. pp. 24 & 96; Wein- 
stein, Metron. Beitr. n. 8, p. 65. 
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C.G.8. we find Q at 0? C. —1?-28 per atmo., which is in fair 
agreement with the value actually observed. 

At a later date (Phil. Trans. 1862) Joule and Thomson 
succeeded in obtaining more accurate measurements of the 
cooling-effect over a range of temperature extending from 4° 
to 96? C., and found that the cooling-effect for air and CO, 
varied nearly as 1/0?, and could therefore be represented by 
Rankine’s formula. By adopting the expression Q= A/@ for 
the cooling-effect, and integrating equation (4), neglecting 
the variations of S, and assuming that the equation must 
approximate indefinitely to v=R6/p at high temperatures, 
they obtained the following type of characteristic equation, 


v= RO/p — AS/3@, © 8 e à: (14) 


which may also be obtained by substituting pv = Rô in the small 
term of Rankine’s. They found, however, that the heating- 
effect in the case of hydrogen increased slightly with rise of 
temperature, and could not be represented by the formula. 
Assuming Rankine’s formula, it would evidently be easy to 
calculate the value of the absolute zero, and to deduce tables 
of corrections for the gas-thermometer. But as the formula 
did not represent the case of hydrogen, which was the most 
important for thermometric purposes, they did not publish 
any further tables of corrections, and the absolute zero was 
still taken at —273°7 C., as calculated in their previous 
paper from Regnault’s limiting value for the pressure- 
coefficient in the case of air. 


5. Estimation of the Absolute Zero. 


The problem of the thermodynamical correction of the 
gas-thermometer is naturally divided into two parts : (1) the 
determination of the value of the freezing-point of water on 
the absolute scale in terms of the fundamental interval, which 
may be called the value of the Absolute Zero ; (2) the de- 
termination of the correction to be applied at other points of 
the scale to reduce an interval of temperature measured on 
the scale of the gas-thermometer to the corresponding value 
measured on the absolute scale, which may be called the 
Scale-Correction. The latter depends essentially on the type 
of empirical formula assumed to represent the mode of 
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variation of Q with temperature, whereas the former may be 
approximately estimated without any such assumptions. 
Moreover, the scale-correction is necessarily small for gases 
at ordinary temperatures, whereas the absolute zero correction 
may be considerable, and is required for determining the 
variations of the pressure- and expansion-coefficients. 

À simple and accurate method of determining the value of 
the absolute zero from observations of the cooling-effect 
alone, was given by Sir Wm. Thomson in his article * Heat " 
in the Encyclopedia Britannica (vol. xi. p. 554, 1880). 
The differential equation (4) may be written in the form 


déjó-de[(s- SQ, . . . . (15) 


in which, if we require only to make an approximate estimate 
of the absolute zero correction, we may put SQ constant and 
equal to its average value between 0? and 100? C. Integrating 
this at constant pressure p, between limits 0° and 100°, and 
writing T, for the expression 100»,/(vio — v) (the reciprocal of 
the fundamental coefficient of expansion, which may be called 
the “fundamental zero”), we obtain for the absolute zero 
correction the simple result, 


6,—T,-SpQ/R. . . . . . (16) 


This expression was applied to calculate the coefticients of 
expansion at various constant pressures, and to determine 
the value of the absolute zero from Regnault's coefficients of 
expansion of air, hydrogen, and CO, at p, 2-76 cms. 

The following table contains the results given in the article 
in question :— 


TABLE I.—Absolute Zero from Regnault's 
Expansion-Coefficients, 


Gas employed ............................-. Air. H, CO,. 
Ooefficient of Expansion, a ............... 0036706 0036613 -0037100 
Fundamental Zero of Gas, T,=1/a ... 272944  273°13 2099-50 
Correction to Abeolute Zero, 0, T, ... — 4-70 —'13 444 
Absolute Zero deduced, 0, ............... 27914 273°00 273°90 


Thomson remarks as the result of these figures that the 
correct value is probably within a tenth of a degree of 273%0, 
and that it is satisfactory to find that a gas so imperfect as 
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CO,, with so large a value of the correction, should differ so 
little when corrected from air and hydrogen. As a matter 
of fact, the discrepancy, small as it is, appears to be due to 
an error in Regnault's coefficient of expansion, for if we 
adopt instead Chappuis’ value of the expansion-coefficient for 
CO; at 100 cms. pressure, namely :003742, which gives 
To — 267?:24, we find (increasing the correction in the ratio 
100/76) the value of the absolute zero 0)=267°244+5°8= 
273°-04, which agrees with hydrogen. 

A similar method has been applied by other writers to 
estimate the zero correction for the constant-volume ther- 
mometer. If we neglect the term d( pv) in equation (5) 
(which is not justifiable), and write — (dO/dv)g = Qp/v (which 
is a good approximation considering that this term is small), 


we obtain 
1+SQ/v=(dp/d6),0/p. . . . . (17) 


Integrating this at constant volume, assuming SQ constant, 
we have the solution 


log, (8/6) —log. (p/p)/(1--SQje), . . (18) 
from which, since SQ is small, we have the approximate 
value of the correction, 


0,—T,— 1:1638p,Q/R. . ° . ° (19) 


This is equivalent in effect to the method adopted by Lehfeldt 
(Phil. Mag. April 1898, p. 363), who takes for Q the value 
of the “proper mean cooling-effect” given by Thomson. 
Applying the correction to the value of the pressure-coefficient 
for CO, found by Chappuis at py=100 cms., namely, 
0037251, T,—268?:45, he finds 04,2:2749.88, which is 
evidently much too large. The error is chiefly due to the 
neglect of the term d(pv). He also applies formula (18) 
to evaluate the scale-correction between 0? and 100? for 
comparison with Chappuis’ observations. His results for 
the scale-difference between the nitrogen and hydrogen 
thermometers are given in Table VI. (p. 303), and indicated 
by the dotted curve in fig. 1 (p. 305). They appear to be 
somewhat in excess of the true values, partly in consequence 
of the assumption SQ=constant, which cannot be made in 
deducing the scale-correction. 
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There is a much simpler method of deducing the absolute 
zero correction directly from the differential equation, without 
integrating on the assumption SQ — constant, which, so far as 
I am aware, has not been previously noticed. 

For the constant-pressure thermometer, we take the 
equation in the form (4), and substitute dv/d0— R/p, and 
T —pv/R, which gives the simple result, 


06—T«-SpQ/R, . .. . . (20) 
which is accurately true at a point in the neighbourhood of 
50° C., where the degrees on the scale of the gas-thermometer 
are of the same size as those on the absolute scale. To find 
the value of the zero correction 0, — Ty, we have merely to 
subtract the value of the scale-correction at this point. But 
the latter must be very small compared with the zero cor- 
rection, since the whole number of degrees between 0? and 
100? C. is the same by definition for both thermometers. 
If, therefore, we substitute the proper mean value of SQ, 
which corresponds to the point where the degrees are of 
equal size, we shall obtain a very good approximation to the 
absolute zero correction, which is in fact seen to be the 
same as that given by Thomson for the constant-pressure 
thermometer. 

To make a similar estimate for the constant-volume ther- 
mometer, we take the differential equation in the form (5), 
which may be written 


—SQ(dp/dv) x= 0(dp/d0).—p + (d(pv)/dp)(dp|dv)e. (21) 
In the small terms it is justifiable to make the approximations 
(dp[dv) p — (dp/dv)g= —p/v. If we also put (dp/d0),=R/», 
which is only true at the point where dT/d0 — 1, we obtain 


9—T=SpQ/R+ (d(pv)/dp)op/R. . . (22) 
In order to evaluate this for CO, we may take SQ=7°9 c.c. 
as the proper mean value. "We require in addition the value 
of d( pv)/dp at or near 50° C., which may be taken as 2:4 c.c. 
from Amagat’s observations on CO,. The value of p is the 
pressure in the gas-thermometer at the point considered. 
Adopting Chappuis’ value of the pressure-coefficient for CO, 
at 100 cms. initial pressure, namely, :0037251, T, =268°:45, 
we have p=119 cems.z1:58x109 cas. at 50°. Taking 


CORRROTION OF THE GAS-THERMOMETER. 293 


R=1°89 x 108, we find the value of the correction 4?:55, 
which gives 0,—2739?:0: This neglects the scale-correction 
at 50°, which, however, is less than *:05?. It is clear that the 
correction depending on d( pv) cannot be neglected. If we 
could replace Q by the cooling-effect in “free” expansion 
(QE 0), as in Joule’s original experiment, this term would 
not be required. 


6. The Equations of van der Waals and Clausius. 


The above method of deducing the value of the absolute 
zero from the cooling-effect may appear at first sight to be 
wanting in precision ; but it assumes only that the effect is 
small, and diminishes continuously with increase of tem- 
perature, and the results to which it leads are really quite as 
accurate as the available experimental data. By way of 
contrast we may take a method which appears at first sight 
to be unimpeachable, but which leads to results which are 
obviously wrong. 

Van der Waals, in his celebrated essay “On the Con- 
tinuity of State " (Phys. Soc. Translation, Cap. XI. p. 440), 
was the first to interpret the cooling-effect in terms of the 
capillary pressure represented by the term a/v? in his well. 
known equation 

(pta[v)(v—b)-R0O. . . . . (23) 
Taking this equation, he showed that, if the capillary pressure 
varied inversely as the square of the volume, and the co- 
volume 5 was constant, the fall of temperature in the Joule- 
Thomson experiment must be to a first approximation 
proportional to the fall of pressure, or the ratio Q inde- 
pendent of p. The expression which he gave for the 
cooling effect is equivalent to the following : 
SQ-2a/R0 —b. 0. 5. « (24) 
As applied to the constant-volume thermometer, the equation 
gives very simple results, since p is accurately a linear 
function of 6, so that the scale-correction is identically zero. 
The absolute zero correction is given by the formula 
0, —T,)=a/Rv=apo/R?4). . . . (25) 
Van der Waals himself observed that the values of a and b 
which he adopted for CO, to represent the experiments of 
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Regnault and Andrews did not satisfy the results of Joule 
and Thomson on the cooling-effect. Rose-Innes, however, 
has shown (Phil. Mag. March 1898, p. 227) that a formula 
of the type Q— A/T— B (which is the same as that given by 
van der Waals) represents the cooling-effect much better 
than that of Rankine, including the case of hydrogen, 
and has calculated the appropriate values of the constants. 
Adopting his values of the coefficients A and B, and taking 
S284 x 105, we find for CO, 

a[/R6,—11:9 c.c., b=12:3 c.c. . . (26) 
Rose-Innes applied this formula to calculate the absolute 
zero from Regnault’s expansion-coefficients, and obtained 
results practically identical with Lord Kelvin's; but he did 
not apply it to calculate the absolute zero from the pressure- 
coefficient. If we take, as before, Chappuis’ pressure- 
coefficient for CO, at po=100 cms. namely, :003725, 
T,— 2689-45, the correction is 89-4, which gives 0,— 276?:9, 
a result which is obviously much too large. 

This discrepancy is partly due to the fact that the type of 
formula assumed to represent the variation of Q with tem- 
perature is wrong, although it represents the observations 
perfectly over the experimental range. It shows very clearly 
that the method previously given, which does not assume any 
particular type of formula, but deduces the zero correction 
directly from the observations, is much to be preferred, 
although it may appear less rigorous at first sight. More- 
over, it is evident that the values of a and b deduced from 
the cooling-effect in this manner would not satisfy the 
observations of Regnault or Amagat on the isothermal 
compressibility, since they would make d(pv)/dp at 0° C. 
(which is approximately given by the expression — (a/R6, —5)) 
positive and equal to about +0°4 c.c., i. e. the gas would 
appear “ pluperfect,” like hydrogen, whereas it is very much 
the reverse. If on the other hand we take the values of the 
constants given by van der Waals, which would be equi- 
valent to the following, 


-a[R0 = 4:42 c.c., b—ll6cc, . . (27) 
the compressibility at 0? C. is well represented, but the value 
of the cooling-effect is much too small. At higher tem- 
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peratures the formula gives values of the cooling-effect which 
are more nearly correct, but the value of d( pv)/dp at 200? C. 
is found to be — 1:40 c.c., which is nearly twice as large as 
the value given by Amagat’s observations. The formula 
would also make the scale-correction of the constant-volume 
thermometer vanish at all temperatures, whereas the obser- 
vations of Chappuis (see below) prove that it is quite large 
in the ease of CO,. 

On these and similar grounds we are justified in concluding 
that the formula of van der Waals does not represent the 
behaviour of CO, at moderate pressures with sufficient 
accuracy to be of practical value. Clausius, however, has 
shown (Phil. Mag. June 1880) tbat the agreement is greatly 
improved if we suppose the coeflicient a in the capillary 
pressure to vary inversely as 0, which leads to a formula of 
the same type as that proposed by Rankine, but with the 
addition of the covolume 6. For the purposes of gas- 
thermometry, or for calculations at moderate pressures, we 
may neglect quantities of the second order, and may write 
the equation of Clausius in the form 


v-RO0|p—a[/R0?--b. . . . . (28) 
Love (Phil. Mag. July 1899) has shown that a formula of this 


type represents all the observations on the cooling-effect very 
well, but he has not applied it to the calculation of the 
absolute zero, or the scale-correction of the gas-thermometer. 


4. Expression in Terms of the Co-aggregation- Volume c. 


In the application of this or similar equations to represent 
the behaviour of imperfect gases at moderate pressures, l 
have found it very convenient to employ the single letter c 
to represent the term a/R6*. The quantity c represents 
a volume, expressible in cubic centimetres, which is to a first 
approximation a function of the temperature only, and which 
may be called the “ co-aggregation-volume," as it denotes the 
diminution of volume caused by the formation of molecular 
aggregates. All the thermodynamical properties of the gas 
may be simply expressed (as I have shown, Proc. Roy. Soc. 
1900, vol. Ixvii. p. 266) in terms of the co-aggregation- 
volume. This method of expression is more convenient for 
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practical purposes than expression in terms of the capillary 
pressure, since the latter is a function of both volume and 
temperature. It is convenient to assume that c varies in- 
versely as the nth power of 0, so that we may write 


c= eg( 0,/0)*, 0.5.5. (29) 
where c, is the value of c at 0j. The value of the index n is 
apparently 2 for CO,, but it may have different values for 


other types of molecules, The general expression for the 
cooling-effect deduced from (4) on this assumption is 


SQ=(nt1l)e—b, . . . . . (30) 


and the expression for the slope of the isothermals obtained 
by plotting the product pv against p is 

d(py))dp- —(c—b) . . . . (81) 
For an imperfect gas like CO, or nitrogen, c is greater 
than b. The gas becomes * pluperfect," like hydrogen, at 
the point where c=b. The isothermals on the pv, p diagram 
are straight lines, the inclinations of which to the axis of p 
diminish as the temperature rises. This is a much better 
approximation than might be supposed at first sight, because 
experinient shows the isothermals to be nearly straight for a 
considerable range of pressure and temperature. 

If we calculate the values of tbe constants c, and 6 for each 
gas from the experiments of Joule and Thomson on the 
cooling-effect, employing the equation (28) above with the 
value n=2, so that SQ—3c— b, we obtain the results given 
in the following table :— 


TABLE II.—Values of Constants from Observations of 
Joule and Thomson. 


ee o o o — — — m —— 9 € ————— — — — — 


an R. & | Qo- Que | «. b. C. 
employed. 

pored] x10. | x10. | per atmo. (10° cos) 9^ | 99 | ¢oPd/S73R. 
Abc 2871 | 1005 | 0971 | O147 | 090 |- -002| -00085 
CO, ...... 1887 | 840 | 1:308 | 0610 | 456 218 | -00656 


Hira | 41:5 1453 ,-— 029 | — 048 201 1023 | -000132 
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The constant C is employed in calculating the scale- 
corrections in Table VI. below. The values are given for 
29716 cms. = 1:0133 x 10* c.a.s. 


8. Method of Calculating the Correction. 


An incomplete table of corrections, for the air-thermometer 
only, was calculated by Rowland (Proc. Amer. Acad. 
vol. vii. 1880, p. 114) with the object of correcting the 
air-thermometer which he employed in the reduction of 
his observations on the mechanical equivalent of heat. The 
method of calculation was not given, but he employed only 
Joule and Thomson's later results (1862) as represented by 
Rankine's equation. His work was probably the first 
application of the thermodynamical correction to the actual 
results of experiment. 

A similarly incomplete table of corrections for the air- 
thermometer was given in my own paper ** On the Practical 
Measurement of Temperature (Phil. Trans. A. 1887, p. 162) 
for reducing the indications of the platinum-thermometer 
to the absolute scale. The method of calculation adopted 
was as follows. | 

For purposes of gas-thermometry the characteristic equa- 
tion of the yas employed may be written in the following - 
form : 


0zpv[R +q, pow cw (32) 


in which g is a small quantity of the dimensions of tem- 
perature, which represents the deviations of the gas from 
the ideal state. In using a gas-thermometer we assume an 
equation of the type T=pv/R’, in which T is the temperature 
on the scale of the gas-thermometer, and R' is a constant, 
differing slightly from R, and depending to some extent on 
the method of thermometry employed. The values of R and 
R' are determined in each case from the observations at the 
fixed points 0? and 100? C., which give the following 
relations : 


R' = (p,¥,—po%)/100, R-RB'(1--(g—9/100), (33) 
in which po, vos go are the values of p, v, g at 0° C., and 


f» % qı are the values at 100° C. In deducing. these 
VOL. XVIII. Y 
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relations small quantities of the second order involving 
. squares and products of g are neglected. 
To find the value of the absolute zero we have the equation 


0,— pov) B. + qo To 4- 9— (Q— 99) 0,/100. " (34) 


To find the value of the correction dt to be added to the 
centigrade temperature ¢ on the scale of the gas-thermometer 
to reduce to temperature centigrade on the thermodynamical 
scale, since the temperature centigrade on the scale of the 
gas-thermometer is given by the formula 


t=T—T,= (pv— povo) 100/( pwi — povo), - (35) 
we have evidently the simple expression 
dt — (0 — A) — (T—To) =(q9—g0)— (Gi— 90) €/100. (36) 
It may be noticed with regard to the separate terms in this 
expression that go is the zero-correction, and the second part 
(g1— 0) t/100 is the correction for the fundamental interval. 
The correction at any point of the scale is not simply g — Qo, 
as might appear at first sight, because the values of the 
constants R and R’ are different, and the correction must 
vanish at 100? C. as well as at 0° C. 

In order to apply formula (36) to the calculation of a table 
of corrections, we may select any empirical formula which 
represents satisfactorily the properties of the gas under 
consideration. The equation is then thrown into the form 
(32), and the expression for g is simplified as far as possible 
by rejecting all quantities of the second order, and is ex- 
pressed in terms of p, and T or 0. Asa simple example we 
may take the equation devised by Clausius to represent the 
deviations of CO, from the formula of van der Waals, 


(pta[0(v--8)9) (vb) -RO. . . (37) 
Neglecting small quantities of the second order, this may be 


put in the form 
0=pv|R + (a/R —b)p/R, . . . (38) 


q—(a[R0*—b)p/R-(c—b)p/R. | . . (39) 


Writing p, for p we have the value of g for the constant- 
pressure thermometer. For the constant-volume thermometer 
we must substitute 9.0/4 for p. The values of the constants 


whence 
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may be immediately calculated (as above, Table II.) from 
the observations of Joule and Thomson on the cooling-effect, 
without reference to any other experimental data. A table 
of corrections calculated in this manner may not be the most 
accurate possible at the present time, when so many more 
observations are available, but it is of special interest to 
compare the results of an investigation made so long ago 
with those of the latest thermometric researches. For this 
reason I have calculated the following table of corrections on 
the basis of equation (38), assuming only the data already 
given for the cooling-effect according to Joule and Thomson. 
In the simple case here considered it is unnecessary to 
calculate the values of g for each temperature separately, 
and then apply formula (36) to find the correction dt. The 
expression for dt may with advantage be greatly simplified, 
before beginning the calculation, by putting in the numerical 
values of 0, and 0,, namely, 273 and 373, and substituting t 
for 0—60,. We thus obtain the following simple formule. 
For the Constant-Volume Thermometer :— 


Absolute Zero-Correction, 0,— T,—646C, . (40) 
Scale- Correction, dt =Ct(t—100)/0, . (41) 


in which C is used as an abbreviation for the constant factor 
CoPo/373R, which has the values given in Table II. above 
for an initial pressure p, 2760 mm. 

For the Constant-Pressure Thermometer :— 


Absolute Zero-Correction, 0, —T,—846C —bp,/R, . (42) 
Seale-Correction, | dt Ct(t—100)(1-732 + 273/0)/0. (43) 


The covolume b occurs only in the zero-correction of the 
constant-pressure thermometer. The values of the constant 
C are the same as for the constant-volume thermometer. 
The corrections for the constant-pressure thermometer are 
deduced from those for the constant-volume thermometer by 
multiplying by the factor (1:732--273/0), which has values 
between 2 and 3 at ordinary temperatures. When the 
corrections for any one gas have been calculated, those for 
any other follow by simple proportion. The corrections 
given in the table are all calculated for an initial pressure 

Y 2 
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2972160 mm. The corrections for any other initial pressure 
are simply proportional to the pressure. 

If we apply the above formule to calculate the value of 
the absolute zero from Regnault’s pressure-coefficients, we 
find considerable discrepancies in the results, as illustrated 
by the following table. 


TABLE III.—Absolute Zero from Regnault’s 
Pressure-Coefficients. 
Gas employed ..................... eese Air. Hydrogen. CO, 
Pressure-Ooefficient (p—76 cms.) a ... :0036650 -0036678 -0036880 
Fundamental Zero of Gas, T,—1/a ... 272985 ^ 272904 27192 
Correction to Absolute Zero, 0, - T, ... + 56° + 009 +44°2 
Absolute Zero deduced, 0, ............... 2739-41 2729-73 27594 


It appears that these discrepancies are due in the main to 
errors of Regnault's pressure-coefficients, which subsequent 
observations have shown to be much less accurate than his 
expansion-coefficients, though Regnault himself considered 
them more accurate. If we employ Chappuis’ values of 
the pressure-coefficients, which are certainly nearer the truth 
than Regnault’s, we obtain the following results. 


TABLE 1V.—Absolute Zero from Chappuis’ 
Pressure-Coefficients. 


Gas employed .................... eee Nitrogen. Hydrogen. OO, 

Pressure-Ooefficient (p,— 100 cms.), a. :0036747 -0036625 -0037251 
Fundamental Zero of Gas, T, —1/a ... 272?11 273?-03 2689-45 
Correction to Absolute Zero, 0, — T, ... --09-98 +0°:11 4- 69-56 
Absolute Zero deduced, 0, ............... 2739-09 — 273?14 274°-00 


These evidently agree very closely with the results deduced 
for the same gases from Regnault’s expansion-coefficients. 
The cooling-effect for nitrogen was found by Joule and 
Thomson to be larger than for air in the proportion of 103 
to 88. I have allowed for this in Table IV. and also in 
Table VI. as it gives a better agreement with experiment 
on the assumption n=2. But Joule and Thomson did not 
regard their experiments on nitrogen with much confidence, 
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and the true value of n is probably more nearly 1:5 for 
diatomic gases (see below, section 20). The value found for 
CO,, namely 274:0, differs from that calculated by the direct 
method of formula (22), which is certainly correct. The 
explanation of this apparent discrepancy is given below in 
section 15. 

The values of the scale-correction for the same gases, 
calculated by formulæ (41) and (43) with the values of the 
constants given in Table II., deduced from the observations 
on the cooling-effect alone on the assumption n= 2, are given 
in the following table. The table covers a wide range of 
temperature, and is intended to illustrate the general effect 
of the correction, but it must be remembered that the 
observations on which it rests were confined to the range 
0? to 100? C. 


TABLE V.—Scale-Correction for Air, H;, and CO,. 


Temp. 
Cent. 
Air. | Hydrogen. CO, Air. |Hydrogen.| CO, 

o 
— 200 i 4-:109 oe +°586 
— 150 |+ °258 +040 +102 4-158 
— 100 |+ :099 4-015 + :328 +050 
— 60 |-- 029 4-:005 + :22 |+ 086 +015 |+ ‘65 
— 20 |+ '0080| +:0012 062 |+ +°0085 |+ ‘172 
— 10/+ 0036| +0006 | + ‘027 |+ ‘010 +0017 |+ -076 
+ 10/— 0027| —:0004 | — -0207|— 0078; -—-0011 |— 056 
+ 20 |— :0046| —:0007 | — .0856|.— :0122| —':0019 |— ‘005 
+ 380 /— 0059; —-:0009 | —  :0452||— :0155| — 0024 |— °119 
+ 40|— 0065) —': 0010 | — -.0500|— :0169, —0026 |— -:130 
+ 50[|— 0066] -—0010 | — 0504|/— :0170| — 0028 |— 130 
+ 60|— 0061; — — 0470||\— 0155| —-0025 |— ‘120 
+ 70|— 0052; —:0008 | — ‘0398/i— -0132| -—-0020 |— -+101 
+ 80|-— 0039| —:00008 | — 0295|- —'0015 |— 074 
+ 90/|-— :0021| —:0003 | —  0162|[.— :0052| -—':0008 |— ‘040 
+ 150 |+ ‘015 +002 + "115 |+ 036 + + °274 
+ 200 |+ 036 4-:006 + :215 ||4- 083 4-018 i+ ‘6385 
+ 300 |+ ‘089 +014 + °683 ||+ ‘196 +0381 |+ 161 
+ 450 |+ °186 -+029 + 142 ||-4- ‘302 +061 |+ 300 
+1000 |+ ‘600 +093 + 460 |/+1°16 +181 |+ 893 
+2000 |4-1:42 -+221 +109 +262 +407 ]|4-202 
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9. Comparison with Chappuis’ Experiments. 


It is interesting to compare the results calculated in this 
table with the experiments of Chappuis (Bureau Internat. 
Reports, 1888) on the differences between the scales of the 
nitrogen, hydrogen, and carbonic acid gas-thermometers. 
The most accurate and important of his experiments were 
made with the constant-volume thermometer at an initial 
pressure of 100 cms. The gas-thermometers were not 
directly compared, but the same instrument was employed 
successively with the different gases, and the readings at 
intervals of 5° up to 50° C., and also at 61° and 78°, were 
compared with those of four standard mercury thermo- 
meters. | 

The results of the comparisons of the mercury thermometer 
(tm) with the nitrogen and hydrogen thermometers (¢, and ¢,) 
were represented by the following empirical formule :— 


tn—t,, 2t(100 —t)(—55°541 4+ 0°48240¢ — 0:002480713) x 107, 
t, — tm =t(100 —t) (—61°859 --0:47351t— 0700115770) x 107. 


In order to make a comparison with Joule and Thomson 
it is necessary to take the difference between the nitrogen 
and hydrogen scales by subtracting the secon! formula from 
the first, which gives the expression 


t4 — ta t(100 —t) ( + 6°318 4-0:008894 —0-0013230¢?) x 10-8. . (44) 


This is the formula which is generally quoted for the differ- 
ence between the nitrogen and hydrogen scales; but it must 
be remembered that it refers to an initial pressure of 100 cms. 
at constant volume, and thatit is obtained as the difference 
between two comparisons with the mercury thermometer, 
which may have introduced small constant errors, especially at 
the higher points of the scale. The differences calculated by 
formula (44) are compared with those taken from Table V., 
corrected from air to nitrogen by the factor 103/88, and 
increased in the proportion 100/76 to reduce to 100 cms. 
initial pressure, under the heading n=2, in the following 
table, together with later reductions. 
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TaBLE Vl.—Difference between Scales of Constant-Volume 
Nitrogen and Hydrogen Thermometers t, — t, at 100 cms. 
initial pressure. 


" Joule-Thomson. Chappuis * Lehfeldt, | Rose-Innes. 
P- [————31———|—— — 1  — — | Phil. Mag. Phil. Mag. 
Cent. — Formula | Corrected | 1898. 1901. 


=15. | »—2. | (44). 1888. 


—10 |— B — 0067 — 0074 
+10 |4-:0022 | +0036 | +0057 | +0053 +006 +0010 
+20 | 4-:0040 | +-0060 0095 0087 +011 +0018 


+50 | +0055 | -+0087 | +0088 | +0103 | +019 | + 
+60 | +-0050 | +-0078 | +0049 +019 | +-0024 
+70 | +0045 | +0064 | +-00lu | +0069 | +018 0020 


4 
-:0084 | +0048 | —:0024 | +0045 +015 --:0015 
+90 | 4-:0018 | +°0028 | —:0032 + 0022 +010 +0008 


It will be observed that formula (44) gives negative values 
of the difference t,—t, at 80° and 90° C.; but these are of 
the same order as the probable error of observation, which 
was "008? or ‘01 mm. Hg. The only observation actually 
taken at this part of the scale, namely, at 78° C. in the vapour 
of alcohol, shows a small positive difference of 001°. The 
negative differences are undoubtedly due in part to the type 
of empirical formula chosen. Chappuis himself considered 
them to be impossible, because they imply that the mean 
coefficient of expansion of nitrogen, after diminishing from 
0° to 70° C., begins to increase again at this point, which 
is highly improbable. For this reason, in the same paper in 
which formula (44) is given, he calculated another formula, 
with two terms instead of three, for deducing the mean 
coefficient of expansion of nitrogen by reference to hydrogen. 
He does not give the values of the scale-difference corre- 
sponding to this formula, but I have calculated the values - 
given in the column headed “ Corrected 1888” from the 
values which he tabulates of the mean coefficient of expansion 
of nitrogen. It is at once evident that the formula of two 


* Chappuis’ latest observations (‘Bureau Internat. Reports, 1902) 
make the difference fn—ta= -+005 at 20°, and +006 at 40° O., which 
agree better with Joule and Thomson. 
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terms gives a more probable type of divergence between the 
scales than the three-term formula (44) which is always 
quoted. It agrees closely with that of Joule and Thomson at 
the higher points, but gives rather larger differences at the 
lower points, increasing to nearly double at — 20^ C. 


10. Graphic Method of Comparison. 


Since the thousandths of a degree in this table are uncertain 
to the extent of at least -003°, it is hardly necessary to say 
that the most that can be expected is a general agreement in 
the order of magnitude of the correction. The value of the 
experimental evidence is most readily appreciated by the 
graphic method. The actual observations are plotted in fig. 1, 
in which the zero line represents the hydrogen scale, and the 
ordinates of the curves the scale-differences. The continuous 
curves represent the differences calculated from the obser- 
vations of Joule and Thomson, the broken curves the differ- 
ences calculated from the formule of Chappuis. The black 
dots about the zero line represent the deviations of the ob- 
servations with the hydrogen thermometer from the smooth 
formula chosen to represent them, and indicate the order of 
accuracy of the comparison of the hydrogen and mercury 
thermometers. The crosses ( X ) similarly indicate the diver- 
gences of the observations with the nitrogen thermometer 
from the smooth curve. The crosses inclosed in circles 
represent the observations in the second series of comparisons 
of the nitrogen thermometer, extending from — 24° to + 25? C. 
In reducing these observations it was found that the curve 
representing them did not pass through the zero point, as of 
course it should. Chappuis assumed that this discrepancy 
was due to an error in the zero pressure, which had to be 
determined separately under conditions different from those 
of the thermometric comparisons. A reduction of ‘025 mm. in 
the zero pressure * was required to make the curve pass through 
the origin. This correction had the effect of raising all the 
observations by nearly -007°, which is a quantity of the same 

* The minuteness of this correction (1 in 40,000 on the zero pressure) 
indicates the extreme difficulty of the work, which could not have been 
carried out successfully without the highest experimental skill and the 
most refined apparatus. 
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order as the difference between the nitrogen and hydrogen 
scales. If the circled observations in the figure were depressed 
by :007*, it is evident that they would be brought into rather 
better agreement with the Joule-Thomson curve between 0? 
and 25? C., but that the discrepancy below 0? C. would be 


Fig. 1.—Comparison of Chappuis’ Observations with Results calculated 
from Cooling- Effect. 


-20° O 20 40 60° GO 100° 


increased. The nitrogen observations are seen to be rather 
more discordant than the hydrogen, but they were taken first 
in point of time, and the error of the temporary rise of zero 
produced in a mercury thermometer by exposure to a low 
temperature (corresponding to the temporary depression pro- 
duced by exposure to a high temperature), was discovered 
for the first time in the course of this series of observations. 
Taking these facts into consideration, we may conclude that 
the difference of the scales between 0° and 50° is probably 
less than that given by Chappuis’ formula, and that the 
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Joule-Thomson curve is more nearly correct, though, as we 
shall see, there is other evidence tending to show that even 
the latter is too high. 


11. Extrapolation to Higher and Lower Temperatures. 


Since the observations of Joule and Thomson were confined 
to the range 0° to 100° C., the estimates of the corrections 
given in Table V. (p. 301) areliable to much greater uncertainty 
beyond this range, since they depend on the validity of the 
type of equation (39) assumed. According to tho table, the 
difference between the scales of the constant-volume and the 
constant-pressure hydrogen thermometers would be about 
half a degree at the temperature of liquid air. This has been 
recently confirmed by Travers (B. A. Rep. 1901), and may be 
taken as an indication that the divergence indicated in the 
table is at least of the right order of magnitude, even in the 
case of hydrogen. Similarly the corrected value of the 
boiling-point of sulphur given by Chappuis (Phil. Mag. 
1902), namely 444°7, obtained with a constant-volume 
nitrogen thermometer at 56 cms. initial pressure, when com- 
pared with the value 444°°5 obtained with a constant-pressure 
air- thermometer (Phil. Trans. 1891) agrees in sign and 
order of magnitude with the difference of the scales (09:2) at 
this point indicated in the table. Chappuis has recently 
proposed an empirical method of estimating the correction, 
which leads to a much smaller result. His original formula 
(44) is evidently of a type unsuitable for extrapolation ; but 
if we employ it to calculate the true coefficient of expansion 
of nitrogen at t, assuming hydrogen to be an ideal gas, we 
find that the coefficient diminishes from :00367698 at 0? C. 
to *00867378 at 80? C., and then increases to :00367393 
at 100? C. Chappuis supposes that this increase is illusory, 
and that the coefficient really diminishes to a minimum value, 
namely :00367378, and then remains constant at all higher 
temperatures. This assumption would make the scale-differ- 
ence linear above 100° C., increasing by *017? for each 100°, 
and amounting to -076° at the boiling-point of sulphur 
for a constant-volume thermometer at 100 cms. initial 
pressure, or '*048? for p,—56 cms. He finds, as the result 
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of some experiments between 0? and 1009, that the scale- 
correction of the constent-pressure thermometer is about 
twice that of the constant-volume instrument. This agrees 
very fairly with the result deduced from the Joule-Thomson 
equation*and exhibited in Table V. Assuming the ratio 2, 
the correction for the constant-pressure thermometer at 
445° would be about +°115° at 76 cms. initial pressure, 
which would give a difference of ‘072° between our instru- 
ments at the boiling-point of sulphur.  Chree has since 
detected a small error in Chappuis’ calculation which would 
increase this estimate in the proportion of :023 to ‘017. 
A direct comparison between the constant-volume and con- 
stant-pressure scales at this temperature would certainly be 
desirable and feasible; but in the meantime the estimate 
derived from the Joule- Thomson equation appears to be more 
probable than that of Chappuis, and more in accordance with 
the known behaviour of gases deduced by other methods of 
investigation. 


12. Thermodynamical Correction of CO, Thermometer. 


The case of CO, is of particular interest because the pro- 
perties of this gas have been so widely studied, and because the 
deviations from the thermodynamical scale and the values of the 
Joule-Thomson effect are so much larger and more easily 
measured. A study of the properties of this gas might be 
expected to throw light on the effects to be expected with 
other gases more perfect and better suited to thermometry ; 
but it must not be forgotten that the type of the molecule is 
different, and that for this reason it might be expected to 
behave in a different manner to the diatomic or monatomic 
gases. The gas actually employed by Joule and Thomson was 
not quite pure, but they corrected their results empirically to 
the case of pure gas, and their value of the cooling-effect at 
17^ C. has been independently confirmed by Natanson (Wied. 
Ann. xxxi. p. 502, 1887) employing gas from cylinders of 
liquid CO,. The values given by Table V. for the difference 
from the hydrogen scale in the case of the constant-volume 
thermometer at p,=100 cms. are compared with the obser- 
vations of Chappuis at — 10^, + 10?, 20°, 30°, 40°, and 60°C., 
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which are represented by the crosses (+) in fig. 1. The full 
curve, as before, indicates the differences calculated by the 
Joule-Thomson equation, the broken curve indicates the 
formula of Chappuis. Three of Chappuis’ observations at 
30°, 40°, and 60° were taken with a thermometer filled with 
gas at a slightly lower initial pressure, pọ=87 cms. The 
observed values for the difference in these cases have been 
increased in the ratio 100/87, as required by theory, and the 
crosses are distinguished by inclosing them in circles. It 
will be observed that the corrected observations agree in the 
most remarkable manner with the Joule-Thomson curve, 
although their agreement with Chappuis’ formula is slightly 
impaired. This would appear to be a striking confirmation 
of the validity of the proposed formula in the case of CO,. 
But when we compare the actual values of c and 5 calculated 
as above from the observations on the cooling-effect alone, 
with those calculated directly from the slope of the isothermals, 
we find certain discrepancies which, although they are often 
within the limits of experimental error, require examination 
as possible indications of some defect in the theory. For 
instance, in the case of CO, which agrees so well with 
Chappuis’ thermometric comparisons, the value of c according 
to Table II. would become equal to that of bat about 120° C., 

and the gas above this temperature should behave like 
hydrogen, with an upward slope of the isothermal. The 
observations of Amagat show, on the other hand, that CO, 
is still notably imperfect at a temperature of 261° C. This 
might conceivably be due in part to some effect of surface- 
condensation, which would be relatively important in the fine 
tubes employed by Amagat; but it is mainly attributable to 
the large value of b deduced from the observations on the 
cooling-effect. It is evident that the value of b cannot be 
deduced so accurately as that of c from these observations, 
since the expression for SQ is 8c—b. Moreover, no account 
has been taken of the variation of S with temperature, which 
according to Regnault is considerable in the case of CO,. 
Both these considerations would be of relatively small im- 
portance as affecting the thermometric comparisons between 
0° and 100^, since b does not enter into the expression for dt, 
and we employ the mean value of S at 50°; but they would 
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materially affect the extrapolation of the value of c—b. It 
would be quite possible to readjust the values of c and b in 
such a manner as to agree better with Amagat at higher 
temperatures, while not seriously impairing the agreement 
with Chappuis at 50°. The values of c and b for hydrogen 
appear to be more nearly of the right order of magnitude, 
giving b—c=82 c. c. as against Amagat’s value 8:8 c.c. 
On the other hand, the value of b for air is practically zero 
according to the observations of Joule and Thomson, i. e. 
air would always remain imperfect. Observation shows, 
however, that it becomes “pluperfect” at a temperature 
somewhere below 100? C. Here again the value of b is 
undoubtedly in error. It may also be observed that the 
error of the value of the absolute zero deduced in Table IV. 
from Chappuis’ pressure-coefficient for CO,, namely 274-0, is 
too large to be attributed to errors of observation in the 
coefficient or in the measurement of the cooling-effect. These 
discrepancies suggest either that the type of formula is wrong 
(i.e, that c does not vary inversely as the square of the 
absolute temperature), or else that the variations of the 
specific heat are too large to be neglected. 


13. Other Types of Formule*. 


Instead of attempting to readjust the values of the constants 
in the original formula so as to obiain the best average 
agreement with experimental data, wo might proceed, as 
suggested by Joule and Thomson in 1854 (Phil. Trans. p. 360), 
by the more usual method of introducing sufficient arbitrary 
constants into the formula to enable it to reconcile all the 
apparently discordant data. This method has recently been 
applied by Rose-Innes (Phil. Mag. July 1901), who adopts a 
formula with three constants, of the same type as that 
employed by Joule and Thomson, No. (11) above, in the 
calculation of their original table of corrections. But in 
place of Regnault’s observations Rose-Innes adopts the later 
observations of Joule and Thomson on the cooling-effect, in 
conjunction with Amagat’s values of d(pv)/dp. The values of 
t,—t, calculated by Rose-Innes are given in Table VI. (p. 303). 


* This section was added subsequently to the reading of the paper. 


310 PROF. H. L. CALLRNDAR : THERMODYNAMICAL 


He does not apply his formula to the case of CO,. The 
difference between the values of the abs lute zero deduced 
by Rose-Innes from Chappuis’ pressure-coefficients for H, 
and N, is rather larger than that given in Table IV., and 
would make the value lie somewhere between 273:15 and 
273°36, which appears hardly probable. 

To facilitate the comparison of the formulse and the calcu- 
lation of the corrections, we may employ the notation already 
explained in Section 8 above. The formula of Rose-Innes is 
equivalent to the assumption 


O=pr/R+ (£c —b)p|R, . . . . (45) 
in which d and o vary inversely as the first and second 
powers of the temperature respectively. The corresponding 
formuls for the corrections are:— 

Constant-volume, zero correction, 
0,—T,—646 C" peJp/R, . . . . (46) 

Scale correction, 

dt C"t(t—100)/0, . . 0. « (4T) 
Constant-pressure, zero correction, 
0,—T,2—846 C" +646 C'—bp/R, . . . (48) 
Scale correction, 
dt = (C" (1:732 + 273/0) + C')t(t— 100)/0. . (49) 
The formule are the same as before as regards c", but 
additional terms are introduced to represent the effect of d. 


The numerical values of the constants are given in the following 
table as deduced from those calculated by Rose-Innes. 


TABLE VII.—Values of Constants deduced from Formule 
of Rose-Innes. 


Gs | à te e". o. n, 
employed. c.c. c.c. C.C. c, po/919R.|c," p,/379R. 

BAR eil 162 1-89 0182 | -00179 | -00017 

Nitrogen ..| 203 209 0-578 | -00182 | -00035 


Hydrogen ..| 1073 119 1-45 000078 | -000095 


The values of the scale-correction calculated by these 
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formule for the constant-volume air-thermometer are about 
five times smaller than those given in Table V., but the values 
for the constant-pressure thermometer are nearly of the 
same magnitude as those in Table V. In general we may 
observe that the corrections for the constant-pressure thermo- 
meter are nearly independent of the type of formula assumed 
within reasonable limits, and are therefore less uncertain than 
those of the constant-volume thermometer. The values of C' 
and C" given above correspond, as before, to an initial pressure 
09 — 76 cms. : 


14. Variation of Specific Heats. 

The method followed by Joule and Thomson, and by the 
majority of subsequent writers, has been to assume a formula 
for the variation of the cooling-effect Q, which is then inte- 
grated to find the constants in the characteristic equation, 
neglecting the variations of the specific heat S. This is 
perfectly justifiable in the case of the more permanent gases, 
for which experiment and theory both indicate that the 
variations of the specific heat should be small. But in the 
case of vapours like steam or CQ, these variations cannot be 
neglected ; and it is better to employ the reverse method as 
in Section 7 above, assuming a convenient type of cha- 
racteristic equation and deducing the corresponding expression 
for the cooling-effect for comparison with the results of 
observation. In this case it is easy to take account of the 
variations of the specific heat by simply inserting the appro- 
priate value of the specific heat in equation (30). 

We observe by reference to the differential equations (4) 
or (5) that the appropriate value of S is that corresponding 
to the final pressure p" in each experiment, and to the mean 
temperature (@ + @’)/2. The variation of the specific heat 
with temperature can be determined only by experiment. 
The variation with pressure must be consistent with the 
characteristic equation chosen, and can be calculated in the 
following manner. 

Referring to equation (8) for the variation of the total heat, 
F=E + pv, we have the following values of the partial differ- 
` ential coefficients:— 


(dF/d0),— S, (dF/dp)o= v—0(dv[d0), b — (n-r 1je, . (50) 
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which give for the variation of S with p at constant 6, 
(dS/dp)g- d, F[d0dp — — 0(dsv[d0?), — n(n + 1)c/0. . (51) 


Integrating this at constant temperature from 0 to p, we 
obtain 
S=S,+n(n+1)ep/6, . .. . (92) 


where S, is the limiting value of S at zero pressure and 
temperature 6. 

This equation enables us to find the complete variation of S, 
if we observe the values of S experimentally at any standard 
pressure such as 1 atmo, over the required range of 
temperature. 

Proceeding similarly for the specific heat s at constant 
volume, we obtain by considering the variation of the 
intrinsic energy E, 


(dE/d0),— s, (dE[dv)gp—O0(dp|d0),—p,  (ds[dv)g—O(dsp[d0*), (53) 


whence 


s=% + n(n—1—ne[V)ep]0, . . . . (54) 


where s is the limiting value of s at zero pressure, and 
V=R6/p. This formula is of comparatively little use, 
because the direct measurement of s by experiment is gene- 
rally impracticable; but it serves to trace the probable 
variations of the ratio of the specific heats S/s=g. 

In the special case in which n— s/R the formule may be 
somewhat simplified, since R= S, — 4, and may be written as 
follows :— 


S=8,(l+nc/V),. . . . . . . (53) 
s =S(1+nc/V)(l—c/V),. . . . (56) 


g —-S[szgy(1—c/V). . . . . . (57) 


This appears to be the case for steam (Proc. R. S. vol. lxvii. 
p. 266, 1900), but is not true generally. 

In the case of a diatomic gas, if we assume the limiting 
ratio of the specific heats to be g42:1:400, as indicated by 
theory, we have 8,2 3:5R, s 2:5R, if the limiting values of 
the specific heats are constant. The ratio of the specific 
heats, if n 22:5, would be g=1°400(1+¢/V). If nz2, as in 
Rankine's equation, we should have g—1:400(1-t:92c/V) 


whence 
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approximately. Inserting c, — 0:90 c.c., V — 784 c. c. for air 
at 0? C. and 75 cms. pressure, we should find g=1°4015, 
which illustrates the smallness of the variation with pressure 
for the permanent gases. Taking the density of air as 
1:2930 gm. per litre at 0° C. and 760 mm. in lat. 45°, and 
assuming the value of c—b at 0° to be 0:50 c.c. from 
Amagat’s observations, we should find R —2:8725 x 10° c.a.s., 
which would give S=3°5R=1:0055 joules per gramme- 
degree; or 0:2405 calories at 20° C., if the calorie at 20° C. is 
taken as 4:180 joules. "This is about 1 per cent. larger than 
the value found by Regnault, namely 82:2375. The obser- 
vations of Joly at constant volume give s=°1721 cals. at 
60° C. and v 249 c.c., when reduced to the same unit. The 
theoretical value at this pressure, assuming c=0°61 c. c. at 
60° C., would be 0°1736 calories, which is also nearly 
] per cent. larger than that observed. It should be remarked, 
however, that even apart from the difficulty of the expe- 
riments, there is considerable uncertainty in the units of heat 
employed. Joly used Regnault's value for the latent heat of 
steam at 100°, namely 536°7; but his own experiments with 
the steam calorimeter give 540°2 in terms of the calorie at 20°, 
The difference is nearly sufficient to account for the dis- 
crepancy in the observed and calculated values. Considering 
the difficulty of experiments on the specific heats of gases, we 
are probably justified in the assumption that the limiting 
values of the specific heats are constant for the more permanent 
diatomic gases, and that the variations with pressure may be 
estimated by the formule already given. 


15. Constants for CO, corrected for Variation of 8. 


In order to correct the values of c, and & for CO, calculated 
in Table II. from the observed values of Q on the assumption 
that S was constant and equal to 8:4 x 10° c.a.8., we may take 
Regnault’s values of S at 0? and 100° at a pressure of 1 atmo, 
since the final pressure in Joule and Thomson's experiments 
was always approximately atmospheric. The values of S 
required may be taken as 

So= 7°85 x 10° C.G.8., and S097 8:95 x 10° 0.G.8. ; 


but the absolute values, as well as the rate of variation, are 
VOL. XVIII. Z 
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necessarily a little uncertain on account of the defects of 
Regnault’s thermometry, and of the error of his formula for 
the variation of the specific heat of water. 

Adopting the values of Q and Qio given in Table II., and 
assuming SQ —3c—5, we obtain the following values of the 
constants, 

092: 9716 c. c., b—0:58 c.c. 

This would reduce all the values of the corrections for CO, 
given in Table V. nearly in the proportion of 5 to 6, since 
they depend only on c. The agreement with Chappuis’ 
observations * plotted in fig. 1 would be slightly impaired, 
but the Joule-Thomson curve would coincide more nearly 
with Chappuis’ empirical formula. The value of the absolute 
zero correction for the constant-pressure thermometer is 
scarcely altered; so that the value deduced from Chappuis’ 
expansion coefficient is still correct. But on the other hand 
the zero correction for the constant-volume thermometer 
(Table IV.) by formula (40) is reduced in the proportion 
376/456 from 5°55 to 4°60, which gives @)=273°05, thus 
agreeing with the direct method of calculation given in 
Section 5, formula (22). 

If we compare the values of the compressibility deduced 
from the corrected values of the constants, with the values 
observed by Amagat, we find again the agreement much im- 
proved, which confirms the importance of the correction for 
the variation of the specific heat. It should be remarked, 
however, that the values of c—b deduced from Amagat’s 
observations are a little uncertain, as the observations do 
not extend below a pressure of 50 atmos at 100^ C. The 
following table exhibits the comparison. 


Taste VIII.—Comparison with Amagat. 


Temperature centigrade ......... 0°. 100°. 200°. 
Values of c—b calculated ......... 3:18 1:44 0:67 
7 , Observed............ 3:30 1-5 072 


There is a small systematic difference which might possibly 


* More recent observations by Chappuis (‘ Int. Bureau Reports,’ 1902) 
make the scale-correction for CO, at p>=100 cms., +-089° both at 20° and 
40? C, instead of 048° and ‘059°, 
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be explained by surface condensation, but is hardly beyond 
the limits of uncertainty of the data. 

It is possible by means of formula (54) to make a rough esti- 
mate of the variation of the specific heat of CO, at constant 
volume for comparison with the experiments of Joly. Neglect- 
ing the small term ne/V, and putting n=2, the formula may 
be written approximately s=s)-+2Rce/V, where V=v+c—b. 
Joly's observations give for v=87 c.c., s=°1684; and for 
v=27 c.c., 8—':1734. These values are in calories, and cor- 
respond to a mean temperature of 55? C. The mean value 
of c may be taken as 2:61 c.c., so that 2Rc—9:8 x 10° o.a.s. 
The values of V are 89 and 29 c.c. respectively, so that the 
caleulated difference between the values of s comes out 
0:228 x 105 c.a.s., or 0:0054 calorie. 'The observed difference 
is seen to be 0°0050 calorie, which agrees quite as well as 
could be expected with the calculated value. It should be 
observed, however, that if we extrapolate to zero pressure, we 
find the limiting value of the specific heat s from Joly’s 
observations about 0°1655 calorie per gramme-degree. The 
corresponding value for S from Regnault’s observations at 
55° C. is 02014. The difference of these is only 0*0359 cal., 
or 1:51 x 10* c.a.s., whereas the value of Ris 1:887 x 10° 0.4.8. 
The discrepancy is nearly 5 per cent. of the value of S instead 
of only 1 per cent. as in the case of air. 


16. Application of the Method to Steam. 


The large range of variation of the specific heat of CO, 
with temperature shows that the molecule must undergo 
some fundamental change of structure within the limits of 
temperature considered. It is possible that this may be 
associated with the variation of the specific heat of carbon 
itself. "There is no evidence of a similar variation in the 
case of the diatomic gases. In the case of steam, which is also 
triatomic, large variations of the specific heat, from 22:887 
at 100° C. to 82:665 at 160? C., have been found experi- 
mentally by Grindley, employing the Joule-Thomson method 
(Phil. Trans. A, 1900), and assuming Regnault's formula for 
the total heat of saturated steam. The following values have 
also been deduced by other writers on theoretical grounds: 
Zeuner, 82:568; Gray, 0:385; Tumlirz, 0:536 to 0475; 

Z2 
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Perry, 0:306 to 0:463. I find, however, by direct expe- 
riment, employing the continuous electrical method with a 
vacuum-jacket calorimeter, the value S=0°497 at 1 atmo 
and 108? C., which agrees fairly with Regnault's value 0:475 
at 175° C., allowing for the variation due to the coaggregation 
by formula (52). I have endeavoured to show (Proc. R. 8. 
lxvii. p. 266, 1900) that all the properties of steam may be 
consistently calculated on the assumption that the limiting 
value of the specific heat is constant, employing the same 
type of equation as for CO,, but leaving the value of n to be 
determined from observations of the cooling-effect at various 
temperatures. If we adopt this type of formula, it appears 
from the observations of Grindley (Phil. Trans. 1900) that 
the value of n for steam should be about 3:8 instead of 2. 
My own observations on the cooling-effect and the specific 
heat of steam would give the values n= 3:3, and c—26:3 c.c. 
at 100? C. In calculating the properties of steam by this 
formula in the paper above referred to, I adopted the mean 
value 3:5 for the index, partly to facilitate calculation and 
partly in consequence of an hypothesis (doubtfully attributed 
to Maxwell) that the number of degrees of freedom of a 
molecule containing m atoms is 2m+1. This hypothesis 
would make the ratio of the specific heats S/s at constant 
pressure and volume,.5/3 for a monatomic gas, 7/5 for a 
diatomic gas, 9/7 for a triatomic gas, and so on; values which 
agree very fairly with the ratios of the specific heats actually 
observed in many cases. Later and more accurate expe- 
riments on the specific heat of steam have shown that the 
ratio s/R should be more nearly 3:3, and have so far confirmed 
the value of the index given by my experiments on the 
cooling-effect. 

Adopting the experimental value S=0°497 at 1 atmo and 
108° C. we find by applying formula (52) the limiting value 
S, 0:478 at zero pressure. If we employ this value in place 
of the value 4:5R adopted on Maxwell’s hypothesis in the 
paper above referred to, we find that the agreement with 
experiment in the values of the total heat and the saturation 
pressure is somewhat improved, but the general nature of the 
conclusions remains unaltered. Since the value of the index 
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n cannot be determined very accurately from the cooling- 
effect, it is better in this case to take it equal to s/R for the 
sake of simplifying the equation of the isentropics, which 
then takes the form c/V — constant, or p/0"+!= constant, or 
p'(v —b)**! = constant. 

In the case of steam the constancy of the specific heat, 
and the accuracy of the value found by experiment, may be 
further verified by calculating the values of the total heat and 
saturation pressure as follows :— 

Adopting the assumption S,- constant, it is possible to 
express the thermodynamical properties of any imperfect gas 
or vapour in terms of c by means of very simple formule ; 
thus we find 


Entropy, $28,log, 9—R log, p—ncp/0-- A. . (58) 
Energy, E-40—ncpcB,. .. .. . . (59) 
in which À and B are indeterminate constants of integration. 
The values of the other thermodynamic functions follow 


immediately from those of E and $. Thus we find for the 
total heat 


F=E+pv=8,0—(n+lep+bp+B;. . . (60) 


and for the thermodynamic potentials at constant pressure and 
volume, 


G= F— 06$ —8,0(1—1og, 0) — R6 log, p—(c—b)p—A0+B, (61) 
J =E—06=8)9—S0 log. 0— RO log, p—A0+B. . . . (62) 


Observing that the difference of the total heats of the liquid 
and vapour at any temperature is equal to the latent heat L, 
and the difference of the entropies equal to L/@ (or equating 
values of G for the liquid and vapour), we obtain the equation 
for the saturation-pressure, 


R log, p= A'— B//0— (4 —8y) log, 0 + (c—b)p/0, . (63) 


in which the specific heat s&' of the liquid is assumed to he 
constant. A! is a constant to be determined by the obser- 
vation of the boiling-point ; B! is the difference of the con. 
stants B in the expressions for the total heats of the vapour 
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and liquid, which may be determined by the observation of 
the latent heat at the same point. 

It should be observed that the equations for the thermo- 
dynamic potentials and for the vapour-pressure are inde- 
pendent of the assumption that c varies inversely as the nth 
power of the temperature, and are generally true provided 
that c—b is a function of the temperature only; but the 
assumption c—«(0,/0)" satisfies Regnault’s observations of 
the saturation-pressure very accurately. 


17. Interpretation of the Index n. 

Some idea of the meaning of the index » may be obtained 
by considering the expression above given for the Energy E. 
The energy of an imperfect gas is less than that of the gas in 
the ideal state at the same temperature by the term nep, 
which represents the loss of energy due to coaggregation of 
the molecules, corresponding to the diminution of volume 
c per unit mass. Considering first the case of a monatomic 
gas, in which the whole of the kinetic energy of the molecules 
consists of energy of flight (corresponding to three degrees 
of freedom), we have the well-known relation pv = RO = 280/3. 
In a diatomic gas, regarded as consisting of pairs of atoms 
rigidly joined together like dumbbells, it appears probable, as 
suggested by Boltzmann, that the energy of a molecule may 
be equally distributed between each of three degrees of 
freedom of translation and two degrees of freedom of rotation, 
supposing that the rotation of a molecule about its axis could 
not be altered by intermolecular collisions. Such a molecule 
would have five equal degrees of freedom, and the specific 
heat at constant volume should be 5R/2, which is amply con- 
firmed by experiment. Supposing that two monatomic mole- 
cules each with three degrees of freedom coaggregate to form 
a diatomic molecule possessing five degrees of freedom, there 
would be a loss of energy equivalent to one degree of freedom, 
or one third of the energy of flight, since the energy of flight 
of the resulting diatomic molecule would be the same as that 
of a single monatomic molecule at the same temperature. 
If the diminution of volume per unit mass due to coaggre- 
gation be represented by c, the loss of energy on this 
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hypothesis would be represented by cp/2, since the product 
cp represents two-thirds of the energy of flight in a volume c. 
We ought therefore to have the index n=1/2, in the case of 
a monatomic gas, on the simple hypothesis of coaggregation 
in pairs, provided that the coaggregation is a purely physical 
effect, and that there is nothing in the nature of chemical 
combination involving evolution of heat. 

In the case of a diatomic gas, a similar line of reasoning 
fails to givea definite result, because we have no sure experi- 
mental guide or mechanical analogy to enable us to estimate 
the number of degrees of freedom of the resulting tetratomio 
aggregate. If we supposed with Maxwell that the number of 
degrees of freedom could not exceed six, as for a rigid body, 
the loss of energy for a pair of diatomic molecules each 
possessing five degrees of freedom would be equivalent to four 
degrees of freedom on coaggregation, which would make 
the value of the index n=2, as in the Joule-Thomson equa- 
tion. There can be no doubt, however, from experimental 
evidence, that the energy of flight may be less than half 
the total kinetic energy of a polyatomic molecule, otherwise 
the ratio S/s of the specific heats could not be less than 4/3. 
It is probable that the distribution of energy in the molecule 
depends on the type or form of the molecule, and not merely 
on the number of atoms it contains, and that the various 
degrees of freedom are not all of equal value. The ratio of 
the energy of rotation E" to the energy of flight E’ in the 
case of CQ, is about 4/3, corresponding to the ratio of specific 
heats S/s=9/7. Whence, if n=2, the ratio E"/E/ should be 
7/3 for a coaggregated pair of molecules. For steam, which 
is also a triatomic molecule, the loss of energy on coaggrega- 
tion is greater. We have n-3'2-s/R, so that the whole 
energy of a coaggregated pair is no greater than that of a 
single molecule. It is further possible that the relative 
importance of the different kinds of degrees of freedom in a 
complicated molecule would vary with the temperature. We 
could not then assume that the limiting value S, of the 
specific heat at zero pressure was constant. The assumption 
S, constant is almost certainly true for monatomic or dia- 
tomic molecules at ordinary temperatures ; but it could not 
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be true for unstable molecules, and there is some evidence 
that it does not hold for polyatomic molecules of higher 
orders. 


18. Application to Monatomic Gases. 


The only observations so far available to test the hypothesis 
n=1/2 in the case of monatomic gases, are those of Ramsay 
and Travers (Phil. Trans. A, 1901) on the compressibility of 
the inert gases by the capillary-tube method at 11?:2 C. from 
20 to 80 metres pressure, and at 237938 C. from 30 to 80 
metres. These observations are not very suitable for the 
purpose, as they do not extend to low pressures. They also 
exhibit, as the authors point out, several anomalies, which 
may be due to some hitherto unexplained peculiarities in the 
behaviour of monatomic gases, or perhaps merely to experi- 
mental errors. The curves representing the variations of pv 
with p at the lower temperature are of a perfectly normal 
type, the gases helium, neon, argon, krypton, and xenon, 
following naturally in the order of their densities. It should 
be remarked, however, that if we produce the curves for argon 
(39-9 gm.) and krypton (81:5 gm.) to zero pressure, they 
appear to indicate a limiting value of pv equal to 18,500 
metre cubic centimetres approximately, whereas molecular 
weights of the other gases appear to conform to the limit 
17,710 m.c.c., which is given as the ideal value for a perfect 
gas. At the higher temperature, the order of the gases is 
inverted. Helium and neon appear to be more imperfect 
than at the lower temperature, and their curves lie below 
krypton and argon. It seems to be impossible to offer any 
theoretical explanation of these anomalies ; but if we admit 
tbat the limiting values for krypton at zero pressure should : 
be 18,510 m.c.c. at 11?:2 C., and 38,240 m.c.c. (the corre- 
sponding value for the same mass of gas) at 237?:3 C., the 
limiting values of the slope (c —5) may be estimated as 0°84 c.c. 
and 0:43 c.c. respectively per gramme of gas. In the case 
of the other gases the slope is too small, or its initial value 
too uncertain, to afford a comparison. If we assume as above 
that the coaggregation c should vary inversely as the square 
root of the temperature (n=1/2), we find c=1°61 c.c. at 
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284°°2 Abs. and c=1:20 c.c. at 51093 Abs, whence 
b=0°'77 c,c. If on the other hand we assumed n=1, we 
should find c=0°52 c.c. at 51093 Abs., and 6=0-09 c. c. 
A higher value such as n=2 would make b large and negative, 
which would be impossible, or at least incapable of rational 
interpretation. The volume of liquid krypton at its boiling- 
point was found to be 0:46 c. c. per gramme, so that the value 
of b deduced on the assumption n=1/2 is perhaps the most 
probable. The fact that helium appears to be less perfect 
than hydrogen, and neon nearly as imperfect as nitrogen at 
11%2 C., also supports the hypothesis of a very low value ot 
n for monatomic gases. 

Adopting provisionally the basis n= 1/2, I have calculated 
the following tables of corrections for argon and helium in 
addition to krypton, since, as 1 have previously explained 
(Phil. Mag. Dec. 1899, p. 541), the inert monatomic gases 
are peculiarly suitable for thermometric purposes. I have 
assumed the values of b for helium and argon to be equal 
to the volumes of the liquids (which are estimated at 3:3 c. c., 
and 0°83 c. c. respectively) multiplied by the ratio 0°77/0°46 
found above in the case of krypton. The values of c are 
deduced from the observed compressibilities at 11?*2 C. For 
helium I have assumed c,—5, since the pv line for helium is 
practically horizontal up to a pressure of 50 metres. It 
must be admitted that these data are somewhat uncertain, 
but they afford at least a reasonable basis for comparison with 
experiment, 


TABLE IX. | 
Values of Constants assumed for Monatomic Gases. 


R 8 P Factor cop, /R. 


| 76 cms. |100 oms. 


1064 | 2:06 1:507 | 2063 
2175 | 543 | 1016 | 13837 | - 
0-00 |208 52:0 0268 | 0302 
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Assuming the value n —0:5, c—e,(0,/0)95, c, — c, 2 0:1445 co, 
we have the following formule for the zero correction :— 


Zero Correction, Constant-Pressure, 
0,— T, (eo — b + 2°73 x -1445 x Co) Pol R, 


» » Constant- V olume, 
0, —T,2:3:78 x 1445 x c,p,/R, 


from which we deduce the values of the expansion- and 
pressure-coefficiente given in the following table, assuming 
the value 0,2: 273?:10 :— 


TABLE X. 


Expansion- and Pressure-Coefficients for Monatomic Gases. 


Constant-Pressure, 76 cms.  |Constant- Volume, p, — 100cmes. 


Gas 
employed. 
0,—T,.| T, 1/T,. 06,—1T,| T, 1/T,. 


Krypton ..| 152 | 277-65 | 0036812 | l1 | 272-00 | 0036761 
Argon ...... 077 | 2/233 | 0036717 072 |27238 | 0036710 
Helium ...... 010 |27300 | 0036628 || O19 |27291 | 0036640 


The value of the pressure-coefficient observed by Travers 
(Proc. R. $8. lxx. p. 485) for helium at a mean initial 
pressure of 60 cms. is from :0036624 to ‘0036631, mean 
0036627. The calculated value at this pressure would be 
"0036632, which is within the limits of possible error, but 
may indicate that the value of c assumed is too large. 

The values of the scale-correction for the monatomic 
gases given in Table XI. are calculated by the following 
formule :— 


Constant- Pressure, dt =(0°1445 t/100 — 1 + (6,/0)*5) c, /R,, 
Constant- Volume, dt=( —0:1689 ¢/100 — 1 + (0/0,)*9) copo/R. 
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TABLE XI. 


Scale-Correction for Monatomic Gases. 


Constant-Pressure, 76 cms. ||Constant-Volume. p,— 100 cms. 


—250 ve | +0557 
—200 | +173 
—150 +278 | + -073 
—100 |+ ‘175 | 4-114 | + -0298 
— 50 |+ +084 | + -0091 
— 20 |+ 0155| +0101 | + -00265 
— 10 |+ 0069| 4-:0045 | + -00118 


+ 10 |— :0052 — 0024 — :00089 |-4- :0027 | --:0017 00045 
+ 20 |— :0093| —-0060! — -:00159 |4- :0045 | --:0029 | +-00077 
+ 30 |— :0116| —:0075| — 00198 ||- "0058 0088 | +°00098 
+ 40 |— 0130| —':0084| — :00222 |+- :0064| +-0041| + 00109 
+ 50 |— :0130| —:0084| — :00222]||-- 0065| +-0042; --:00113 
+ 60 |— -0124| —-0080| — 00212 |+ 0062| 4-:0040 | -4-:00106 
+ 70 |— -0105| —:0068| — :00180 ||-- *0056 | +-0036 00095 
+ 80 |— 0078| —-0051| — 00133 |/-+ -0041| +0027) --:00070 
+ 90 |- 0042) —:0027| — :00072]||-- 0021) +-0014| +-00035 
+150 |+ :0315| -+ 0204| + 0054 || — :0180| —-0116| — 00306 
+200 |+ 075 | +049 | + 0128 || — 045 | —:029 | —:0076 
+300 |+ °194 | +°126 | + :0332 || — ‘119 | —077 | — 
+450 |+ -415 | +289 | + 071 || — 275 | — 178 | —:0408 
+1000 |-+1°42 +°92 + ‘248 |} —1:09 — 71 —187 


It will be observed that the correction is negative for the 
constant-volume thermometer at temperatures below 0? C. 
According to Travers (loc. cit.) the helium thermometer reads 
0*1 above the hydrogen thermometer at the boiling-point of 
oxygen, and 0?:2 above at the boiling-point of hydrogen. 
The hydrogen correction is opposite in sign, and nearly equal 
in magnitude. The true values of the boiling-points, obtained 
by interpolating between the hydrogen and helium values, 
would be 


Oxygen B.-P. 90°13 Abs. Hydrogen B.-P. 20°31 Abs, 


19. Variation of the Covolume b. 


Van der Waals, in his essay on the Continuity of State 
(Phys. Soc. Translation, 1890, p. 372), gives & theoretical 
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discussion of the effect of the size of the molecules on the 
length of the free path, from which on certain simple assump- 
tions he deduces that for moderate pressures the effect may 
be represented by attributing to the covolume 6 a value equal 
to four times the actual volume of the molecules regarded 
as spheres. The theory indicates, however, that the value of 
b should diminish with increase of pressure somewhat rapidly 
when the volume approaches the value 26. He verifies this 
by applying his equation to represent the behaviour of CO, 
as observed experimentally by Andrews. Adopting for the 
constant a in his equation the value ‘00874 (the unit of 
pressure being 760 mm. and the unit of volume the volume 
of the gas at 0? C. and 760 mm.) he finds values of b ranging 
from *0023 to :0025 for the vapour, but falling to 0016 and 
*0018 for the liquid. It appears both on theoretical and ex- 
perimental grounds that b cannot be regarded as constant 
for a large range of pressure, and that no weight can be 
attached to calculations of the critical temperature based on 
the assumption that b is the same, as in van der Waals’ 
equation, for both vapour and liquid. It nevertheless appears 
probable that the range of variation of b is not large, and 
that its value for moderate pressures is nearly constant with 
respect to both temperature and pressure. The value of b 
cannot be determined theoretically, because the actual volume 
of the molecules is unknown, and because the theoretical 
assumptions on which the estimate of the ratio 4 is based are 
extremely uncertain. Meyer, adopting a slightly different 
assumption, finds that b should be 4 4/2 times the volume of 
the molecules. If we assumed, as many writers have 
supposed, that the molecules of the liquid at low tempera- 
tures are practically in contact, and that the volume of the 
liquid in this case may be taken as the volume of the mole- 
cules, we should find, if we multiply by the factor 4 or 4/2, 
values of 5 which are much too large to be reconciled with 
the observed behaviour of gases at moderate pressures. We 
may, however, assume with some degree of confidence that 
the volume of the liquid, or the limiting volume of the gas 
at very high pressures, is a limit below which the value of 
b at moderate pressures cannot greatly fall; and we may 
with propriety reject formule or experiments which lead to 
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much lower values. The limiting volumes of hydrogen and 
CO, at high pressures are given by Amagat as 8'7 c.c. and 
0°86 c. c. respectively, which are evidently quantities of the 
same order of magnitude as the volumes of the liquids. The 
difficulty in the determination of b from experiments at 
moderate pressures lies in the fact that it is of the order of 
a tenth of one per cent. of the volume of the gas at atmo- 
spheric pressure, that it cannot be determined independently 
of c, and that the values of both b and c depend on small 
differences between larger quantities in which the errors of 
observation are often of the same order as b itself. Boltzmann 
(Gas- Theorie) and van der Waals (Arch. Néer. iv. p. 299, 
and vi. p. 47, 1901) have recently given formuls for the 
variation of 46 with pressure, which might theoretically be 
applied to correct the values of b obtained from observations 
at higher pressures so as to deduce the values at atmospheric 
pressure required for the correction of the gas thermometer 
or for the behaviour of gases at moderate pressures. But 
the development of these formule rests on assumptions even 
more uncertain than the discordant estimates of Meyer and 
van der Waals, and the range of variation indicated (Boltz- 
mann says it is probably not greater.than 1 to 10), would 
make the extrapolation of such formule very doubtful. It 
seems better to adopt a formula of the type already quoted, 
and to determine c and b from observations of the com- 
pressibility or the cooling-effect on the assumption that b is 
constant. The application of this method appears to lead to 
the conclusion that the value of b at moderate pressures 
does not differ greatly, if at all, from the volume of the liquid 
at or below its boiling-point. In applying the equation to 
calculate the properties of steam, in which case b is so small 
compared with c that it cannot be determined with any 
accuracy, I have for this reason simply assumed 5 equal to 
the volume of the liquid, and then calculated the values of 
n and c from the observations on the cooling-effect. The 
error involved is necessarily small since the value of (n+ 1)c 
at the boiling-point in this case is more than a hundred times 
the assumed value of 5. 

With regard to the variation of b with temperature, we can 
learn nothing from theory, and the indications of experiment 
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cannot be interpreted with certainty. From an empirical 
point of view the assumption b=constant is the simplest, and 
since it appears to satisfy the observations better than any 
other simple assumption, it should be retained unless it is 
decisively disproved. 


20. Application to Diatomic Gases. 


The application of the theory to diatomic gases is of par- 
ticular interest and importance on account of the general 
employment of hydrogen, nitrogen, and air in gas-ther- 
mometers. It also presents peculiar difficulties, as compared 
with the case of a less perfect gas like CO;, because the 
deviations to be measured and compared are so much smaller, 
while the probable error of observation remains the same. 
For instance, in the case of the three gases above mentioned, 
the deviations from Boyle's law are of the order of one part 
in a thousand only per atmosphere, and the order of accuracy 
of measurements of the compressibility by the capillary-tube 
method does not reach 1/1000 except under the best con- 
ditions. The advantage of the porous-plug method is that 
the cooling-effect represents the whole deviation sought, but 
the order of accuracy of the individual observations of Joule 
and Thomson did not exceed 5 or 10 per cent. at the higher 
temperatures. One of the final series of observations on air 
at 40? C. differs from the smoothed curve by more than 5 per 
cent., and one of the observations on nitrogen at 92? C. differs 
from the other by about 20 per cent. The nitrogen was pre- 
pared by burning phosphorus in air, and the values of the 
cooling-effect exceeded those for air by about 20 per cent., 
whereas the compressibility of nitrogen is decidedly less than 
that of air. The formula of Rose-Innes, with three constants, 
was designed to reconcile this apparent discrepancy, but if 
we exirapolate it to lower temperatures we find that it makes 
the compressibility of nitrogen much greater than that of air 
at — 1009 C., which is certainly contrary to fact. In Tables 
IV. & V., I have made a rough allowance for the fact that 
the observed cooling-effect for nitrogen was greater than for 
air, but little or no weight can be attached to this estimate. 
Nor can we overlook the fact that Joule and Thomson con- 
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sidered their observations on nitrogen much less satisfactory 
than those on air. 

Air.—In order to obtain a satisfactory measurement of 
the constants c and b and of their rate of variation with 
temperature, it is obviously necessary to make experiments 
over a much wider range of temperature, and especially at 
lower temperatures, where the deviations are much larger 
and more easily measured. "The observations of Witkowski 
(Phil. Mag. xli. p. 288, 1896) on Air appear to be the only 
ones available for the purpose. His method consisted in 
filling two similar bulbs with air at the same pressure but at 
different temperatures. The quantities of air in the two bulbs 
were then compared by dischargiug them into eudiometers at 
atmospheric pressure and temperature. From these data he 
deduced the mean coefficient of expansion at the given 
pressure, and all the data required for constructing a diagram 
of the variations of pv with p at constant temperature. The 
method, though troublesome, is evidently capable of great 
accuracy. It avoids or minimizes the effects of surface- 
condensation, which are so great an objection to the more 
convenient capillary-tube method. Witkowski observes in 
fact that his method always gave lower measurements of 
compressibility than the capillary-tube method, amounting to 
about 0*5 per cent. at 15? and 90 atmos, which may probably 
be explained as due to surface condensation in the capillary- 
tube method. For our purpose it will suffice to take one of 
Witkowski’s isothermals for air, namely that at —78?-3 C., 
which appears to have been determined with especial care, and 
which is so nearly straight up to high pressures that it is 
easy to make an estimate of the initial value of dpv/dp, 
which gives :— 


Air at —78°3C., e—b=1°47 c.c. ; at 0°C., e—b=0°50 c.c. 


The values of c and 6 for air calculated from the cooling- 
effect alone, assuming n=2, namely, cy=0°90, b= —:002, 
give c—b at 0° C. —0:92 c.c., whereas the value should be 
0:50 c. c. to agree with Amagat’s observations. The value at 
— 18*:3 C. would be 1:79 c. c., which is also greater than that 
found by Witkowski. Moreover the negative value of b 
cannot be interpreted, and would make the error of the cal- 
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culated compressibility much greater at higher temperatures. 
It is clear that the value of b requires emendation. If we 
retain the same type of formula with n=2, and calculate the 
values of c, and b to satisfy the observed values of c —b above 
given, we find :— 


n=2, coz 1:01 c.c., b=0°52 c.c., Q=0%250, Q194,— 09:110. 


The value of b thus found is still too small ; the values of the 
cooling-effect deduced are also smaller than the observed 
values, namely, 0?:271 and 0?:147, and the air would not 
become “ pluperfect ” till 105? C. 

A much better agreement between the cooling-effect and 
the compressibility is obtained by taking n=1°5 in the 
formula. This is not improbable theoretically, as the number 
of degrees of freedom lost by two diatomic molecules (each 
possessing five degrees of freedom) in coaggregating should be 
less than for triatomic molecules like CO,. It is most un- 
likely that the tetratomic aggregate would possess only 
six degrees of freedom. The value n21:5 implies the loss of 
three degrees of freedom, which is more likely, if we suppose 
for simplicity that the number lost must be an integer. We 
then obtain 


nzl5, c-148, 56=0°98, Q,20?:271, Qi 2 09:135. 


With these values air would become pluperfect at about 
90°C., and the value of b is not much smaller than the volume 
of the liquid at low temperatures. The ngreement with the 
observations on the compressibility is very good over a wide 
range of temperature. The agreement with the observations 
of the cooling-effect is exact at 0° C., and the difference 
at 100? C. does not exceed the possible error of the experi- 
ments. If we abandon the hypothesis of integral degrees 
of freedom for triatomic or tetratomic molecules, we might 
of course calculate the value of the index n so as to obtain a 
better average agreement with observation, but even from a 
purely empirical point of view it is a matter of great con- 
venience to have a simple value for the index », provided 
that it satisfies the observations within the limits of probable 
error. Moreover the hypothesis of Maxwell, which is sup- 
ported by the experiments on monatomic and diatomic gases, 
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is so simple and helpful that it is desirable to retain it as far 
as possible. | 

In applying the formula with the value n=1-5 to deter- 
mine the zero-correction and the scale-correction, the simplest 
method of proceeding is to find g for each temperature, and 
apply formule (34) and (36). The results for the constant- 
pressure thermometer do not differ materially from those 
previously calculated. The zero-correction for the constant- 
volume thermometer may be put in the form 


0,—T,— 3°73 (co = C1) po/ R. 


Taking c, 1:48 c. c., this gives 0°72 for the correction at 
76 cms., or 09-95 at 100 cms. If we assume the correction. 
for nitrogen to be the same as that for air, and employ 
Chappuis’ pressure-coefficient, we find 0)=273°°06. The 
values of the scale-correction for the air-thermometer are. as 
follows at 50? C. and 450? C.:— 


Constant-Pressure, 76 cms. 
at 509 C., dz —:0185? ; at 450? C., dt= +°470°. 


. Constant-Volume, p, 76 cms. 
at 50° C., dt = —:0044? ; at 450? C., dt= 4-:136*. 


Constant-Volume, po 100 cms. 
at 50° C., dt = —:005? ; at 450° C., dt +:°179°. 


The constant-pressure correction is nearly one-tenth larger, 
the constant-volume correction is nearly one-third smaller 
than in Table V., according to the previous method of calcu- 
lation with 4-2. The constant-volume correction is still 
nearly twice as large as that given by the Rose-Innes formula 
for nitrogen, and more than three times as large as that given 
by his formula for air. For nitrogen, if we simply adopt the 
values of the constants given for air, we find that they satisfy 
the observations of the compressibility at low temperatures, 
and of the pressure-coefficient (09— 100? C.) rather better 
than those given by Rose-Innes, which depend on the very 
doubtful observations of the cooling-effect. 
Nitrogen.—Although we should probably be well within 
the limits of experimental error in taking the corrections for 
nitrogen to be the same as those for air, I have thought it 
VOL. XVIII. 2A 


330 PROF. H. L. CALLENDAR: THERMODYNAMIOAL 


worth while to calculate the values of the constants for 
nitrogen from Chappuis’ pressure-coefficient at 100 cms., 
assuming 0,—273^10. This gives c,=1°58 c.c. Whence 
if o—b at 0° C.=0°44 c.c., we have bz 1:14 c.c. Chappuis’ 
observations of the compressibility at 0° C. give o—b=0°35 
c.c, which would make 5—1:23 c.c. The volume of the 
liquid at its boiling-point is 1:26 c.c., but this is probably 
too large, so I have taken b—1:14. The corrections calcu- 
lated with these values are seen to be practically the same as 
for air. 

Hydrogen.—In calculating the values of the constants for 
hydrogen on the assumption n= 1'5, I have taken Chappuis’ 
value of the slope of the isothermals at 0°C., namely, 
(9 —b= —6:5 c. c., which is in close agreement with Regnault’s 
values, 5:5 to 6:6 c.c. at 4? C. Adopting also Joule and 
Thomson’s value of the heating-effect at 0°C., namely 
Q,='0293° per atmo, we have c2 1:50 c.c., b=80 c.c. 
The value of b is slightly smaller than Amagat's limiting 
volume 8:7 c.c. at high pressures, and much smaller than 
the volume of the liquid 14 c. c., but it appears that hydrogen 
is much more compressible than other gases or liquids under 
these conditions. 


TABLE XII. 
Values of Constants assumed for Diatomic Gases. 


Gas Co: b, e, —5. R 6 8. a Factor c,p,/R. 
employed. | c.c. c. €. ec. |X19 . x10 . 76 eme. | 100 ems. 

AIP cites 148 | 098 | 050 | 2872| 10:05} 0516 | 0678 

Nitrogen ..| 158 | 1:14 | 041 | 2986| 1038] 0540 | 0710 


Hydrogen ..| 1:50 | 8:000 |-6:50 | 416 | 1453 | 01367) 00482 


The value of the Absolute Zero 0,— 273° 101 is deduced 
from the pressure-coefficient of hydrogen, and the pressure- 
and expansion-coefficients of the other gases are deduced on 
the assumption 0,— 273° 10. 
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Taste XIII. 
Expansion- and Pressure-Coefficients of Diatomic Gases. 


Constant-Preesure. 76 cms. ||Constant-Volume, »,= 100 oms. 


Gas 
employed. | 0,-—T,.| Te 1/T,. 0,—T,.| To 1/T,. 
Air ....esss 071 |27239 | 0036709 | 6-96 | 27214 |-00907425 
Nitrogen ... 070 | 272-40 | 0036708 | 0-99 | 27211 |-00907466 


Hydrogen ...;— °135 | 273:235 | 00865985 || -+ :067 | 273-034 | 00866254 


Regnault’s values of the expansion-coefficient for hydrogen 
at 76 cms. range from -0036642 to 0036586. Chappuis at 
100 cms. finds 0036600 for hydrogen at constant pressure, 
and ‘0036726 to ‘0036735 for nitrogen, the calculated values 
being ‘0036593 and :0036737 respectively. 

The values of the thermodynamical corrections for the 
diatomic gases are calculated by the following formule :— 


Assuming n=1°5, e=co(9o/0)'®, c4 —0, =0°3738c,. 
Zero-Correction C. P., 

0,—T,— (eo —b + 2°73 x°37T4x Co) pol R. 
Zero-Correction C. V., 

0, = T= 3°13 x 374 Xx Copo/ R. 
Scale-Correction C. P., 

dt = (0°3738 t/100 — 1 + (0/8) Sco, P/R. 
Scale-Correction C. V., 

dt=(0:1445 t/100 — 1+ (6/0) 5e, p. /R. 


The densities of oxygen and nitrogen at the boiling-point of 
oxygen at a pressure of 760 mm. have been directly deter- 
mined by Dewar (Proc. Roy. Soc. lxix. p. 360) by the method 
of weighing. The resulting values of the specific volumes 
were:—Oxygen, v=225'8 c.c. per gramme, Nitrogen, v= 
256:8 c. c. at 909-5 Abs. with a possible error of 0:5 per cent. 
The ideal volumes at this temperature and pressure are:— 
Oxygen, 231:8 c. c., Nitrogen, 264:9 c.c. The values of c—6 
at 9095 Abs. are: Oxygen, c—b=6'0 c.c.; Nitrogen, 

2A2 
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TABLE XIV. 


Scale-Correction for Diatomic Gases. 


Oonstant-Pressure, 76 cms.  ||Constant-Volume, p, — 100 ems. 


Temp. 
cent. 

Nitrogen.| Hydrogen. 

o o e 

— 250 - Vs j i iss "1005 
— 200 T "T E +438 :460 | +0311 
— 150 |+ 901 {+ 945 | + 064 |+°186 195 | +0132 
— 100 |+ ‘314 |+ :328 | + 0223 |+:076 |+-080 | +0054 
— 60 |+ 086 |+ 090 |+: +0232 (+0243 | +-00164 
— 20 |+ 0238/+ 0250| + :00170||2-:0007 |+-0070 | +-00048 
— 10 |+ :0105|4- 0110| + :00075|4-:0080 ,4-:-0032 | +:00021 


t dp 
+ 

+ 30 
+ 40 
+ 60 
+ 60 
+ 70 
+ 80 
+ 90 


IIT gd ggg 
e 
& 
| 
2 
$ 
| 
= 
8 
| 
s 
& 
| 
: 
| 


c—b=8'l c.c. Whence the value for air would probably be, 
e—b=7'7 c.c. Tho calculated values at this temperature, on 
the hypothesis n— 1:5, would be 6:8 and 7:2 c. c. for air and 
nitrogen respectively, which are probably within the limits 
of experimental error. If we assumed Dewar's values of 
c—b at 909-5 Abs., and calculated the values of c, at 0° C. 
on the assumption n=2, we should find for nitrogen 

=0°95 c. c., b2 0:51 c.c., which do not agree so well with 
the values of the cooling-effect or with Chappuis’ values of 
the coefficients. 

The temperature of inversion of the heating-effect in the 
case of hydrogen has been observed by Olzewski to be about 
—80° C., when the gas is supplied at a pressure of 117 atmos 
and escapes at atmospheric pressure. The values of the 
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constants above given on either assumption n=1°5 or n=2, 
would give a small heating-effect SQ— — 1:7 c.c. at this 
point. But as the effect amounts to little more than a 
hundredth of a degree per atmo it would be easily masked 
by any slight impurity in the hydrogen, so that little stress 
can be laid on this observation. Assuming that the heating- 
effect Q is constant up to a pressure of 117 atmos, the 
observations of Olzewski would require c, — 2*0 c.c. 5 22 8:5 c.c. 
if we take n=1°5, and co—b=—6°5 c.c. These values 
would make the heating-effect at 0°C. Q= —:024? per atmo, 
which is rather smaller than that observed by Joule and 
Thomson, but the difference is hardly beyond the possible limits 
of error. The absolute zero-correction for the constant-volume 
thermometer would be larger in the proportion of 2 to 1:5, 
but that of the constant-pressure thermometer would be 
smaller, agreeing slightly better with experiment. The value 
of c for hydrogen probably lies between 1 and 2 c. c., but we 
can hardly expect to be able to determine it more closely with 
certainty, since it is of the order of one part in 10,000 only 
of the specific volume at 0? C. and 760 mm. pressure. 


21. Summary of Conclusions. 


(1) The deviations of a gas or vapour from the ideal state 
at moderate pressures can be represented by an equation of 
the type v—4=R6/p—c, in which the *covolume" b is 
constant, and the * co-aggregation-volume " c is a function 
of the temperature only. This conclusion follows from the 
observed form of the isothermals combined with the observa- 
tion that the “ cooling-effect" is independent of the pressure; 
but it could not be deduced from either observation separately. 

(2) The value of the Absolute Zero may be approximately 
deduced from a knowledge of the cooling-effect Q and the 
specific heat S at or near 50? C. without any knowledge of 
the mode of variation of S and Q with temperature. But 
the determination of the scale-correction of the gas-ther- 
mometer essentially requires a knowledge of the mode of 
variation with temperature. 

(3) The simplest assumption with regard to the mode of 
variation of c with temperature is that it varies inversely as 
the nth power of 0, or that c—c,(0,/0)*. The value of n is 
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different for different types of co-aggregation or for different 
kinds of molecules. The law of Corresponding States must 
be restricted to molecules of the same type which coaggregate 
in a similar manner. 

(4) The index n may be interpreted as half the number 
of degrees of freedom lost by a molecule in coaggregation, 
the energy of flight of a molecule representing three degrees 
of freedom. 

(5) The value of n is probably 0:5 for monatomic gases, 
and 1:5 for diatomic gases, on the simple hypothesis of 
integral degrees of freedom. These values give very fair 
agreement with experiment, but there is no à priori reason 
why the number of degrees of freedom should be an integer 
for a polyatomic molecule. 

(6) The properties of CO, at moderate pressures are well 
represented by the assumption n=2, provided that account 
is taken of the variation of the specific heat as observed by 
Regnault. This reconciles the hitherto discordant results for 
the cooling-effect and the compressibility. 

(7) The properties of Steam, including the variation of the 
latent heat and the saturation-pressure, are well represented 
by the value n=3°3, if the limiting value of the specific 
heat at zero pressure is assumed to be independent of the 
temperature, provided that the variation with pressure is 
not neglected. 

(8) The value of the Absolute Zero, as deduced from the 
pressure-coefficient of hydrogen, is probably within one or 
two hundredths of a degree of 273?-10. 


DiISCUSSION. 


Prof. HERSCHELL asked whether the co-volume came into 
the correction. 

Dr. HARKER looked forward to the experiments which 
Prof. Callendar proposes to make with a constant-pressure 
thermometer. 

Dr. GLAZEBROOK expressed his interest in the extreme 
delicacy of the observations of Chappuis. 
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XXVIII. The Size of Atoms. By H. V. Rrpovur.* 
( Abstract. } 


Tuis investigation is an outcome of the dissociation theory 
of electrolysis, with measurements directly derived from 
established electrical formule, and relates to a dissociated 
atom, as constituting the smallest quantity of matter which 
can take part in an electrolytic actton. 

As such it is only a fraction of the “ atom” or “molecule” 
chosen by Loschmidt t and Lord Kelvin 1 in their respective 
investigations. 

The method consists in finding a pair of spheres, which 
would be charged by the quantity of electricity known to 
be necessary to electrolyse a given quantity of the body 
under examination—in this case water—to the known differ- 
ence of potential of its ions, and from this equality the size 
of the ions, and hence the atoms, is directly arrived at. 

1144 millions of hydrogen atoms to the linear centimetre 
is the number now found. 

It is assumed : 

a. The dissociation theory is true. 

b. The atoms are spherical. 

c. Undissociated water has twice the dielectric capacity 
of space. 

d. The ions of water are HO and H. 

e. The component particles of water are in contact. 

f. The + ions occupy equal volumes. 

The gram-ion is taken at 96,500 coulombs, and the poten- 
tial difference of the ions at 1:5 as a round number. 

Of these points, a is a condition precedent; b is taken 
for simplicity ; c is taken as a round number approximating 
to the Clerk- Maxwell relation of capacity to refractive 
index $. 

d : these are generally adopted in the dissociation theory. 


* Read October 31, 1902. 
t Sitzungsberichte der Wiener Akademie, 1865, vol. iii. p. 881. 
t Nature, 1883, p. 203 et seg. 


$ In support of this see Blondlot, Comptes Rendus, 1894, vol. cxix. 
p. 595, and C. Gutton, «bid. 1900, vol. cxxx. p. 1119, 
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e: this must hold good, till it can be shown that water in 
some state has a greater density than water as we know it. 

f: this appears to be the relation accepted in the disso- 
ciation theory. It is only adopted here to save discussion. 
| Taking 0-16; H=1; 1/9 x 96,500 = 10,722 coulombs are 
required for the electrolysis of 1 c.c. water. One coulomb will 
charge to 1 volt a sphere (isolated in space) of 18x 10!! em. 
diameter. But since the potential of the ions is taken at 
+ °75 volt, and the dielectric capacity of the surrounding 
undissociated water at 2; Lhis gives 

18 x 10!! x 10 122/2 x 15-13 x 10" cm. 
as the diameter of the sphere, placed under the conditions of 
a solitary ion, required to hold the + electricity concerned 
in the decomposition of 1 c.c. water. 

As the method involves a linear measurement, it will be 
convenient to regard the atoms as arranged in vertical 
columns. With this disposition, spheres, whatever the 
number required to fill a given tube, will have the same 
total volume as a single inscribed sphere. This relation 
holds true for all regular solids and their circumscribing 
figures. For the alternative disposition — or piled-shot 
arrangement of the atoms —the measurement found may be 
readily adapted. 

The electrical capacities of spheres, under like conditions, 
being proportional to their diameters, it follows that the 
capacity of isolated spheres is equal to that of an isolated 
sphere of which the diameter is equal to the sum of the 
diameters of the spheres. 

For the purpose of this investigation it will be convenient 
to take 2 one-centimetre cubes. Here the H ions weigh 
1/9 gram. If we suppose the water to be completely disso- 
ciated into ions, the actual volume of the hydrogen ions will 
be represented by a sphere of 1 cm. diameter, and, as shown, 
this carries a quantity of electricity which would charge a 
sphere of 13x 10 cm., placed under like conditions. But 
this quantity will also charge 13 x 10” spheres, each of 1 cm. 
diameter; further, the same reasoning may be applied to 
each 1 cm. sphere, and we get as a result, an equal number 
.of columns, each 1 em. high, and thus the question for solu- 
tion is, what must be the thickness of the 1 cm. high columns, 
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so that 13x 105 may be packed in the 1 cm. cube? The 
number of columns side by side to measure 1 cm. equals the 
square root of the number to be packed, but this equals also 
the number of spheres in each 1 cm. column = 1144 millions 
approximately. 

The dissociation theory requires that the ions shall be 
beyond the range of each other's influence. It is singularly 
in accord with all observation, that a current of infinitesimal 
electromotive force can decompose an electrolyte, whatever 
the difference of potential of its ions. It is also found that 
the amount of decomposition with a given quantity of current 
is the same, whatever the concentration of the electrolyte, 
and therefore the relative approximation of the ions. Such 
facts are consistent with isolation alone: and once this is 
proved, the self-repulsiveness of the elements of a charge 
ensures the symmetrical distribution of the charge about 
its sphere. 

It may appear that our sphere of 18 x 10!5 cm. fixes only 
the superior limit of size of the atom in the case considered ; 
but in reality it fixes both the limits. It is the smallest 
sphere which can hold the given quantity of electricity at 
the given potential, and can therefore be subdivided into the 
fewest spheres which can at once hold the given charge, and 
fill the given cube. Thus it fixes the superior limit of size 
of the atom. Further, it is the largest sphere which can be 
charged to the given potential with the given quantity of 
electricity, and this, for like reason, fixes the inferior limit 
of size of the atom. Thus, under the given conditions, 
1144 millions per linear centimetre expresses both the limits, 
and is therefore the true value. 


Discussion. 


Lord KzeLviN remarked that he had often concerned 
himself with the size of atoms, and pointed out that the value 
obtained by the Author for the diameter of a hydrogen ion 
was almost exactly one half of that which he had obtained 
for the diameter of a molecule of hydrogen. The fact, how- 
ever, might be a coincidence. He had dealt with a sphere, 
which would have the same effect as a double atom of 
hydrogen. While avoiding the assumption that atoms are 
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hard and spherical, it was usual to treat them as such for 
purposes of calculation. The paper was an important one, 
but there were many assumptions which required looking 
into. Lord Kelvin said that in dealing with the subject of 
atoms, it was necessary to consider the atoms of electricity. 
The atomic theory of electricity, now almost universally 
accepted, had been thought of by Faraday and Clerk-Maxwell 
and definitely proposed by Helmholtz. The atoms of elec- 
tricity were very much smaller than the atoms of matter, 
and permeated freely through the spaces occupied by these 
greater atoms and also freely through space not occupied by 
them. An atom of electricity in the interior of an atom of 
matter experienced electric force towards the centre of the 
atom. We were forced to conclude that every kind of 
matter had electricity in it, and Lorenz had named elec- 
. tricity as the moving thing in atomic vibrations. If the 
electrions, or atoms of electricity, succeeded in getting out 
of the atom of matter, they proceeded with velocities which 
may exceed the velocity of light, and the body was radio- 
active. It was therefore not surprising that some bodies 
showed radioactive properties, but rather surprising that 
such properties were not shown by all forms of matter. Our 
knowledge of this subject, which originated with the dis- 
covery of the Becquerel rays, had been greatly advanced by 
the experiments carried out at the Cavendish Laboratory, 
and he had no doubt that in the next two or three years 
much light would be thrown upon this important matter. 

Prof. EvERETT said the author had taken the specific 
inductive capacity of water as 2, whereas experimenters had 
found it to be about 80. 


The AvuTHoB, in replying, said the value found for ice 
was about 2, 
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XXIX. On the Existence of a Relationship between the Spectra 
of some Elements and the Squares of their Atomic Weights. 
By W. MansHALL Warts, D.Sc., F.I.C.* 


IT is well known that the spectra of some allied elements - 
exhibit certain resemblances; so that in the spectrum of 
one element we have, as it were, the spectrum of another 
shifted through a certain distance. This has been made 
clearer by the resolution of the lines of certain spectra into 
groups by Kayser and Runge, who have shown that in many 
cases the wave-lengths of the lines of a spectrum can be 
calculated with considerable accuracy by means of a formula 
based upon that applied with such striking success by Balmer to 
the spectrum of hydrogen. Ina general way it may be said 
that an increase in atomic weight produces a shift towards 
the red end of the spectrum, and the amount of the shift 
seems in many cases to admit of simple expression in terms 
of the squares of the atomic weights. 

There appear to be two distinct kinds of connexion between 
the spectra of allied elements. In one class of cases, of which 
the family of zinc, cadmium, mercury, and that of gallium 
and indium furnish the best examples, the differences between 
the oscillation-frequencies of certain lines of the one element 
are to the differences between the oscillation-frequencies of 
the corresponding lines of the other element as the squares 
of their atomic weights ; so that, if it be admitted that the 
lines do correspond, it is possible to calculate the atomic 
weight of the one element from that of the other by means 
of the spectra. | 

In the other class of cases, of which the families potassium, 
rubidium, and cæsium, and calcium, strontium, and barium 
offer the best examples, the element of greater atomic weight 
has the smaller oscillation-frequency, and three elements are 
so related that the differences of oscillation-frequency between 
the elements, in comparing corresponding lines in their spectra, 
are proportional to the differences between the squares of the 


* Read October 31, 1902. 
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atomic weights; so that we can calculate the atomic weight 
of one element from the atomic weights of two otber elements 
of the same family by means of their spectra. 

In the spectra of lithium, sodium, potassium, rubidium, and 
cesium Kayser and Runge distinguish a principal series and 
two secondary series, the lines of each series being connected 
together by a formula of the form 


1 =A[1—Bn-?—Ca-‘], 


where A, B, C are constants, and n receives the values 
1, 2, 3, 4, &c. 

The lines in each series, therefore, approach closer and 
closer together towards the violet, coming to a limit at the 
oscillation-frequency given by the value of A, which is termed 
the convergence-frequency. The values of the constants 
for the principal series of the elements named are :— 


A. B. | O. 


Lithium ......... ..... 4358473 3:060688 20:24012 

Sodium ... ............ 41536:81 3:19939 19-38950 

Potassium ............ 36086°55 3°61914 17:82216 

Rubidium ............ | 3376211 971781 16°65343 
| 


Cadi: rest | 8150156 | 397050 | 15°55107 


Here the differences of convergence-frequency of potassium 
rubidium, and cæsium are nearly proportional to the differ- 
ences in the squares of the atomic weights; but the same 
does not hold between lithium, sodium, and potassium. The 
convergence-frequency of sodium, calculated from those of 
lithium and potassium on this hypothesis, would be about 
40810. 

The two rules stated above are probably only approxi- 
mations to the truth—the results of the calculations made 
would agree more closely with the known values if the actual 
law were not more complicated than that assumed. 

The numbers given below will show what amount of accuracy 
may be expected. 
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Esample 1. From the atomic weight of cadmium, 111:83, 
to calculate that of zinc (64:9). 
The following are the oscillation-frequencies of the lines 


assumed to correspond :— 


Cadmium. Zine. 
(a) 80054-4 10r 825000 8r 
b) 307349 8b 395401 10r 
P 310055 86 $2928°7 10b 
(d) 324468 66 831180 86 
e) 360939:7 605 343108 4 
) 373345 8 347918 6 
) 388511 4 852857 8r 
(4) 3992805 2n 354089 6 
(1) 436905 10r 369347 6 
(J 440867 4r 370592 2% 
(k 440300 6r 97249:2 8b 
( 455500 1 375481 8 


From these numbers we get for the atomic weight of zinc 
by combining — 


D 
RP RP RP RP RP RP RP RP RP RP RP 
c 
& 
o 


(e) 64:77 and soon. 


Oadmium. Zinc. 
211700 10r 
20826 215916 85 
0) 288402 10r 243714 2 
(p) 308019 4 248697 4 


& (n) 6708 
(n & (0) 65°38 
& (p) 6576 
(m) & (p) 6598 
Osdmium. Zinc. 
0 270001 8r 298851 10r 
(r 203704 10r 304560 8r 


(q) & (r) give 64:78 for the atomic weight of zinc. 


Example 2. From the atomic weight of mercury, 199-71, 
to calculate the atomic weights of cadmium and zinc. 


~m 
3, 
aJ 
jus jum 
oo 
3 x 
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The following are the lines assumed to correspond :— . 


Mercury. Cadmium. Zinc. 
(o 16250 10 ...... 21359°5 10r 
(b) 183004 10r 208267 10r 21691'6 86 
(co) 201663 26 213687 10r 
(d) 208840 65 214404 86 
(a) & (b) give 66:13 for zinc. 
b) & (d) give 111:45 for cadmium. 
(b) & (c) give 109-59 for cadmium. 
e) 208340 66 270001 8r 208851 10r 
) 240974 46 288402 10r 302000 8r 
302692 8r 
) 2050782 In 2903704 10r 804560 8r 
À) 298281 4b 80654:4 1Or 
()) 802459 16 907349 86 


(e) & (i) give 111-06 for cadmium, 

(e) & (g) ,, 1137 for cadmium and 65-9 for zinc. 
(e) & (f) 5, 1128 

(e) & (A) „ 110 


Example 3. From the atomic weight of indium, 113:7, to 
calculate that of gallium (69:9). 
The following lines are assamed to correspond :— 


Indium. Gallium. 
-(a) 991593 10r 939011 90r 
(b 9248718 8r 247873 10r 
(a) & (b) give 69:47. 
ce) 807015 10r 3895411 In 
898905 10r 3947808 2n 
(c) & (d) give 69-87. 


Example 4. From the atomic weight of barium, 136-76, 
and that of calcium, 39°99, to calculate the atomic weight of 
strontium (87:37). 

The lines assumed to correspond are :— 


Barium. Strontium. Oalcium. 

(a) 165387 6r 19388 10 21017 1b 
ò 17873 án 22061 6 24390 4b 
A 21951 10r 20970 6n 29736 8b 
d) 229070 8r 28177 6n 80001 46 

(e) 24200] 8r 20890 1n 32229 ln 

From (a) we get sd Ee. for the atomic weight of strontium. 
( '8 : 
(c) 87-54 


BE 
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Example 5. From the atomic weight of cæsium, 132:7, and 
that of potassium to calculate the atomic weight of rubidinm 
(85:2). 


The following lines are assumed to correspond :— 


Cæsium. Rubidium.? Potassium. 
(5 19409 6 13742 4 14465 7 
b) 21764 6r 29714 6r 24700 6 
P. 21945 8r 23791 8r 24719 8 
d) 25707 4r 27893 ár 28908 6r 
(e) 25787 6r 27868 6r 29006 8r 
) 27688 2r 29832 2r 31068 4r 
g) 27678 ár 20852 ár 31078 6r 

a) gives 86°87 

(a) gi d 

e) 83:11 

84-51 

e) 84-93 

f) 85:52 

) 85°51 


And the convergence-frequencies 31502, 33762, and 35086 
give 86:02. . 
Mitscherlich, so long ago as 1864, pointed out the similarity 
in the spectra of the chloride, bromide, and iodide of barium, 
and endeavoured to trace a connexion with the atomic weights 

of these compounds. 

Lecoq de Boisbaudran in 1869 called attention to the 
spectra of the metals of the alkalies and alkaline earths, re- 
marking that the spectrum of cæsium is like that of potassium 
shifted bodily towards the red. Hartley in 1890 showed that 
three triplets in zinc corresponded with three triplets in 
cadmium, and that in each of these spectra the triplets had 
their lines similarly spaced if mapped on the scale of oscil- 
lation-frequency. Kayser and Runge in 1891 confirmed this 
statement, and point out many more triplets similarly related, 
for which they found a connecting formula of the form 


1 — A(1 — Ba-3— On-4). 


They further call attention to the fact that the differences in 
oscillation-frequency in the triplets increase with increase of 
atomic weight; and that they are nearly as the squares of the 
atomic weights. They also remark that in the spectra of 
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potassium, rubidium, and cæsium the mean differences of the 
close pairs are nearly proportional to the squares of the atomic 
weights. 

Ramage (Proc. Roy. Soc. 1901) has discussed many of 
these relationships, and gives two diagrams with oscillation- 
frequencies as abscissæ, one with atomic weights as ordinates, 
the other with the squares of atomic weights as ordinates, 
He points out that in the second of these two diagrams, the 
lines connecting corresponding points are nearly straight in 
the case of potassium, rubidium, and cæsium; and in the 
case of calcium, strontium, and barium. He remarks also 
that “curious results were obtained by observing the points 
in which the converging lines, drawn through corresponding 
members of doublets and triplets, intersected. Tt was difficult 
to determine these points accurately, and the results have 
since been regarded more as coincidences.” 

In a more recent paper (June 5th, 1902) on the spectra of 
potassium, rubidium, and cesium Ramage confirms his 
previous results, and says that the lines connecting corre- 
sponding members of homologous doublets do actually intersect 
on the line of zero atomic weight. 


Discussion. 


Lord KELVIN expressed his interest in the paper. 

Prof. PERRY asked to what extent the points actually lay 
upon straight lines. He had worked with the spectra of 
potassium, rubidium, and cæsium, and knew that many 
relations which apparently held, on careful examination were 
found not to be true on account of certain points falling 
slightly off the curves. He would like to compare the 
Author's results with some of his own work. 
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XXX. On a Determination of the Ratio of the Specific Heats 
at Constant Pressure and at Constant Volume for Air 
and Steam. By Water MakowEn, B.Sc., University 
College, London*. 


[Plate IV.] 


1. Introduction and General Method. 


THE method employed was similar to that used by Lummer 
and Pringsheim (Smithsonian Contributions to Knowledge, 
1898), which consists in allowing the gas under investi- 
gation to expand adiabatically and measuring the lowering 
of temperature caused by such expansion. 

In these experiments the initial and final pressures of the 
gas were measured on a sulphuric-acid gauge, and the change 
of temperature deduced from the variation of the electrical 
resistance of a fine platinum-bolometer strip immersed in the 
gas under investigation. "The gases experimented upon were 
air, oxygen, carbon dioxide, and hydrogen, for which the 
values of the ratio of the two specific heats were found to be 
1:4025, 1:3977, 1:2995, 1°4084 respectively. 

The chief modifications introduced in the present investi- 
gation consist in the substitution of a platinum-thermometer 
with compensating leads, for the bolometer-strip of Lummer 
and Pringsheim, who employed a somewhat different device 
for eliminating errors due to conduction of heat along the 
leads. Also, at the suggestion of Prof. Callendar, the elec- 
tricul contacts were made by means of a specially constructed 
automatic mercury switch, instead of by hand. It was also 
hoped that it might be possible to use smaller quantities of 
gas than Lummer and Pringsheim had used, and it was 
partly with the object of testing this point that the present 
investigation was undertaken. 

If 0, and 0, be the initial and final temperatures of the 
gas, and p, and p; the initial and final pressures respectively, 


* Read November 14, 1902. 
VOL. XVIII. 25 
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then according to the well-known relation 


-.— log (pr/ps)__ 
T^ Tog (pips) og GB) ^ ^ coc O6 
If then the gas be allowed to expand in such a manner that 
Pi, P3, 9, and @, can be measured, the ratio (y) of the specific 
heat at constant pressure to the specific heat at constant 
volume can be calculated. 

In the case of steam, which could not be considered as a 
perfect gas at the temperatures at which the present experi- 
ments were made, the characteristic equation proposed by 
Callendar (Proc. R. S. Ixvii. 1900) was employed. On this 
assumption the adiabatic relation is still given by equation (1). 


Part I. 
2. Experiments with Air. 

The apparatus employed is shown on Plate IV. It consisted 
of alarge spherical copper vessel (not shown in the figure) 
which we will call the **air-vessel," of about 50 litres 
capacity, connected to a tube C for admitting the air to be 
experimented with; into the * air-vessel " passed a platinum 
thermometer by means of which the fall of temperature on 
expansion of the air at a point near the centre of the vessel 
was measured. Into the neck of the vessel was soldered a 
side tube of 1:8 cm. diameter. By withdrawing a rubber 
stopper (b) fitting tightly into this tube the pressure in the 
vessel was allowed to fall from a value (pj) previously ad- 
justed to the atmospheric pressure (p). By means of the 
tube D the *air-vessel" was connected to an oil mano- 
meter M which could be placed in communication with the 
experimental vessel or cut off from it at will by means of 
the glass tap E. ‘The usual arrangement for measuring 
the resistance of the platinum thermometer is also shown in 
the figure. In connexion with the “air-vessel” was a 
mercury-gauge N which served as an automatic key for 
closing the battery-circuit at a definite instant after releasing 
the pressure of the air. The gauge N was connected by 
rubber to a T-piece in the tube D, through which passed 
a platinum wire w, just dipping into the mercury when the 
pressure inside the apparatus was equal to the pressure of 
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the atmosphere. Dipping into the other arm of the gauge 
was a wire z passing out through a loosely fitting cork c, 
through which also passed a glass tube with a platinum 
wire p sealed through it, electrically connected to w. (This 
was employed in the chronograph measurements to be de- 
scribed below.) When the pressure in the * air-vessel " was 
equal to the atmospheric pressure, the wire w was in elec- 
trical connexion with the wire z; on raising the pressure 
the contact between the wire w and the mercury was broken, 
thus breaking the electric circuit from the wire w through 
the mercury to the wire z. If the pressure in the “ air- 
vessel " was now suddenly released, contact was made between 
the mercury and the wire w after a definite time had elapsed. 
This time (which we will denote by 7) could be varied at will 
by raising or lowering the limb containing the wire z, and 
also by means of a screw pinch-cock (not shown in the 
figure) which served to constrict, to a greater or less ex- 
tent, the rubber tubing joining the two limbs of the gauge. 
The two wires z and w were connected respectively to the 
two terminals of the key K, thus putting the gauge in 
parallel with this key. 


3. Measurement of Temperature. 


From formula (1) it appears that it is necessary to measure 
both the temperature (@,) before opening the vessel and the 
temperature (0s) to which the gas has fallen, measured at an 
instant ns soon as possible after opening the vessel, as the gas 
begins to heat up, by conduction from the walls of the vessel, 
almost at once after releasing the pressure. In order, there- 
fore, to obtain reliable results it is necessary that the ther- 
mometer which is used should be able to follow as nearly as 
possible the variations of temperature of the gas. On this 
account a platinum thermometer of a pattern similar to that 
employed by Callendar in his steam-engine experiments of 
1895 was constructed. 

A piece of pure platinum wire (p) (Pl. IV. fig. 2) of diameter 
*001 inch was soldered * on to the platinum leads / sealed 


* In the air-experiments ordinary soft solder was used. In the steam 
experiments to be described below the fine platinum wires were attached 
with eilver solder. 

2 52 
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through one end of the glass tubes g; these in turn were 
soldered on to the copper leads L, passing out of the glass 
tubes through the other ends which were left open. Close 
to the thermometer leads were placed compensating leads to 
which were soldered a piece of fine platinum wire p’ of the 
same diameter as the thermometer wire, but of shorter length, 
sufficiently long, however, to eliminate any end-effect error 
due to conduction of heat from the stout platinum leads 
to the fine platinum-thermometer wire. The four glass 
tubes were placed closely side by side, and introduced into 
the 'air-vessel " through a stopper. To measure the 
resistance of the thermometer, the thermometer and com- 
pensating leads were connected to the two arms of the 
Wheatstone-bridge, as shown in figure 1. In order to keep 
the heating effect in the thermometer, due to the passage 
of the electric current, below :01? C. the current used in the 
resistance measurements was made sufficiently small, being 
supplied by one Leclanché-cell through 240 ohms in the 
battery-arm. The resistances of the two ratio arms were 
3 ohms each. To obtain the balance position, a Thomson 
galvanometer was used, which, however, was rendered astatic 
to avoid unsteadiness caused by magnetic disturbances. 

In all resistance measurements the galvanometer circuit 
was kept permanently closed, the battery circuit being broken 
or made by means of the keys. In this way trouble due to 
thermoelectric E.M.F.'s was avoided. 

Measurement of 0;.—Air was pumped into the “ air-vessel ”’ 
until the pressure inside exceeded that of the atmosphere by 
a definite amount (about 67 cms. of oil), time being allowed 
for the air to assume a constant temperature. The resistance 
of the thermometer was read off by adjusting the resist- 
ance R and the sliding contact s with sufficient accuracy to 
give the temperature of the thermometer to *01? C. The 
battery circuit was closed by hand by means of the key K. 

Measurement of 0,.—The resistance R was then diminished 
and the sliding-contact adjusted by judgment nearly to the 
position where there would be no current through the galva- 
nometer at the instant when the battery circuit was made 
by means of the automatic gauge-key N. If the sliding- 
contact was adjusted exactly to the right position, the 
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galvanometer-needle remained at rest for an instant, and then 
gradually moved off as the thermometer heated up again. 
If, however, the shift was too small the needle gave a kick 
in the opposite direction to that corresponding to the heating 
up of the thermometer, came to rest, and then changed the 
direction of its motion, and gradually moved off as before as 
the gas heated up. In making the observations that position 
of the slider was sought for which the kick of the galvano- 
meter just vanished. 

To determine the time which elapsed between the instant 
of removing the stopper 6 and that at which the mercury 
in the gauge made contact with the wire w, the contact e 
was disconnected from f and connected to g, thus cutting 
out the Wheatstone-bridge and placing the gauge-key N 
in series with a storage-cell S and a chronograph. The 
platinum point p, which was electrically connected to w, 
was brought just into contact with the top of the mercury- 
column, when the air in the “ air-vessel " was adjusted to the 
initial pressure (pj). On releasing the pressure the chrono- 
graph circuit was broken at p and made again through the 
wire w, after the expiration of a certain time (depending 
on the rate at which the mercury fell), which was measured 
on the chronograph to about *01 second. 

This time was varied from ‘5 second up to about 5 seconds. 


4. Pressure Measurements. 


The excess pressure (pı— ps) in the “ air-vessel ” before 
opening to the atmosphere was measured on a manometer M 
filled with Fleuss-pump oil. The density and coefficient of 
expansion having been carefully determined, the excess 
pressure could be obtained jn centimetres of water by means 
of the formula 

density = °8826 — 000644 t 


(where t temperature centigrade) *. 


As the oil used was exceedingly viscous some trouble was 
experienced at first, owing to the long time taken by the oil 


* The density and coefficient of expansion of the oil were determined 
by Mr. N. Eumorfopoulos, of University College, who very kindly 
supplied me with the oil used in these experiments. 
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in running down the sides of the tube when the pressure was 
altered. For this reason the position of the oil in the mano- 
meter was prevented from shifting more than two or three 
centimetres by closing the tap E immediately before opening 
the stopper b. 

The pressure (p,) was obtained by reading the barometer. 


5. Observations. 


The following is a series of observations. 

The resistances are given in arbitrary units, of which 
1002 1:31 ohms approximately. 

The kicks of the galvanometer-needle are given in terms 
of the micrometer-divisions in the eyepiece of the reading 
microscope. | 

By plotting K against r the change of resistance corre- 
sponding to no kick of the galvanometer is found to be 10:47. 


TABLE I. 


(R) ) vr. m | Resistance 
beforeopen-| after open iube f. 
ing vessel. | ing v x S 


651:19 640:84 10:35 
651:27 641-04 5 10:23 
651:38 641-24 10 10°14 
651-61 641:44 10 10°17 
66162 1°34 5 10:28 
651-82 041-49 4 10:33 
651:97 641:54 2 10-43 


Barometric pressure = 767-6 mm. mercury at 0? C. 
= 1044 cms. of water at 0? C. 


Excess pressure=67°1 cms. oil at 18° C.=58°3 cms. water. 
The coefficient of the platinum wire used in the thermometer 
was ‘003835 and its resistance at 0° C. was 610°58. Hence 
2°34 units of resistance correspond to 1° pt.; therefore a 
shift of 10:47 units corresponds to a change of temperature 
of 49:48 pt. —4?43 C. 
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Jog 11023 
- 5 1044 
jo 11023 728983 


1044 ^ ^5 32854 
For this experiment 7—:76 second. 


= 1:396. 


6. Corrections and Results. 


To the value of y found above there are two corrections to 
be applied :— 

(1) The air in the immediate neighbourhood of the ther- 
mometer has risen in temperature by conduction and con- 
vection during the time (7) which elapses between opening 
the stopper 5 and closing the battery circuit. 

(2) The final temperature as indicated by the thermometer 
will be higher than the temperature of the air surrounding it 
on account of direct radiation from the walls of the vessel. 

(1) In order to find how much the air had heated up before 
the battery-circuit was closed by the automatic key, a number 
of observations were taken similar to those given above, but 
with different values of v. A series of values of y was thus 
obtained for different values of 7, from which it was possible 
to deduce the value y, which would have been obtained had 
no time been allowed for the air round the thermometer to 
heat up. For since 


0 —1 
log (^ =Y log( 2 TW 


we see, by expanding by the logarithmic series and meglecting 
all terms except the first, that 


(0,—0,) 20, 5P EE (approximately) (3) 

Ps 7 
Hence y is proportional to the fall of temperature. = 
as calculated from (2) was plotted against 7, and by extra- 
polating back to r=0 the value of t: corresponding to 


no heating of the thermometer, due to conduction and con- 
vection, was obtained. 
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In Table II. are given the values obtained :— 


- TABLE II. 
Time of closin | —1 

circuit in secon Y Lox 
(r). Y 
0°76 1:396 :2837 
112 1:396 *2837 
1:90 1:386 "2785 
3°33 1:381 ‘2759 
1:83 1:386 "2785 
1°45 1:392 :2816 
3:00 1:380 2754 
2:30 1:386 :3185 
5-00 | — 380 2764 
4-01 1:380 2754 
0°95 1:396 . 
5:15 1:380 :2154 
1:90 1:389 2801 
1:65 1:389 :2801 
2:18 1:391 2811 
2°15 1:391 :2811 


Assuming the variation of Y—l with v to be linear over 


the small range considered, the value of r: corresponding 
to r=0 18:285. Hence y— 1:399. 

(2) The error due to radiation was allowed for by coating 
the thermometer with platinum black. Assuming tbat the 
absorption by a platinum-blacked surface is 15 times as 
powerful as that of a bright surface*, the error due to 
radiation could be estimated. 

The value of y obtained with a platinum-blacked thermo- 
meter was 1:860 for r=0°86 second. 

Since the value of y corresponding to 7 — 0:86 sec. is 1:394, 
the correction to be applied for radiation is 


1:394—1:360 _ 
_ a 7 


Hence the corrected value of the ratio of the two specific 
heats of air is y=1°401. 


© Lummer and Pringsheim, jor. cit. 


*0024. 


6, 
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Part II. 
7. Experiments with Steam. 


It will be readily understood that in order to determine 
the ratio of the two specific heats for steam, the use of vessels 
of the size employed in the experiments with air just described 
would be exceedingly inconvenient; and indeed the large 
size of the vessel does not seem to present the same advantage 
as in experiments made by the method of Clement Desormes. 
In the latter method the whole of the gas contained in the 
vessel is being experimented with, and consequently any error 
due to the heating of the gas close to the walls produces 
serious errors in the value of y obtained; it is therefore 
desirable to reduce the surface of the vessel compared 
with its volume. In the present method, however, it is 
merely with the variation of temperature at the point 
where the thermometer is situated with which we are con- 
cerned, and any heating of gas near the walls of the vessel 
is unimportant. It therefore seemed likely that results of 
equal accuracy to those obtained with a large vessel might 
be obtained with a far smaller one. 

To test this point experiments were made with air con- 
tained in smaller vessels, and the following apparatus was 
finally constructed for the steam experiments. 

A cylindrical copper vessel with coned ends of about . 
9:3 litres capacity (Pl. IV. fig. 3) was constructed having a 
wide tap A, by opening which the steam could be allowed to 
expand adiabatically. 

À tube D, provided with a tap through which the vessel 
could be filled with steam, passed through the lower ex- 
tremity. On either side of the vessel tubes (B and C) were 
attached ; through B a platinum thermometer was inserted ; 
C communicated through a tap and a fine tube E with a 
glass tube which was connected to the oil manometer and 
automatic key. The whole was inclosed in a copper jacket 
filled with steam maintained at an excess pressure of about 
half an atmosphere, so that the steam in the inner vessel was 
superheated about 10? C. 

- The pressure in the jacket was kept constant by means of 
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an automatic gas-regulator devised by Callendar, which con- 
trolled the supply of coal-gas reaching the burner employed 
for heating the boiler which generated the steam. It was 
found that by this device the pressure could be kept constant 
to 1 mm. of mercury. To keep the temperature as constant 
as possible the whole vessel was packed in cotton-wool. 

To prevent the condensation of steam in the tube E a 
small meta] tap T was attached close to the vessel; this 
tap was not opened until the pressure in the vessel had 
become constant. By pumping in air the pressure in the 
tube E was raised slightly above that of the steam in the 
experimental vessel, so that on opening the tap T a small 
quantity of air passed into the vessel preventing steam from 
passing into the tube E and condensing there. In order 
to roughly determine the pressure of the steam before open- 
ing the tap Ta small auxiliary mercury gauge was attached 
to C close to the vessel; when the pressure as registered 
by this gauge was constant, and had been adjusted to about 
the value required for taking an observation, the tap T was 
opened, thus putting the oil manometer in connexion with 
the vessel. As the tube E was fine very little steam dif- 
fused into it, and no trouble was experienced from this cause 
when the experiment was carried out as described. To get 
rid of any small quantity of moisture which might collect 
after the apparatus had been working for several hours, a 
T-piece F provided with a drain-tap was attached through 
which such moisture could be expelled. To carry out an 
experiment, the jacket was filled with steam under pressure, 
the tap À being open, and the tap D was then opened and 
steam allowed to enter the vessel, until all the air had 
been expelled; the taps D and A were then closed. It 
was found that the pressure in the vessel rose for a short 
time on account of a small quantity of water carried over by 
the steam entering through D. The pressure of the steam 
was then adjusted to a suitable value (about 56 cms. of water 
above the atmospheric pressure) and allowed to become con- 
stant. The tap T was then opened, after which the tap A 
was quickly opened and the pressures and temperadmses 
registered, as in the experiments with air. The initial tem- 
perature (0,) was always observed just before opening the 
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tap A, only a few seconds being allowed to elapse between 
taking this observation and opening the tap. "Temperatures 
were read £o :02? C. and pressures to the nearest millimetre 
of oil. 

Before proceeding to a discussion of the results obtained 
for steam, the values of y obtained for air, using the same 
apparatus, are given as an indication of its sensitiveness. 


TABLE III. 
Time of closing the 
circuit in seconds (r). r. 
0:58 1:397 
1:21 1:392 
2:00 1:302 


The value obtained with a platinum-blacked thermometer 
was 1:374; the correction to be applied for radiation is 
therefore ‘0017, 

2. y=1'399. 
The striking agreement of this value with that obtained with 
the large vessel demonstrates conclusively that it is possible 
by the method here employed to work with quantities of gas 
far smaller than has hitherto been supposed. 


8. Observations and Results. 


The observations were taken in a manner similar to that 
adopted in the case of air; it was, however, found incon- 
venient to take all observations between exactly the same 
pressure limits. The excess pressure was therefore adjusted 
approximately to the same value in each experiment, and, as 
in the air-experiments, the sliding-contact was adjusted by 
judgment nearly to the position where there would be no 
current through the galvanometer at the instant when the 
battery-circuit was closed ; from the initial and final tempe- 


ratures and pressures a value of bn was calculated, which, 


Yy 
as has been shown above, is proportional to the fall of tem- 
perature for a constant excess pressure. The kicks of the 
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galvanometer-needle were recorded and a correction applied 
to the value of e obtained, in order to allow for the fact 
that the sliding-contact had not been exactly adjusted to the 
correct position. 

In the first series of observations a kick of 1 scale-division 
y 


t in the second series of 


corresponded to :0012 on 


observations a kick of 1 scale-division corresponded to :0016 
y1 


on 1 . The observations are given in full below. 


TABLE IV.—Series I. 


Pı Pa Kick of yzi 
in em. | in cm. | gnlvanometer Y y-1 
0,. 0,. |water at | water at| in scale- juncorrected 
0? C. 0° C. divisions. for kick | corrected. 
of galv. 

383'30 | 37902 | 1081-2 | 1028-0 9 "2250 2358 
383:30 | 978:50 | 10846 | 10280 3 ‘2349 2385 
889-20 | 378:37 | 10840 | 10280 | no kick :2395 — 
383.50 | 37886 | 1085:4 | 1030-0 2 "2325 2349 
385°40 | 37879 | 1094°5 | 103670 | 10 :2200 2320 
3839:40 | 378°69 | 1091-6 | 1036°0 , no kick ‘2367 -— 
383:40 | 378°63 | 1093:5 | 10360 | 3or4 :2314 :2356 
383:30 | 378:53 | 109277 | 1036-0 no kick :2349 — 
883:30 | 37861 | 1091-6 | 10360 1 or 2 "2355 2373 
383-30 | 378°79 | 10909 | 1036-0 3 "2284 :2320 
383:30 | 37876 | 1088:4 | 10850 1 2372 :2884 
383°30 | 378:87 | 10879 | 10350 3 2331 2367 
383:30 | 397883 | 10907 | 1035-0 17 2243 2147 
38330 | 37879 | 109004 | 10350 4 2272 2320 
383:20 | 37899 | 10860 | 10350 3 :2206 2332 
389:20 | 37902 | 1086°9 | 10350 2 2248 2372 
383.20 | 37893 | 10910 | 10350 17 ‘2157 2361 
38320 | 37893 | 10872 | 10350 | just a kick 2308 2308 
383:40 | 397882 | 10907 | 10350 7 :2296 2880 
383:40 | 37872 | 10903 | 10350 :2355 2379 
383°80 | 378°67 | 1090:5 | 1085-0 2 or à :2326 "2356 
383-10 | 37883 | 10758 | 10210 10 :2145 "2265 
383-00 | 37864 | 1075/2 | 1021°0 2 :2212 :2236 
383-00 | 378'46 | 10771 | 10210 b :2230 2290 
889:00 | 978/29 | 107777 | 10210 1 :2290 :2302 
38300 | 378-25 | 1073:0 | 1017:0 2 2331 2355 
383-00 | 978:21 | 10734 | 1017-0 1 2331 ‘2343 
38290 | 378/20 , 1069°4 | 10150 | 3 2367 2403 
38270 | 37789 . 10660 | 10090 | 3or4 2302 2344 
882°70 | 37789 | 1063°8 | 1009-0 2 2390 “2414 
882.90 | 37808 | 1073:8 | 10180 no kick 2401 — 
38910 | 378/28 | 1076:9 | 1021:0 no kick 2395 — 


383:40 | 37842 | 1091-2 | 1035-0 no kick 2401 - --- 
38940 | 37851 | 10909 | 1035-0 no kick 2441 — 
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For these observations r=0°67 second. 


Mean value of 2— = "2349, 


whence y= 1:307. 


TABLE V.—NSeries II. 


p Pr rl 

in em. in em. Kick of 
water at| water at galvanometer. ns esed 
0? O. 0? C. for kick | corrected. 


For these experiments 7 — 0:50 second. 
Mean value of Z} = 2328, 


Yy 
whence y= 1:303. 


The values of y obtained in these two series of experiments 
are given for clearness 


r in seconds, y. 
Series I. ...... 0:67 1:307 
Series II....... 0:50 1:303 


The agreement of these observations was not sufficiently 
close to necessitate the application of the small correction for 
radiation applied in the air-experiments (correction (2) above). 
An attempt was made to apply a correction for the heating 
up of the steam round the thermometer in the time 7 (cor- 
rection (1) above). The discrepancies were, however, found 


358 RATIO OF SPECIFIC HEATS FOR AIR AND STEAM. 


to. be too great to render it possible to plot a curve and 
extrapolate to the value r=0. : 

It is worthy of mention that the movement of the galva- 
nometer-needle was more rapid in these experiments than in 
those with air, indicating a quicker rate of heating up of the 
thermometer. This indication was further confirmed by a 
third series of experiments which was taken, for which 7 was 
1:14 seconds; the value of y obtained in this series was 
1:291, showing that the thermometer had heated up con- 
siderably after 1-14 seconds. 

I desire to express my best thanks to Prof. Callendar for 
his advice and encouragement throughout the course of the 
work; also to Prof. Porter I am indebted for many valuable 
suggestions. 


Discussion. 


Prof. CALLENDAR congratulated the Author upon the good 
agreement of the results of a difficult experiment. He men- 
tioned the difficulties in overcoming conduction when working 
with steam at a high temperature, and pointed out that the 
Author's value for the ratio between the specific heats of 
steam agreed closely with that which he (Prof. Callendar) 
had recently deduced from theoretical considerations. An 
important feature of the present paper was that experiments 
had been performed in which different periods of time 
elapsed between the releasing of the pressure and the deter- 
mination of the final temperature. Referring to the fact 
that the Author had used a platinum thermometer instead 
of a bolometer strip, he said that although a bolometer 
strip was more sensitive than a platinum thermometer, it 
was more sensitive than necessary in such an experiment. 
Another point in the experiments was the use of smaller 
quantities of gas than had hitherto been employed, an advan- 
tage of importance when dealing with rare gases. Prof. 
Callendar then exhibited and described the pressure-gauge 
referred to by the Author and used in his experiments. 
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XXXI. A Suggested Theory of the Aluminium Anode. By 
W. W. TAYLOR, M.A., D.Sc., and J. K. H. Inaris, 
M.A., B.Se.* 


ALTHOUGH aluminium is one of the metals which decom- 
pose water, it is very slowly acted upon by dilute sulphuric 
acid, even at moderately high temperatures. With dilute 
hydrochloric acid the action is violent, and it is found that, 
if a little hydrochloric acid or soluble chloride (e. g., potas- 
sium chloride) be added to dilute sulphuric acid, the action 
is, to all appearance, as violent as with eae acid of 
similar concentration. 

The primary object of this avelion was to find an 
explanation of this anomalous behaviour of sulphuric acid, 
and of the effect produced by the addition of chloride. It 
has long been known f that, when an aluminium electrode is 
employed as anode in a solution of a sulphate or of sulphuric 
acid, there is a very great resistance offered to the current, 
and that this resistance is due to a film which separates the 
electrode from thesolution. If the aluminium is the cathode, 
or if other acids are substituted for sulphuric acid, this great 
resistance does not exist. The film cannot merely act as a 
dead resistance, for the resistance is different according to 
the direction of the current. It seems probable, then, that 
the two phenomena are related, and that the film is also the 
cause of the slow action of sulphuric acid on aluminium. 
This paper is an attempt to find an explanation which will 
satisfactorily account for all these phenomena. 


Historical Summary. 


The behaviour of aluminium as anode in dilute sulphuric 
acid has been the subject of many investigations, but they 
have been mainly directed to proving the existence of the 
abnormalities, and not to finding the cause of them. The 
earliest measurements appear to have been made by Wheat- 
stone f, who tried to ascertain the position of aluminium in 

* Read November 14, 1902. 
t Buff, Liebig's Annalen, cii. p. 269 (1857). 
t Phil. Mag. [4] x. p. 143 (1854). 
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the voltaic series. He found that its position depended on 
the electrolyte used, and he noticed especially the slight 
action of nitric acid and of sulphuric acid, and the small 
current obtained with the latter acid. His experiments were 
repeated in greater detail by Buff *, who observed remarkable 
peculiarities with dilute sulphuric acid as the electrolyte. 
He found on electrolysis of dilute sulphuric acid with an 
aluminium anode and an external battery, that the anode 
became covered with a dark skin which he supposed to be 
silicon. Tait f investigated the polarization of the alu- 
minium cell, using a variable polarizing battery. If six 
Grove’s cells formed the polarizing battery, the reverse E.M.F. 
was 5°20 Daniells ;-in this case the polarizing E.M.F. was 
10:44 D. As his measurements were made with a Thomson 
electrometer, they were independent of resistance. 

The dark skin first observed by Buff was the subject of 
several investigations made by Beetz ł. He at first supposed 
it to be an aluminium suboxide; but, later, came to the 
conclusion that it is merely the ordinary oxide or hydroxide. 
More recently Norden $ showed that the film is the ordinary 
hydroxide, Al (OH), Lawrie | had previously come to the 
conclusion, based on experiments upon the effect of amal- 
gamation on the electrochemical behaviour of aluminium, 
that the peculiarities are due to a layer of oxide or of sub- 
oxide. 

The subject has also been investigated by several physicists 
who endeavoured to explain the physical peculiarities. At 
first the film of oxide was supposed to act as a layer which 
protected the electrode from the action of the electrolyte ; 
but Oberbeck J and Streintz ** suggested that the film acts 
as a non-conductor, and that the electrode, the film, and the 
electrolyte form a condenser ; and a condenser consisting of 
two aluminium plates with a solution of a sulphate as 


* Loc. cit. t Phil. Mag. (4] xxxviii. p. 243 (1869). 
I Pogg. Annalen, vol. cxxvii. p. 45; vol. clvi. p. 464; 1877, vol. ii. 
p. 94 


$ Zeit. für Elektrochemie, vi. pp. 159, 188 (1899-1900). 
|| Phil. Mag. [5] xxii. p. 213 (1880). 
«| Wied. Ann. xix. p. 625 (1883). 
+» Wied. Ann, xxxii. p. 116 (1887) ; xxxiv. p. 751 (1888). 
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electrolyte has been described by Haagn*. In all these 
cases a neutral sulphate or sulphuric acid solution formed the 
electrolyte, Streintz especially mentioning that in nitric acid 
the behaviour of aluminium is quite normal. The question 
became one of practical importance when Pollak f and 
Gráütz ł independently showed that a cell consisting of one 
aluminium electrode and one carbon electrode in dilute 
sulphuric acid could be used to change an alternating current 
into a direct current, since the phase in which aluminium is 
the anode is stopped by the cell. Various investigators § 
found that currents of 20 volts or even of 100 volts potential 
can be so transformed. Later researches have not brought 
to light many new facts, though Wilson | showed that the 
transformation is not complete if the period of alternation is 
less than 4l; second. None of the investigators attempt to 
explain how this film is produced and maintained. Norden, 
however, gives the following explanation :—When sulphuric 
acid is electrolysed with an aluminium anode the secondary 
oxygen produced acts on the anode to form Al (OH);, which 
is slowly dissolved by the sulphuric acid or by the aluminium 
sulphate already in solution, and thus the film is continually 
renewed on one side and dissolved on the other. If hydro- 
chloric acid be used as electrolyte, the free chlorine acts on 
the aluminium and forms a soluble salt AICl;, and not a 
difficultly soluble oxide.—This explanation is hardly sufficient, 
for no reasons are given for the formation of secondary 
oxygen ; and, further, aluminium sulphate is a fairly soluble 
salt. Hence a full explanation is still wanting. 


Experimental Results. 


Experiments were made, in the first instance, to ascertain in 
what way the addition of certain salts to the electrolyte affected 
the aluminium anode. For this purpose the 12 volt storage- 
battery of the laboratory was used, and in the circuit were a 


* Zeit. für Elektrochemie, iii. p. 470 (1896-97). 

T Compt. Rend. cxxiv. p. 1448 (1897). 

t Wied. Ann. lxii. p. 328 (1897). 

§ Bleiblátter, xxiii. pp. 108, 502, 564, 650; Elektrotechn, Zeits. xxi. 
p. 918. 

| Electrical Review, 1898, p. 371; Proc. Roy. Soc, vol. lxiii. p. 329 
(1898). «| Loe, cit. 
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3 ohm (approximate) resistance, an ammeter which could be 
read to 0:01 ampere and up to 3:0 amperes, and the electro- 
lytic cell, all in series ; a voltmeter reading to 0°05 volt and 
up to 15:0 volts was also in parallel circuit with the cell. 
The cell consisted of a beaker containing a 1/1 molar solution 
of sulphuric acid and the two electrodes, the one of sheet- 
aluminium, and the other a spiral of thick platinum wire. 
The procedure was as follows :—The circuit was closed, with 
the acid alone as electrolyte, and the readings of the volt- 
meter and ammeter noted as soon as they became constant. 
To the acid were added successive small quantities of a 
solution of the salt under investigation ; and, after closing 
the circuit, readings were noted every few minutes until they 
again became constant. It was found necessary to use a 
fresh piece of aluminium each time, as, through the continued 
action of the weak current, the film on the anode became so 
thick and resisting that addition of even large quantities of 
potassium chloride had no influence on the current, although 
a small quantity only was required when a fresh surface was 
taken. It was therefore necessary to have the surface in as 
uniform a condition as possible in order that the experiments 
should be comparable, and this was most easily ensured by 
using a fresh surface each time. 

Effect of CMoride and of Bromide.—The results are given 
in the following tables. 


TABLE I. 


Solution of H,SO,=1 molar. 
» KCl =3:9 molar (saturated). 


Voltmeter in Voltmeter in | Current in 
open circuit. closed circuit. 


11^ volt. 
^L019 c.c, KOL. 
--0:2b c.c. KOL. 
--0:83 c.c. KCl. 


falli idl i iE to 
toT] ^| — 150 


117 volt, |25 c.c. saturated ammonium 
alum solution 11 <0°01 
» » 2-027 c.c. KO]. ^ 6 
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In the case of ammonium alum solution (Table I.) the effect 
of potassium bromide was also determined, and after addition 
of 0:3 c.c. of a 4 molar KBr solution, the current passed 
freely, though it did not increase so rapidly as after addition 
of chloride. 

The experiments were then repeated with more dilute 
solations of chloride and bromide. 


TABLE lI. 


Solution of H;SO, 21 molar. 
5 KCl 20:39 molar. 


Voltmeter in Voltmeter in | Current in 
open circuit. Electrolyte, closed cireuit. | Amperes. 
117 volt. |25 c.c. H,8O,..................... 11:65 «0-01 
m -+-0°97 c.c. KCl 11:65 001 
5 +20 cc ju falling to 7:0 | rising to 0°50 
” 79 rea 
surface)...| falling rapidly. | rising to 0-80 
117 volt. |25 c.c. H,8O,..................... 11-65 <001 
+1°0 oc. KCl... 11:60 0-025 oap 
5 +1°2 c.c. KOL... 11:00 0:02 (rising 
» +1°4 c.c. KOL... 11:60 0:02 (rising) 
s +16 o.c. KOL..| ..... 


In the second of these experiments the currents rose at 
once to 1:0 ampere after addition of 1:6 c.c. KCl solution, 
but with smaller concentrations of chloride the current was 
rather variable, as if the resistance of the film was continually 
changing. In the case of bromide the current did not 
increase until 5:0 c.c. of a 0*4 molar KBr solution had been 
added. It then rose steadily to 0-5 ampere, but the increase 
was not so rapid as with chloride. 

Similar experiments were made with other salts, and the 
results may be very briefly described. 

Nitrate.—A. 2:6 molar solution of potassium nitrate was 
used. After addition of 3:0 c.c. of the solution to 25 c.c. of 
acid, the current at once rose steadily ; considerable irregu- 
larity was shown after addition of 2:0 c.c. of the nitrate 
solution. 

Acetate.—Addition of sodium acetate to sulphuric acid had 
no effect. In order to attain a considerable concentration of 

202 
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acetions, a saturated solution of sodium sulphate was then 
used instead of sulphuric acid, but this made no difference. 

Thiocyanate-—A 2:0 molar solution of potassium thio- 
cyanate was used. Addition of 2:0 to 3:0 c.c. of the solution 
was found necessary to enable the current to pass readily. 

Chlorate-—Addition of potassium chlorate was also found 
to enable the current to pass readily. 

As the presence of aluminium salt might, conceivably, 
influence the results, several of the above experiments were 
repeated after 1°0 c.c. of 0°5 molar aluminium sulphate solution 
had been added to the acid, but no differences were found. 

These experiments show that the presence of certain ions, 
even in small concentration, enables a large current to pass 
through the cell; and it seemed to us probable that the reason 
is that the film of aluminium hydroxide with which the anode 
is covered is permeable to certain ions, but impermeable to 
others". If this is so, any anion which can readily pass 
through the film will enable a current to pass, whilst anions 
which cannot readily pass through will not enable it to do 
80. The anomalous behaviour in sulphuric acid would then 
be due to the impermeability of the film to SO," ions, and 
also to Al:*: ions. This explanation is also in accord with the 
fact that reversal of the current immediately causes a current 
to pass through the cell, this being due to the permeability 
of the film to H ions, for it is diflicult to suppose that reversal 
of the current immediately removes the film and subsequent 
reversal immediately restores it. 

We next made a series of experiments to determine the 
relative rates of diffusion of these ions through a film of 
aluminium hydroxide. The method adopted is one devised 
by Walden f and consists in forming a film of gelatine 
containing ammonium chromate over one end of a glass tube, 
exposing it to daylight, and then washing out all soluble 
substances. The tube is then placed in a solution of alum- 
inium salt, and ammonia solution is put inside the tube. In 
this way a film of Al(OH); is formed where the two solutions 
meet, i.e., in the interior of the gelatine. A solution of the 
salt under examination is then added to the ammonia solution 

* Cf. Ostwald, Zeit. f. Phys. Chem. vi. p. 71 (1890). 
t Zeit. f. Physik Chem. x. p. 699 (1892). 
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in the inner tube, and from time to time the outer solution is 
tested for the salt. From the fact that a film of aluminium 
hydroxide can be formed in this way, one may conclude that 
it is impermeable to Al*** ions, and to OH’ ions, as otherwise 
diffusion would continue until one or other of the salts was 
completely removed. 

Having set up a large number of cells we found that KCl, 
KBr, KNO,, KCIO;, and KCNS all diffuse through rapidly, 
though not equally so; NaC,H;0, diffuses slowly, and 
KSO, only to a very slight extent. To confirm this result, 
more cells were set up, and mixtures of KCl and K,S0,, 
KBr and K,SO,, were added to the ammonia solution, so that 
the rates of diffusion through the same film could be observed. 
The same results were obtained. 

It now seemed very probable that the abnormal behaviour 
of the aluminium anode in sulphuric acid was due to this 
impermeability. According to Ditte *, the surface of alum- 
inium is covered with a thin film of hydroxide which 
preserves it from the further action of the air. If, there- 
fore, a piece of aluminium be made the anode in dilute 
sulphuric acid, the SO," ions are unable to pass from the 
solution through the film to the anode, and similarly Al: 
ions are unable to pass from the anode into the solution. 
Hence there are no ions to carry the electricity through 
the film, and no current can pass. A very slight current 
does pass, and this may be due to Al*** ions being formed at 
the anode, H’ ions of the water passing at the same time 
through the film and thus leaving OH' ions which form 
Al(OH), with the Al*** ions just formed. This aluminium 
hydroxide replaces that which may be removed by solution in 
the acid, and in this way the continuity of the film is main- 
tained. 

If Cl’, Br’, or NO; ions are present, they can migrate 
through the film, thus carrying electricity to the anode 
where they unite with Al':** and form neutral salts ; and 
this formation of salt behind the film will break it loose, and 
so enable the current to pass easily. In this way the results 
obtained admit of an easy and rational explanation. 


* Compt. Rend, cxxvii. p. 919 (1898). 
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If this explanation is correct, it should be possible to 
reproduce the peculiarities of the aluminium electrode with a 
platinum electrode and a film of aluminium hydroxide. There 
are various ways in which this might be done, but for 
practical reasons the following was adopted. The cell con- 
sisted of two large pieces of platinum foil as electrodes, an 
inner porous cell containing ammonia solution (1 molar) and 
an outer glass beaker containing aluminium sulphate solution 
(4 molar). In this way a film of aluminium hydroxide was 
deposited in the wall of the porous cell. 

If the aluminium sulphate solution contained the anode, 
no current should pass, since Ál'*: ions cannot migrate 
through the film to the cathode, nor OH’ ions to the anode. 
Addition of SO," ions to the ammonia should have no effect 
on the current, but addition of Cl! ions should cause a current 
to pass. Reversal of the poles, also, should cause a current 
to pass, for NH; ions can readily pass through the film. 
With such a cell, and with the 12-volt storage-battery and 
the same arrangement of apparatus as already described, the 
following results were obtained :— 


Aluminium Time from 


sulphate solution | closing circuit Voltmeter. 
contained : (minutes). 
Anode. o 116 
60 12:0 
1140 120 
Cathode. immediately. 11:2 
104 
Anode. 10 117 
180 11:95 
Oathode. 15 10:8 
Anode. 6 117 
Anode. immediately. (50 volt current 
uged.) 
4 » 
20 » 


Oathode. immediately. (50 volts.) 0-83 
(420hmsin circuit.) 


The small current which passes is due to the low con- 
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ductivity of ammonia solution ; so a similar experiment was 
made with a solution of sodium carbonate in the porous cell, 
as sodium hydroxide might act on the film. The only 
difference found was that the maximum current was much 
greater. 


Aluminium Time from 
sulphate solution | closing circuit Voltmeter. 
contained : (minutes). 
Anode. o | us 
13 11:8 
65 11:05 
Oathode immediately. 10:8 
3 9:8 
4 91 
Anode. 9 118 
19 11'9 


In the next experiment also sodium carbonate solution was 
used, andfafter the current had fallen to 0:07 ampere, part 
of the sodium carbonate solution was replaced by a saturated 
solution of potassium chloride. The current increased steadily, 
after 60 minutes it was 0°35 ampere. On reversal, the 
current rose immediately to over 2 amperes. 

In a similar experiment, after the current had fallen to 
0:08 ampere, half of the sodium carbonate solution was 
removed, and a saturated solution of potassium sulphate 
added ; even after 60 minutes there was no change in the 
current. Ammonia was also used in the inner cell, and half 
of it replaced by saturated solution of potassium sulphate 
after the current had decreased to 0:04 ampere. After 60 
minutes the current was 0°05 ampere, and after 20 hours it 
was constant at 0°10 ampere. On reversal it immediately 
rose to over 2 amperes. 

An experiment was also made with solutions of sodium 
carbonate and aluminium chloride. In this case, after the 
current had fallen to 0°05 ampere, the poles were reversed 
and the current increased rapidly (to 0°6 ampere in 1°5 
minute) ; but on again reversing, it quickly diminished to 
its former value. 

There is still another way in which the explanation might 
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be tested—by direct measurement of the resistance which 
the film offers to the passage of different ions. Suppose that 
solutions of the four salts Al,(SO,),, AlCl}, K,SO,, KCl, be 
prepared so that they have the same conductivity at say 
25? C., and that now the two electrodes be separated by a 
film of Al(OH),; then the resistances depend upon the rapidity 
with which the ions can pass through the film, and the four 
solutions will, in this case, have dif- 
ferent conductivities. The differences 
should, moreover, be of quite a high 
order. For in the caso of Al,(SO,)s, 
neither ion would pass through the 
film, and the resistance measured should 
be high; in the case of AlCl, and of 
K,SQ,, only one ion could pass through, 
and the resistances should be of the 
same order, though much smaller than 
in the first case. The presence of the 
film should not make much difference 
to the resistance of the KCl solution, 
since both ions can pass through ; this 
solution should, therefore, nave the 
smallest resistance. 

The apparatus which we Diod con- | 
sisted of two glass tubes with flanges“ 
ground to fit one another. Between 
the two tubes was placed a piece of 
filter-paper which had been soaked 
in a dilute gelatine solution. The 
flanges were pressed together while the 
gelatine was hot, so that a close and 
water-tight junction was made. Dilute 
solution of aluminium sulphate was 
poured into one tube which was closed 
with a rubber stopper provided with 
an overflow tube; the apparatus was 
then reversed and a dilute solution of 
ammonia was poured into the other tube. In this way a 
film of Al(OH), was formed in the gelatinized paper, and 
after a few hours the whole was carefully washed out with 


Fig. 1. 
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distilled water. One tube was then filled with the solution 
to be examined, the corresponding electrode adjusted to a 
definite mark—an overflow tube preventing rupture of the 
film ; the apparatus was then reversed and the other tube 
filled with the same solution, and the electrode inserted. The 
whole was placed in a thermostat at 25? C. and measurements 
of the resistance made. They were as follows :— 

Al,(SO,); 2. o . . 289 ohms 

AlCl, . . . . . . 259 ohms 

KCl. . . . . . . 248 ohms 


These differences are very small, especially as we found the 
error of adjustment of the electrodes to be considerable. 

It is doubtful if it is practicable to determine these differences 
with an alternating current. There can be no-migration of 
the ions (with a high frequency and small current), and there- 
fore a very small amount of certain salts in the film is 
sufficient to enable a current to pass; and will, in fact, largely 
determine the conductivity. Now the formation of the film 
by the interaction of the two salts necessarily produces such 
a salt in the film; and this, no doubt, is very difficult to 
remove completely by mere washing *. 

We propose therefore to repeat the experiments with a 
more suitable arrangement of electrodes, and with special 
preparation of the film. We also hope to make measurements 
of the resistances using continuous currents. 

The explanation of the peculiarities of aluminium when 
used as an anode in solutions of sulphates, which has thus 
been suggested, may be applied to the phenomena observed 
in the reaction between aluminium and dilute acids. But it 
seemed desirable to determine by experiment whether the 
presence of those ions which have so marked an influence on 
the anode has a similar influence on the rate of solution of 
aluminium in sulphuric acid. Accordingly, the following 
rough determinations were made of the rate of evolution of 

* With a direct current this salt is removed from the film by the 
action of the current. This is probably the reason why, in the series of 
experiments last described, the current at first is so long (20 hours) in 
reaching a minimum, although afterwards it reaches the same minimum 


in much less time (about the same time that had elapsed between the 
two previous commutations). 
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hydrogen from the acid, both alone, and with addition of 
certain ions. 

Preliminary trial showed that at temperatures of 80? C. to 
85? C., and with a 2-molar solution of sulphuric acid, the 
reaction proceeded at a rate which could be conveniently 
measured. A thermostat was adjusted to 85? C., and all the 
experiments were made at this temperature. Small flasks of 
about 80 c.c. capacity, and pieces of sheet aluminium of 
uniform size and weight (25 mm. square, 0°45 gm.) were 
used. Each flask contained one piece of the metal and 
60 c.c. of a 2-molar sulphuric acid solution, and in addition 
a known quantity of a concentrated solution of the salt 
under investigation. The gas evolved was collected in a 
burette. The salts employed were KCl, KBr, KNO,, and 
KCNS. The results are summarized below. 

Chloride.—F our experiments were made to determine the 
effect of chloride, a 3°9 molar solution of potassium chloride 
being used. The intervals of time required for the evolution 
of 50 c.c. of hydrogen were 


(1) 60 c.c. acid. 180 minutes, diminishing to 150 minutes. 

(2) 60 c.c. acid -- 1 c.c. KCl. 70 minutes, diminishing to 
50 minutes. 

(3) 60 c.c. acid+2 c.c. KCl. — 2 minutes. 

(4) 60 c.c. acid + 4 c.c. KCI. 2:5 minutes, diminishing to 
1:7 minute. 


These figures show that chloride has a very decided 
influence on the velocity of the reaction, but it does not seem 
to play the part of a simple catalysator. One noticeable 
feature is that when 2 c.c. of the solution have been added, 
its maximum effect has been almost reached. 

The action may be explained as follows—when a piece of 
aluminium is put into dilute sulphuric acid, it is covered with 
a film of hydroxide; this film, being impermeable to SO," 
ions, is impermeable to H’ ions also, for the one ion cannot 
go anywhere without the other. Thus there is no action 
between the metal and the acid. The aluminium, however, 
acts slowly on the water in the film, forming hydrogen and 
aluminium hydroxide, which maintains the continuity of the 
film. In this way a slow continuous action takes place. If 
potassium chloride be added to the acid, H * ions can permeate 


A THEORY OF THE ALUMINIUM ANODE. 371 


the membrane, for the Cl! ions can go with them, and the 
metal thus comes in contact with H- ions. This action 
breaks up the film and so admits the sulphuric acid to the 
surface of the metal. 

If the concentration of Cl’ ions is too small to cause violent 
action and so destroy the film, they will still have an accele- 
rating influence, but the maximum effect will not be attained. 

Bronide.— Addition of bromide appears to have very little 
influence on the velocity of reaction. Four experiments 
were made, a 4-molar solution of potassium bromide being 
used. The times of evolution of 50 c.c. of hydrogen were 


(1) 60 c.c. acid 150 minutes. 
(2) 60 c.c. acid 4-2 c.c. K Br. 160 , 
(3) 60 c.c. acid -- 4 c.c. KBr. 155 , 


(4) 60 c.c. acid (no. 1) 4-1 c.c. KBr. 140  , 


The fourth experiment was made with the aluminium and 
acid already used in experiment (1), in order to remove 
uncertainty as to the uniformity of the surface. Hence the 
influence of bromide is very slight and the experiments are 
noi sufficient to show whether it accelerates or retards the 
reaction. 

Nitrate and Thiocyanate.— These salts were found to have 
an accelerating effect. With nitrate the reaction was some- 
what irregular, and the gas evolved was found to contain 
nitric oxide. In the case of thiocyanate, hydrogen sulphide 
was produced in considerable quantity. The results, con- 
sequently, are of no value. 

Finally, two experiments were made, with acetic acid, and 
with a mixture of acetic acid and potassium chloride ; for 
according to the theory, presence of chloride should have an 
accelerating effect. The acetic acid solution was that of 
maximum conductivity, and the potassium chloride solution 
was 3°9 molar. The action was very slow and the curves 
obtained were irregular. In 30 hours 18 c.c. of hydrogen 
were evolved when acetic acid alone was used, and in the 
same time 22 c.c. of hydrogen with a mixture of 2 c.c. KCl 
and 60 c.c. of acetic acid. 

These experiments must be regarded as rough preliminary 
observations, and we wish to return to the subject at a later 


date. 
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Summary. 


1. The influence of chloride, bromide, nitrate, acetate, 
chlorate, and thiocyanate, in varying concentration, on 
an aluminium anode in sulphuric acid was investigated. 

2. A theory to explain the results was brought forward and 
tested experimentally. 

3. The essential peculiarities of an aluminium anode were 
reproduced by means of a platinum anode and a film of 
aluminium hydroxide. 

4. Some measurements were made to determine the influence 
of chloride and of bromide, on the reaction between 
aluminium and sulphuric acid. 


Chemical Laboratory 
University of Edinburgh. 
October 1902. 
DIscussIon. 


Dr. LEHFELDT said that the lines of explanation were 
probably correct. Referring to the behaviour of an alu- 
minium anode in sulphuric acid, he said that the small 
amount of conduction might be due to the fact that the film 
was not quite impermeable. 

Prof. S. P. Tompson called attention to one of the ex- 
periments described in the paper, in which a potential- 
difference of 50 volts applied to a cell with a membrane of 
aluminium hydroxide between the electrodes produced a 
current of 0:07 ampere, and asked what the current would 
probably have been if the voltage had been reversed. 

Mr. CAMPBELL mentioned some experiments which he had 
seen performed with an aluminium rectifier. He also said 
that if an alternating E.M.F. of moderate magnitude was 
applied to the electrodes of a cell consisting of two alu- 
minium plates immersed in strong sulphuric acid, the 
electrostatic capacity of the cell was large, but if the E.M.F. 
was increased the capacity fell enormously, and then did not 
recover on reducing the applied E.M.F. till the cell had 
been allowed to rest for some considerable time. He asked 
for an explanation of this phenomenon. 

Prof. AYRTON asked the Authors whether the rectifying 
power of an aluminium anode was a question of resistance or 
of back E.M.F. He said that if an aluminium anode and a 
lead cathode were placed in a solution of Rochelle salt and 
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an E.M.F. applied for about an hour, it was then impos- 
sible to send a current through the cell even by increasing 
the E.M.F. to 120 volts. If such a cell was used as a 
rectifier, a black deposit was formed on the aluminium plate 
which remained constant in weight. If a direct current was 
sent through the cell, a white deposit was formed and the 
aluminium plate lost in weight. Prof. Ayrton described 
some experimenis which seemed to show that the properties 
of these cells were connected with changes in the liquids of 
the cells. 

Mr. Inas, in reply to Prof. Thompson, said that in the 
particular experiment referred to a reversal of the E.M.F. 
would have given a current of about 30 amperes. In the 
experiment mentioned by Mr. Campbell the explanation 
might be that when the E.M.F. was large the ions were 
forced into the interstices of the film and produced an effect 
corresponding to a diminution of electrostatic capacity. He 
thought that the power of an aluminium anode as a rectifier 
was due to increased resistance and not to back E.M.F. 


XXXII. A Slide-rule for Powers of Numbers. 
By Prof. Joan Perry, F.R.S.* 


[Abstraet.] 


SooN after Mr. Lanchester showed his Radial Cursor to the 
Society in 1895 the Author designed this rule and gave it up 
as inaccurate. It was recalled to his memory by a letter 
from Brother Bonaventure, of Mount St. Michaels College, 
Dumfries, who was anxious to have tables of the logarithms 
of the logarithms of numbers. The Author finds his rule 
accurate enough for engineering calculations. He replaces 
the D scale of an ordinary slide-rule by a scale in which the 
mark m is placed at a distance representing log log m from 
the mark 10. The rule exhibited enabled m* to be calculated 
at one .operation, where m is anything from 2 to 1000 and n 


a 1 
is from 0:1 to 10. Again ms or ms or the logarithm of any 
number to any base or the delogarization of any number to 


Read November 28, 1902, 
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any base can be performed with one setting. When an 
answer is outside the limits 2 and 1000, two settings are 
needed. The log. log scale is described by Dr. Roget, Phil. 
Trans. 1814. 

Mr. Harrison said there could be no doubt that many 
who had to make calculations would avail themselves of the 
advantages offered by the addition of the log. log scale to 
the ordinary slide-rule. He would like to call attention to a 
further addition by which the general utility of the log. log 
scale was increased. It was the introduction of a log. 
(—log) scale which increased the range of the instrument by 
making it possible to deal with numbers from a small fraction 
upwards, with the exception of an unavoidable gap near 
unity. It also made it possible to directly evaluate a quan- 
tity like a7^. In a slide-rule, if the cursor were misplaced 
by a small amount the consequent error in the reading of the 
log. scale was, for all positions, the same fraction of the 
number read. On the other hand, in the log. log scale 
the proportionate error varied along the scale and was least 
at the unity end. At the particular place at which the 
reading is “e” or *e-!" the percentage error agreed with 
that of the companion log. scale. At any other place where 
the reading was e” the percentage error would be n times this 
amount. This proportionate accuracy was exactly that which 
was justified in dealing with experimental numbers liable to 
a percentage error. It was always possible to increase the 
degree of accuracy by splitting the numbers involved into 
suitable factors. Mr. Harrison also gave some account of 
the preparation of a ten-inch slide-rule accurate to one part 
in 300, which he hoped it would be possible to sell for one 
shilling. 

Prof. Everett said that the slide-rule exhibited by Prof. 
Perry would be useful for people constantly engaged in 
raising numbers to strange indices. For occasional use he 
thought that a table of logarithms was preferable. He 
pointed out that a complete history of the slide-rule was 
given in the introduction to the original edition of Hutton's 
Tables. There were two distinct methods of using loga- 
rithmic scales—one due to Gunter and sensibly the same as 
that employed in Fuller’s spiral rule, and the other that used 
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in ordinary slide-rules. With his own form of rule, which 
he found very convenient, it was possible with care to work 
correctly to one part in four thousand. 

Mr. Boys remarked that the slide-rule had occupied his 
attention for many years. The device employed by the 
Author for dealing with powers of numbers was perfectly 
well known, and the log. log scale was usually referred to as 
the P line. He admitted that the P line was not so much 
used as it should be, and hoped that the paper would serve a 
good purpose in drawing attention to it. He thought, 
however, that in working with gas- and steam-engines Lan- 
chester's rule was eminently suitable for dealing with cases 
in which numbers must be raised to fractional indices. He 
agreed with Mr. Harrison's remarks upon the accuracy of 
the exponential scale, but said that they were apt to create 
a wrong impression. In dealing with an experimental 
number subject to error the accuracy obtained by the scale 
was sufficient, but in raising a true number to a certain power 
the errors introduced were large. He disagreed with Prof. 
Perry in his assertion that the ordinary D line was less used 
than the others. | 

Prof. GREENHILL thought it would be better to preserve 
the D line and replace the C line by the log. log scale. He 
also exhibited the form of Fuller’s rule called the R.H.8. 

Mr. APPLEYARD referred to the advantages of the spiral 
form of slide-rule, the objections to which are (1) that it is 
somewhat heavy, and (2) that the cylinders do not always 
work smoothly, so that there is delay in setting the pointers 
to the exact position. He suggested that the sliding parts 
should be arranged on geometric principles, like Lord Kelvin's 
slides. These principles were applicable both to cylindrical 
and to straight slide-rules. For the design of cables, the 


straight slide-rule has especially the merit of enabling log D 
to be read off at once. 

Mr. Cooper supported Mr. Boys and Prof. Greenhill with 
reference to the D line, and said he thought it ought not to 
be abolished. 

Prot. 8. P. TnHoMPsoN said an exponential rule was a 
very useful thing in dealing with some of the calculations 
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connected with alternating currents, more particularly those 
relating to hysteresis losses. A simple method for carrying 
out a lot of operations for which the slide-rule is often used, 
would be to commit to memory the multiplication table up 
to thirty-three times thirty-three. 


XXXIII. Photographs of Cross-Sections of Hollow Pencils 
formed by Oblique Transmission through an Annulus of 
a Lens. By Miss Atice Evrrert.* 


THESR attempts were prompted by reading an interesting 
paper by Prof. Silvanus Thompson on “ Zonal Aberration of 
Lenses." 

The direct rays of an arc light were allowed to pass 
through an annulus of a simple convex lens tilted to an angle 
of 45? with their direction, and placed at a distance of about 
twice its focal length from the arc. The remainder of the 
lens surface was blocked out by paper gummed on to the 
glass. The photographic plate was placed at right angles to 
the course of the beam, and a series of exposures were made 
at gradually increasing distances from the lens. The room 
was darkened, the lamp being enclosed in a box with an 
opening at one end. 

The lens used in the first series was a plano-convex of 3" 
aperture, and 16" focus, the plane side being next the light. 
The free annulus was pẹ of an inch broad, and 1'1 inch 
mean radius. 

In the second series two concentric annuli were employed 
simultaneously, one near the margin, the other near the 
centre. The lens in this case was a double convex of 4j" 
aperture, and about 1 ft. focus. 

I have to thank the Authorities of the Davy-Faraday 
Laboratory for the facilities for making the experiments. 


* Communicated by Prof. Everett, F.R.S. 
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XXXIV. A Portable Capillary Electrometer. By 8. W. J. 
Surrg, M.A., Demonstrator in Physics, Royal College 
of Science, London.* 

[Plate V.] 

Tms instrument is a modification of the form of capillary 

electrometer represented in the first figure, and consisting 

of two wide tubes joined across by a capillary tube which 
is cylindrical, and may be horizontal or may slope upwards 


Fig. 1. Fig. 2. 


4 


4 
, QM 


B, 
at any angle from b towards a. The apparatus contains 
mercury and sulphuric acid of about maximum conductivity 
distributed roughly as shown. A spring-key, like that repre- 
sented in the figuro, is commonly used with the instrument, 
and keeps the platinum terminals P, and P, at the same 
potential unless the lever S is depressed. When tho lever 
is depressed the potentials of the terminals become E, and 


* Read December 12, 1902. 
VOL. XVIII, ! 2D 
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E;, which may, for example, be the potentials of two points 
in a potentiometer circuit. It is the function of the instru- 
ment to determine whether these potentials are the same or 
different. 

The nature of the modifications made in the present electro- 
meter is shown in the second figure. 

To prevent evaporation of the sulphuric acid solution, 
without preventing free motion of the liquids within the 
apparatus, the wide tubes are closed at the top; but are 
joined across by another tube opening into them as shown. 
With this arrangement the apparatus ia made air-tight, and 
can, if desired, be made air-free by exhaustion of the appa- 
ratus before sealing. It is obvious also that the apparatus 
can be upset without spilling of the liquid. The two limbs 
are of equal size, and the capillary passes from the middle of 
one to the middle of the other. The apparatus contains 
approximately enough mercury to completely fill one limb, 
and about half as much sulphuric acid solution. By suitably 
adjusting the distribution of the mercury and the solution in 
the two limbs, the apparatus can be arranged for use with 
the capillary tube either horizontal or tilted upwards at a 
considerable angle. The maximum angle of tilt available is 
increased by increasing the lengths of the limbs in com- 
parison with the length of the capillary. It is easy to 
construct an electrometer which can be used with the capillary 
at almost any inclination between horizontal and vertical. 

The distribution of the mercury can be altered most easily 
by means of a cross-piece provided with a tap, as represented 
in the figure by dotted lines. When the tap is open there 
is free communication between the mercury in the two limbs, 
and the relative amount in each can be altered by tilting 
the apparatus. When the tap is closed the two quantities of 
mercury are insulated from each other. The addition of this 
arrangement tends to complicate the construction of the 
instrument, and, although it is very convenient in practice, 
it is not indispensable. Any desired changes in the distribu- 
tion of the mercury and the solution can usually be effected 
without much trouble, by means of the capillary and the 
upper cross-tube. 

To prevent the platinum wires forming the electrodes being 
wetted by the acid solution, if the apparatus should acci- 
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dentally, or during transit, be laid on its side or turned up- 
side down, the lower ends of the tubes may be drawn out, 
as shown at P,’ and P,' in the second figure, and slightly 
constricted above the ends of the platinum terminals. This 
precaution may be dispensed with if the electrodes are formed 
by welding pieces of platinum foil, which are afterwards 
amalgamated, on to the ends of the wires P, and P, The 
apparatus can then be turned upside down and shaken, so 
that the amalgamated foil becomes wetted by the acid, with- 
out any further ill-effect being produced than an occasional 
slight wandering of the zero of the instrument for a short 
time after it is righted again. 

The usual spring-key has several disadvantuges. Thus, if 
it is made of brass, the contacts frequently become unsatis- 
factory through surface tarnishing, and if, to avoid this, the 
bearing surfaces are made of platinum the key sometimes 
shows pronounced thermoelectric effects. Further—and this 
is a point of some importance in a portable instrument—the 
key cannot conveniently be fastened on to the same stand as 
the rest of the instrument, for, unless the stand and the 
support on which it rests are very rigid, the pressure 
necessary to depress the spring produces sufficient movement 
of the meniscus, by change in the inclination of the capillary 
tube during the act of depression, to render the detection of 
minute changes of surface-tension impossible. 

The mercury-key, represented in the second figure, is 
free from these disadvantages. It consists, as shown, of a 
U-tube closed at one end and communicating at the other 
with a pneumatic-pressure ball and containing mercury in 
the bend. Three platinum wires are fused into the tube and 
connected as shown. It is obvious that the same change of 
contacts is produced by squeezing the ball B, as by depressing 
the lever S in the spring-key. The mercury in this key 
takes the place of the lever in the spring-key, and the two 
different contacts between it and E, and E, respectively are 
here quite definite and practically independent of the amount 
of pressure exerted upon the ball B. Further, the contacts 
are not exposed directly to the laboratory atmosphere. The 
thermoelectric effects are very small since the changing 
contacts take place between platinum and mercury which 
are almost identical thermoelectricaly. The warmth com- 
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municated to the key from the hand of the operator can be 
neglected, and the heat produced by the compression of the 
air in the key need only be very small. The key can be 
fixed to the same stand as the rest of the apparatus, for even 
if the pressure which changes the contacts is applied as 
suddenly as possible the maximum vertical pressure upon the 
stand is only a few grams, whereas in the case of the ordinary 
spring-key it may be 500 grams or more. 

By adjusting the length of the mercury column in the key 
so that it is only slightly less than the length of the U-tube 
between the two extreme plati- 
num wires, the change of 
potential at P, from E, to E, 
and conversely, can be made 
almost instantaneously. Hence 
measurements can be made 
with the instrument even if the 
zero is altering fairly rapidly. 
With a key of this kind it is 
also obvious that the observa- 
tion of the meniscus through 
the microscope can receive a 
very near approach to un- 
divided attention. 

Commutators and keys which 
make a set of connexions in 
a prescribed order can be con- 
structed on the same principlo 
as the pneumatic key above 
described. The third figure 
represents a combined commu- E, E, 
tator and electrometer key. 

The U-tube to the left is the key already described, and the 
double U-tube to the right is the commutator. The positions 
of the different wires are so arranged with respect to the 
levels of the mercury, that it requires greater pressure to 
change the contacts in the double U-tube, than in the tube to 
the left. The first effect of pressure is to throw the eleciro- 
meter into the potentiometer or other circuit, connecting P, 
with E, and P, with E,. On increasing the pressure, the 
connexions in the double U-tube are reversed and P, is con- 


Fig. 3. 


fy 77; ER LD 
an 
À 


OIAM 
7e 
TTA 


PORTABLE CAPILLARY ELECTROMETER. 381 


nected with E, and P, with E,. Hence, when the contacts 
ehange in the commutator, we get a motion of the electrometer 
meniscus corresponding to approximately twice the difference 
of potential between E, and E,, and so, in this way, the 
sensitiveness of the instrument is doubled. 

While it is clear that to get the minimum thermoelectric 
effect in mercury-platinum keys, it would be necessary to use 
a method of changing the contacts in which compression of 
air in the key does not take place, yet the thermoelectric 
electromolive forces which occur in the pneumatic keys 
described are much too small to produce an observable effect 
upon the readings of the most sensitive capillary electro- 
meter *. 

The sensitiveness of the electrometer, using the simple key 
first described, is such that when the diameter of the wide 
tubes is about 1 cm. and the diameter of the capillary is 
about 1 mm., a movement of the meniscus perceptible with 
certainty in a microscope magnifying 100 times is produced 
by a potential-difference equal to :0001 volt. The actual 
extent of the movement is somewhat variable, and amounts 
usually to about *01 mm. The following numbers, obtained 
with apparatus previously described (Phil. Trans. A. 1899, 
vol. exciii. p. 63), show the effect of comparatively large 
polarizing electromotive forces upon the surface-tension 
between mercury and sulphuric acid solution of density 
1:17 :— 


ud Volts. Surface- Tension, 
Y 
0:0202 1:021 y 
0:0404 1:040 y 
0:0605 1:059 y 
0-0807 1:080 y 
0:1009 1:097 y 


y is the “ natural” surface-tension between the mercury and 
the solution. Its approximate value is 300 ergs per sq. cm. 
Judging from these numbers, it would seom that the surface- 
tension is altered by about one part in 10,000 by a polarizing 


* Since this paper was read I have found that mercury keys (similar 
in principle to those referred to above) in which the thermoelectric 
effects are reduced to a minimum are described by Kamerlingh Onnes, 
Leyden Communications, No, 27, p. 31, 1896. 
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E.M.F. of ‘0001 volt. In the case in which the capillary- 
tube is horizuntal and the wide tubes are vertical, the relation 
between the motion of the meniscus 6z and the corresponding 
change in surface-tension dy is expressed approximately by 
a*p g 62 Ac by 

if we assume that the capillary and wide tubes are of uniform 
cross-section—a being the area of cross-section of the capil- 
lary, c its circumference, À the area of cross-section of the 
. wide tubes, and p the sum of the densities of the mercury 
and the solution. From this formula it would appear possible 
to produce a much larger movement of the meniscus than 
"01 mm. by means of a potential-difference of :0001 volt by 
using a very narrow capillary, especially if the cross- 
section of the capillary were elliptical instead of circular. 
It is found in practice, however, that the motion of the 
meniscus under minute polarizing forces is controlled very 
largely by stickiness and accompanying changes in the 
angle of contact between the liquids and the glass, and 
by variation in the cross-section of the tube at the place 
where the meniscus rests. The sensitiveness of the instru- 
ment to small electromotive forces is practically as great 
when the diameter of the capillary is 1 mm. as when it is 
very much less. <A very narrow capillary is less easy to 
manipulate than a comparatively wide one (about 1 mm. in 
diameter) and is only advantageous when it is desirable that 
the capacity of the instrument should be as small as possible, 
or that its action should be as rapid as possible. In the latter 
case the length of the capillary should also be small. 

If the capillary-tube, instead of being horizontal, is inclined 
at an angle @ to the horizontal, the equation given above 
becomes 

ag((pi-t ps)a/A . cos Ô + (p, —ps) sin 0} da=c dy, 
in which p, is the density of the mercury, and p; that of the 
solution. From this equation it follows: (1) that if @ is posi- 
tive (mercury thread sloping upwards towards the meniscus) 
the sensitiveness is not increased appreciably by making A 
very large in comparison with a, unless @ is very small; and 
(2) that if 0 is negative (meniscus at lowest part of thread) 
the mercury becomes unstable when @ is numerically greater 
than tan-^! (p, t p5)a/(p, —0:) A, îi. e. when @ is numerically 
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greater than a/A approximately, since in order that the 
polarization may be practically confined to the capillary 
electrode, the ratio a/A must be small. It also follows 
that if it were proposed to design an instrument which should 
have the utmost sensitiveness possible, attention would have 
to be paid to the straightness of the capillary as well as to 
the uniformity of its cross-section. It is not necessary, 
however, to take the precautions here indicated in order to 
obtain the sensitiveness already quoted ; it may be obtained 
with almost any capillary-tube chosen at random, and with 
0 having such a positive value that the restoring force for a 
small displacement is considerable enough to render the 
instrument easy to work with. 

The sensitiveness of 0001 volt, which is obtainable with- : 
out any difficulty if the mercury is clean, is sufficient for a 
great many measurements in which the electrometer can be 
employed, and for these the electrometer (which for the pur- 
pose in question is really a surface-tension galvanometer) is . 
more convenient than an ordinary galvanometer with a sus- 
pended magnetic system. The electrometer is much more 
easily set up than an ordinary galvanometer. There is no 
suspension, no lamp and scale, and, practically, no levelling ; 
but it is advisable when working with the instrument that 
the potential of E, should never be more than a few tenths 
of a volt less, or more than about a volt greater, than the 
potential of E}. These conditions of working are, in general, 
not difficult to satisfy. If the potential-differences applied 
exceed either of the limits above mentioned, it is sometimes 
necessary to run some of the mercury through the capillary 
tube in order to get the instrument again into its best working 
order. The capillary electrometer is already used almost 
universally in physico-chemical laboratories, and the modi- 
fications herein suggested may, perhaps, have the effect of 
slightly extending the sphere of its usefulness. The accom- 
panying Plate V., taken from a photograph, represents one 
form of the instrument described. Its size is about two-fifths of 
that of the actual instrument. The arrangement of the different 
parts will be obvious from the description already given. 
The illumination of the end of the mercury-thread is effected 
by means of a concave mirror attached to the base of the 
instrument. 
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Discussion. 

Dr. R. T. GLAZEBROOK congratulated the author, and said 
that workers with the capillary electrometer would appre- 
ciate the improvements introduced. He said that the author 
had given the minimum E.M.F. which the instrument could 
detect, and asked what was the maximum E.M.F. which 
could be safely applied. He referred to the advantages of 
the mercury keys exhibited, and remarked that, by their use, 
many difficulties were obviated. 

Dr. LEHFELDT said the mercury keys were improvements 
on those used by Prof. Onnes. In these keys the contacts 
were changed by the motion of mercury brought about by 
tilting. The tubes containing the mercury were exhausted 
to prevent oxidation. 

Mr. SMITE, in reply to Dr. Glazebrook, said that, roughly, 
the maximum E.M.F. should not exceed half a volt. 


XXXV. Note on an Elementary Treatment of Conducting 
Networks. By L. R. WILBERFORCE, M.A., Professor of 
Physics at University College, Liverpool *. 


It may be worth while to point out that the well-known 
reciprocal relations between the parts of a conducting net- 
work can be readily established without an appeal to the 
properties of determinants. 

Let A, B, C, D,..., bea number of points connected by 
conductors AB, AC, AD,..., BC, BD, ..., CD, .. ., of resist- 
ances Rap,..., and suppose that currents Qa, ..., are led 
into the network at the points A, ..., from without, subject 
to the condition Qa + QB + ...— 0, and that internal electro- 
motive forces, EAB, ..., act in the conductors in the directions 
AB,.... Let the currents in the conductors be Cap, ..., 
and let the potentials at À,...,be Va,.... The fact that 
there is no continuous accumulation of electricity at any point 
gives us a series of equations whose type is :— 

Qa=CaptCact... . . . . . (1) 
and the application of Ohm's law gives us a series whose 
type is 

Ras Cas=Va—Vspt+EHap. . . . . (2) 
* Read January 23, 1903. 
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Supposo now that a different system of external currents, 
Q'A,..., and internal electromotive forces, E'Ap, ..., are 
applied to the same network, and let the consequent currents 
and potentials be denoted by accented letters. Equations 
similar to (1) and (2) will, of course, hold for these quantities. 

Multiplying each equation of series (2) by the correspond- 

ing current in the second system and adding, we obtain :— 
ZRas Cas C'Ap—-ZC'an (VA — Vg) + ZEAp C'Ap. 

Now, remembering that C'ynm = — C'un, the coefficient of 
any potential Vm on the right-hand side of this equation is 
easily seen to be C'ma +C'mB +... and thus is Q'm. Tho 
equation thus becomes :— 

Ras Cas C'ag- ZVA Q'a + ZEA C'AB. 
By a similar process we obtain 
ZRas Cap Cap=2V'a Qa  EE'Ap Casp. 

[If the accented system is made to coincide with the unac- 
cented system, we obtain ZRAB CAp-XV4 QA --ZEAn Can, 
the equation of activity. ] 

From the general equation : 

ZVA Q'A--XEíAB C'Ap—ZV'A Qa - ZE/Ap CAB 
the required reciprocal relations follow at once. 

(i. Let every Q and Q’ be zero, and every E excopt Ean, 
and every E' except E'cp. 

Then: Eag C'Ag- E'/cp Ccp, and if EAp- -- E'cp then 
Ccp- +C’as, or, in words, if an E.M.F. in one branch 
produces a certain current in a second branch, then an equal 
E.M.F in the second branch will produce an equal current in 
the first ; and, according as the direction of the latter E. M.F. 
is the same as or opposite to that of the former current, the 
direction of the latter current will be the same as or opposito to 
that of the former E.M.F. Again, if Ccp is zero, C'as will 
be zero, which leads to the definition of conjugate conductors. 

(ii. Let every E and E/ be zero, and every Q except Qa 
and Qg (which will be — Qa), and every Q’ except Q'c and 
Q'p (which will be —Q'c). 

Then: (Vc— Vp) Q'c- (V'A— V's) Qa, and if Qa=Q’c, 
Vco— Vpz V/A — V'g; that is, if a certain current led in at A 
and out at B produces a certain excess of potential of C over 
D, an equal current led in at C and out at D will produce an 
equal excess of potential of À over B. 
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Discussion. 


Mr. T. H. BLAKESLEY said that Prof. Wilberforce's results 
might be arrived at by the generalization (which Mr. Blakes- 
ley had arrived at) that if any two conductors in a network 
are considered, one as possessing the seat of an E.M.F. and 
the other as deriving a current on that account, the remainder 
of the network might be replaced by four conductors joining 
the ends of the two conductors under consideration, and so 
constituting a six-conductor arrangement as in a Wheat- 
stone's bridge. Maxwell was aware of the results, though 
he arrived at them by a line of thought different from that 
employed by Prof. Wilberforce. 


XXXVI. On the Measurement of Small Capacities and In- 
ductances. By J. A. Fiemine, D.Se., F.R.S., Professor 
of Electrical Engineering in University College, London, 
and W. C. CLINTON, B.Sc., Demonstrator in the Pender 
Electrical Laboratory, University College, London*. 


[Plate VI.) 


THE measurement of small capacities and inductances has 
become important in connexion with Hertzian Wave Wire- 
less Telegraphy. The experimental determination of the 
electrical capacity of telegraph wires and of the overhead 
wires used for the conveyance of high tension alternating 
currents, is also called for in connexion with the calculation 
of sending speeds and of voltage drop in a power line. The 
advantage of possessing an appliance which will conduct this 
work quickly and well has led us to design the instrument 
which is here described. 

It is generally admitted that for the measurement of small 
capacities, when the dielectric is air or some other substance 
not possessing the quality commonly called absorption, no 
method is so easy to apply as that depending upon the rapid 
charge and discharge of a condenser through a galvanometer. 


* Read February 27, 1903. 
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This method is almost the only one applicable to the measure- 
ment of the small electrical capacities of wires insulated in 
the air, such as the aerial wires employed in Hertzian Wave 
Telegraphy, or ordinary telegraph-wires, or small air-con- 
densers, or in fact any form of condenser in which tho 
capacity is independent of the time of charging. This 
method has been extensively employed, the only difference 
being in the nature of the commutator for charging and 
discharging the condenser. Maxwell suggested the use of a 
tuning-fork as a switch, the vibrating prongs being furnished 
with a stylus which made and broke contact with a mercury 
cap, or vibrated to and fro between two fixed contacts. The 
great objection to this arrangement is the uncertain 
duration of the contact. Hence other experimentalists have 
employed an electrically maintained tuning-fork with a 
vibrating contact used as a means of driving synchronously 
an electromagnetic contact-breaker, which in turn makes a 
better and longer contact between two stops alternately. A 
device of this latter kind was successfully employed by 
Professor J. J. Thomson *, Dr. Glazebrook t, and Professors 
Fleming and Dewar} in various experiments connected 
with the measurement of specific inductive capacity at low 
temperatures. 

We have had considerable experience with all these tuning- 
fork devices, but we have found them troublesome in practice, 
especially when a large number of measurements have to be 
made. In addition there is always an uncertainty as to the 
actual duration of the contact, which makes it impossible to 
determine by calculation whether the condenser is being 
fully discharged at each vibration. After a great many 
preliminary experiments, we finally devised the following 


* See J. J. Thomson, Phil. Trans. Roy. Soc. 1883, p. 718, “On the 
number of Electrostatic Units in the Electromagnetic Unity of Elec- 
tricity.” 

t Also R. T. Glazebrook, Phil. Mag. Aug. 1884, vol. xviii. p. 98, “On 
a Method of measuring the Capacity of a Condenser”; or Proc. Brit. 
Assoc. Leeds, 1890. 

1 J. A. Fleming and J. Dewar, Proc. Roy. Soc. London, 1896, vol. 1x. 
p. 868, “On the Dielectric Constant of Liquid Oxygen and Liquid 
Air.” 
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appliance, which when properly made never fails to give 
satisfaction and renders the measurement of small capacities, 
even as small as one ten-thousandth of a microfarad, a matter 
as easy as the measurement of resistance on a Wheatstone 
bridge. 

The instrument as constructed consists of a continuous 
current electric motor of à HP., but for certain purposes, 
and where very small capacities have to be measured, it is 
preferable to employ a motor of HP. This motor is bolted 
down upon a baseboard and has connected with ita starting 
and regulating resistance. The motor is preferably 100 or 
200 volt shunt wound motor. To the shaft of this motor is 
connected bya flexible coupling the commutating arrangement, 
the function of which is to charge the capacity or condenser 
to a given voltage and then discharge it through a galvano- 
meter, repeating this process four times in each revolution of 
the motor. This commutator is fixed on a shaft carried in well 
lubricated bearings supported on two small A frames (Pl. VI. 
fig. 1). On this shaft are held, by means of ebonite bushes 
and washers, three gunmetal disks or wheels, of which the 
centre one is in shape like an eight-rayed star, whilst the two 
outer ones are like crown wheels, each having four teeth. 
The three wheels are so set on the shaft that the teeth or 
projections of each of the two outer wheels interlock or fall 
in the space between the teeth of the other, whilst the radial 
teeth of the intermediate wheel occupy the intervals between 
the teoth of the two outer wheels. The developed surface of 
this triple wheel is shown in fig. 2. The whole outer surface 
is turned true and forms a barrel about four inches in 
diameter, and two and a half inches wide. On this barrel 
rest three brass gauze brushes which are carried in well 
insulated brush holders, and by means of three springs and 
levers the brushes are firmly pressed against the barrel, the 
two outer brushes resting on the continuous portions or 
flanges of the two outer wheels A and B, and the middle 
brush occupying the centre line and making contact either 
with the wheel A or wheel B, or with the intermediate 
wheel I according to their position. It will be seen then 
that as the commutator runs round, the middle brush is 
alternately brought into metallic connexion with first one and 
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then the other of the two brushes on either side. The 
function of the middle wheel (I) is to afford a stepping piece 
and prevent any shock or jar as the middle brush passes over 
from one connexion to the other. It also prevents the middle 
brush from short-circuiting the two outer brushes at any 
time. If then one terminal of the galvanometer is connected 
to the brush pressing against the wheel A, and one terminal 
of a battery is connected to the brush pressing against whoel 
B, and one terminal of a condenser is connected to the middle 
brush, the other terminals of the battery, galvanometer, and 
condenser being connected together, it will easily be seen 
that as the commutator runs round, the condenser is first 
charged at the battery, and then discharged through the 
galvanometer. Inthe following experiments, speeds of 1200 
to 1700 revolutions per minute were used. To count the 
rotations of the commutator a worm on the shaft drives a 
wheel of such gear that the latter makes one revolution for 
every hundred revolutions of the commutator. This wheel 
carries a pin which at each revolution causes a hammer to 
strike a gong. Every hundred revolutions, therefore, of the 
motor or commutator, the gong gives one stroke, and by 
means of a stop-watch it is easy to take the time of ten 
strokes of the gong ; in other words, to ascertain the time in 
seconds of a thousand revolutions of the motor, and therefore 
of the number of commutations per second. In the case of 
the motor we have employed, 1000 revolutions take place 
generally in 40 seconds, which is at the rate of 1500 per 
minute, and therefore corresponds with 100 commutations of 
the condenser per second. 

We have tried various methods of making the rubbing 
contacts and found nothing better than brass gauze brushes. 
Carbon brushes were tried at one time and found to be 
unsuccessful. It is essential that the commutator surface 
should be kept bright and clean, and the brass gauze brushes 
do this themselves when adjusted to the right pressure. 

Associated with this commutator we have employed a gal- 
vanometer of the movable coil type, either one made by 
Crompton, or in some cases one made by Pitkin. By the aid 
of this instrument, given a source of constant voltage by 
which the motor can be driven steadily, such as a secondary 


890 PROF: FLEMING AND MR. OLINTON ON THE 


battery, the measurement of small capacities becomes an 
exceedingly easy matter. 

There is, of course, no novelty in the mere use of a 
rotating commutator for the determination of capacities by 
the above method. It was employed many years ago by 
Dr. R. T. Glazebrook for this purpose. See ‘The Elec- 
trician,’ vol. xxv. p. 616, 1890, on “The Air Condensers of 
the British Association." One of us (Dr. Fleming) had, 
however, employed the device several years previously for 
the same purpose. Our only claim to novelty in this matter 
is that of having worked out a thoroughly satisfactory form 
of rotating commutator, which is designed more from the 
point of view of an engineer than an electrical instrument 
maker. 

In the case of the measurement of capacity of insulated 
wires or aerials, the aerial is connected to the middle brush, » 
one terminal of the galvanometer and battery respectively 
are connected to the two remaining brushes, and the other 
terminals of the galvanometer and battery are connected to the 
earth (seefig. 3). Under these circumstances, whenthecommu- 
tator is in rotation, the galvanometer gives a perfectly steady 
deflexion due to the passage through it of 100 discharges per 
second from the condenser. In order to determine the 
numerical value of the capacity, we have therefore to 
evaluate the deflexion of the galvanometer and to determine 
the ampere value of a steady current which will make the 
same deflexion. This can be accomplished by putting the 
galvanometer in series with a variable resistance, and placing 
the two as a shunt on a known small resistance in series with 
another variable resistance, and then placing on the terminals 
of this circuit a cell of known electromotive force. 

In the case of most movable coil galvanometers, the scale 
deflexions are by no means proportional to the current, and 
hence when measuring a series of capacities it is desirable 
afterwards to plota calibration curve of the galvanometer 
scale, from which the condenser currents can be read off 
directly in microamperes. This, however, is always easily 
accomplished. In addition, we have to measure the potential 
of the discharging battery. For most practical purposes 
this can be done by a Weston voltmeter. 
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Thus let V represent the voltage of the battery charging 
the condenser or aerial, O the capacity of the condenser in 
microfarads, A the current in microamperes through the ` 
galvanometer, n the number of charges per second, then 


A=nCV 
or C=A/nV. 


In order to avoid the necessity for standardizing the 
galvanometer and measuring the voltage of the charging 
battery, we have devised a method employing a differential 
galvanometer which in principle is as follows :—The condenser 
discharges, as above described, pass through one coil of the 
differential galvanometer, the other coil being traversed by a 
current taken from the same battery, and therefore having 
the same voltage. This second coil is shunted by means of 
a shunt R and has in series with it a high resistance v. If 
then these resistances are arranged so that the galvanomoter 
shows no deflexion, we have the following equation for the 
capacity :— 


Ca —(G4+8)10" _ 
X nr(G 4 S) -2GS' 


This determines the capacity in terms of a conductance and 
the reciprocal of a time, thus reducing the number of dimen- 
sional quantities to be measured to the minimum. 

In carrying out this method, it is perfectly impossible to 
use any ordinary differential galvanometer, because with an 
electromotive force of 100 volts or more between the coils 
the resulting unavoidable leakage entirely vitiates the result. 
We have therefore devised a differential movable coil gal- 
vanometer which has been made for us by Messrs. James 
Pitkin & Co., and is constructed as follows :— 

In this galvanometer there are two sets of fixed field- 
magnets, and also two movable galvanometer-coils completely 
insulated from one another, but attached to the same stem, 
which also carries the mirror. Very fine spiral flexible wires 
convey the currents into and out of each coil. In order to 
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make the galvanometer differential and therefore show no 
deflexion when the same current is passed in opposite directions 
through the coils, it is necessary to be able to adjust exactly 
the field-strength in the air-gap of the fixed magnets. This we 
accomplish by means of two curved pieces of soft iron P, 
which are moved by screws to or from the field-magnets N,S 
(Pl. VI. fig. 4) so as to shunt more or less of the lines of 
flux passing between the pole-pieces of the magnet. In this 
manner we find we can construct a movable coil differential 
galvanometer which shows no deflexion when the same or 
equal currents are passed in opposite directions through the 
two coils, yet each coil is perfectly insulated from the other. 

Employing such a differential movable coil galvanometer 
in connexion with a commutator, we get rid of all necessity 
for measuring any voltage or electromotive force, and reduce 
the measurement of capacity simply to a determination of the 
speed of the commutator (which can be taken with great 
accuracy by means of a stop-watch) and the known value of 
the shunt and series resistances in connexion with one coil 
of the galvanometer. Moreover, we can always tell from the 
speed of the commutator exactly the time during which the 
condenser is in connexion with the galvanometer, and hence 
whether the time of contact is, as it should be, large compared . 
` with the time-constant of the discharge circuit. 

We have employed one or other of these methods in making 
a number of measarements of the capacity of aerial wires, 
such as are used in connexion with Hertzian Wave Tele- 
graphy, and also in the investigation of the laws governing the 
capacity of such wires when grouped together in certain 
ways, and we have employed the arrangements for verifying 
experimentally, as far as possible, the formulæ that have 
been given for the capacity of insulated wires in various 
positions in regard to the earth. Taking first the case of 
single vertical wires insulated in the air, measurements have 
been made of the capacity of wires suspended vertically in 
the open air, and also in the interior of a large Laboratory, 
the dimensions of which are 18 feet high, 32 feet wide, and 
44 feet long. 

Some preliminary experiments in the open air showed that 
the capacity of parallel wires suspended in the air, and 
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insulated, is by no means equal to the sum of their separate 
capacities when in free space, even when the wires are not 
very near together.  À series of experiments was therefore 
carried out in the Pender Laboratory with flat iron strips, to 
investigate this fact more carefully. Eleven lengths of iron 
strip one inch wide, the thickness being 0°05 inch, and 
15 feet 4 inches long, were suspended vertically from the 
ceiling of the Laboratory by silk strings passing over por- 
celain buttons. To keep the strips straight they were fastened 
to the floor through pieces of ebonite. Connexion was made 
at the bottom end of each strip by a terminal to a straight 
bare copper wire connected to the above described commutator, 
so that the capacity of any one strip or of any number of 
strips in parallel could be measured. In the first place, the 
individual capacity of each strip taken alone and isolated, 
was measured and found to be nearly the same in each case. 
Hence in the tabulated results, the absolute values of capacity 
are not given, but the capacity of each of the above strips by 
itself in the room, and held vertically, is taken as unity. The 
voltage of the battery employed in charging the strips was 
about 148 volts, and the number of revolutions of the com- 
mutator 1200 per minute, corresponding to a frequency of 
80. One terminal of the insulated battery used for charging 
was connected to the earth, and also one end of the galvano- 
meter. The other ends of the galvanometer and battery 
were connected to the outside brushes on the commutator, the 
middle brush being connected to the insulated strip or strips. 
A series of capacity measurements was made, taking the 
strips one at a time, two at a time, three at a time, &c., and 
at various distances apart, viz.: 12, 6, and 3 inches, and 
also when close together. The results are tabulated in the 
following table (p. 394). 

The last column in the Table gives the figures showing 
the sum of the individual capacities of the strips, and it will 
be seen that the total measured capacity of n strips taken 
together at a distance d inches apart is always very mucb 
less than the sum of the individual capacities of the n strips, 
that is, much less than n times the capacity of one strip, and 
the figures show that as the strips are brought nearer together 
this difference increases. When the strips are about 6 inches 
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TABLE I.—Measurement of the Capacity of Flat Iron Strips 
suspended in a large room, taken separately and together, 
at various distances apart. 


Measured Total Electrical Capacity with 


Number of distance between strips as below stated. e iio 
strips taken | — — —.— — 7 — | individual 
in parallel. i 
: 7 R Olose capacitiee. 
12-in. 6-in. 3-in. together. 
cm 1:00 1:00 1:00 1:00 1:0 
Dect Sois 174 1:45 1:34 119 20 
Meu 2:31 1:80 161 1:97 30 
4 2:79 2:10 1:85 1:44 40 
D irdena: 3:28 2:42 2:03 1:46 50 
O uec. 3°75 2°70 2°21 1:54 6:0 
T osicesessus 4:18 2:98 2:36 1:59 70 
B sri deca 461 3°25 2°52 172 8-0 
O rarere 503 3°51 2:68 l81 9:0 
10 eisacascavs 5:46 376 2:82 1:96 100 
LE Lanes 5:90 4:00 2:07 1:90 110 


apart, that is to say, separated by a distance equal to about 
3 per cent. of their length, the capacity of the strips in 
parallel is very nearly proportional to the square root of the 
number of strips; thus, four strips have only twice the 
capacity of one strip, and nine strips rather more than three 
times the capacity of one strip. The same fact has been 
observed by us in the case of the measurements of the 
capacity of wires suspended in the open air. Taking for 
convenience as a unit of small capacity the micro-microfarad 
(M.M.Fd.), i. e, the millionth part of one microfarad, we 
have made measurements of the capacity of nearly vertical 
insulated wires suspended in the air, with their lower ends a 
few feet from the ground, and have obtained the following 
results. In these measurements the capacity measured was 
that of the wire or body under investigation, together with 
that of a connecting wire, and that of the commutator 
itself. This latter quantity is about 60 micro-microfarads, 
and that of the commutator and lead used varied from 80 
to 300 M.M.Fd., according to the length of lead. This 
value is subtracted from the observed total value. The 
capacity of a wire one-tenth of an inch in diameter and 111 
feet long, with the bottom end about 5 feet from the ground, 
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was found to be 205 micro-microfarads. In the next place, 
160 wires of the same kind and diameter, but 100 feet long, 
were arranged in a conical form, so that the common junction 
of all the wires was about 10 feet from the ground, and the 
tops of all the wires were distributed around a square of 
80 feet side, and at a height of about 112 feet from the 
ground, the wires being therefore about 2 feet apart at the 
top, and in nearly close contact at the bottom. Such an 
arrangement of insulated wires was found to have a capacity 
of 2685 micro-microfarads; in other words, about thirteen 
times that of one wire, so that in this case the square-root 
Jaw also holds very closely. In the same way the capacity 
of four parallel vertical wires 111 feet long, and one-tenth of 
an inch in diameter, arranged vertically at the corners of a 
square of six feet in the side, was measured, and was found 
to be 583 micro-microfarads ; in other words, about two and 
a half times the capacity of one single wire of the same 
kind in the same position. Similar measurements have 
shown that 25 wires 200 feet long, arranged with their 
bottom ends close together, and about ten feet above the 
ground, and their top ends about two feet apart, had a 
capacity not greater than five times that of one single wire 
of the same kind in the same position. Hence it is clear that 
in bunching together or placing in contiguity a number of 
vertical wires in the air so as to form a radiator for use in 
Hertzian Wave Wireless Telegraphy, account must be taken 
of this fact, and the assumption must not be made that the 
capacity of n parallel wires placed vertically in the air and 
insulated, even approaches a value equal to the sum of their 
individual capacities, unless the distance between the wires is 
a large percentage of their length. 

This effect was further examined in another series of 
experiments made in the Laboratory. Two of the above- 
mentioned iron strips, suspended and insulated as before, 
were placed at different distances apart, and their united 
capacity measured and compared with the mean value of 
their separate capacities. Taking this mean value of the 
capacity of a single strip as unity throughout, the results are 
as follows :— 


QE2 
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TABLE II. 


Horizontal distance | Horizontal distance | Capacity of the two 
between strips in between strips as a nnp together, that 
inches. Strips 174 | percentage of their of one strip being 


inches long. length. unity. 
90 49 
57 el 
30 14 
17 9 
13 7 
4 2'1 
1} 0:9 


The discrepancies between parts of Tables I. and II. are to 
be accounted for by the adoption of a different arrangement 
of connecting wires in the two sets of experiments. The way 
in which allowance should be made for the capacity of the 
leads, when this is not very small compared with the capacity 
to be measured, is at present under investigation, and the 
above Table can only be taken, therefore, as showing that the 
capacity of two vertical and parallel wires is not twice that 
of one wire, unless they are at a distance apart of nearly one- 
third of their length *. 

Similar experiments were made with two zinc cylinders, 
the diameter of each cylinder being 14 inches, and the length 
of each cylinder 9 feet 14 inches, the capacity of each cylinder 
taken alone in free space is taken as unity. If these two 

cylinders were suspended one foot apart in the centre of the 
large Laboratory above described, and hung vertically, their 
total capacity only amounted to 1:46 times that of either 
cylinder taken alone. A further experiment was made with 
these cylinders. One of them was cut longitudinally and 
rolled out into a flat strip, and suspended in the same position 
vertically, the capacity of the original cylinder being taken as 
unity. The capacity of the sheet when rolled out into a strip 
was found to be 10 per cent. greater than in its original form. 


* It is clear that the capacity of the object measured, as it would be 
free in space, is not obtained exactly by deducting that of the leading 
wire alone from that of the leading wire and object when connected. 
The assumption that it is so is only a first approximation to the truth. 
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With the same appliances, a series of experiments was 
made in the Pender Laboratory on the measurement of the 
capacity of vertical wires of different diameters. Seven wires 
of different diameters were suspended vertically by means of 
silk strings from the ceiling of the Laboratory, and the 
capacity of each wire was measured separately, a correction 
being made for the capacity of the terminal, and of course 
also for the fine wire or lead connecting the wire under 
experiment with the commutator. The lengths of the wires 
were about 12 feet in all cases. The following Table shows 
the result of the measurements, the capacity of the wires 
being given in micro-microfarads (M.M.Fds.), the fourth 
column showing the capacity as calculated from the formula 


En Be TS 1 
Capacity (in electrostatic units) = 3 log, Ur where / is the 
length of wire and r is the semi-diameter in centimetres. 


TABLE III.—Measurement of Capacity of Wires of various 
diameters suspended vertically in a large room. 


. Mean Value | Calculated | Difference in per 
Diameter of Length of | of Capan value by | cent. between the 


inch ID — | wire in feet. | in M .| the formula | observed and 
9e observed. above. calculated values. 
*0047 11:44 18°79 17:62 6:6 
0075 12-23 21:36 19:59 9-0 
0197 12:29 29-56 20-78 8'8 
0182 12-21 23°76 21:38 111 
0278 12-04 24-94 22.06 9:9 
0485 12:33 20:51 23:97 106 
1381 12-02 32:36 27:00 19:8 


The above formula has been deduced on the assumption 
that the form of a very long thin wire may be considered asa 
limiting case of a prolate ellipsoid of revolution. It can be 
shown that the electrical capacity (C) of an ellipsoid of 
semiaxes a, b, and c in infinite space is given by the ex- 
pression * : 

fC" O du 
C il A/ (a3 -- u) (6? o CETA 


* See Article Electricity by Prof. Chrystal, 9th Edition of the 
Encyclopedia Britannica, vol. viii. p. 30. 
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If we put b=c in the above formula, it can be shown that 


Hence the above expression gives us the capacity of the 
ellipsoid of revolution. 

If the ellipsoid is very elongated so that b is very small 
compared with a, then if e is the eccentricity of the principal 
elliptical section, e is nearly equal to unity, and 1+e is 
nearly equal to 2. 

Hence (1--e)(1—6) 2 2(1-— e) nearly 
and a(1—e*)=2a(1—e) nearly. 

Accordingly, since Va?—6?=ae, we can say that 

a— V a? — b’ =b?/2a nearly, 
ava 26 log. 2afb. 
a— Vai - p 
Therefore the capacity of a very elongated ellipsoid of 
revolution of which a is the major and b the minor semiaxis 
is given by 


and log, 


2a 
2 log. 2a/b 
If therefore we can consider a thin circular-sectioned wire of 
diameter d and length l as an ellipsoid, we have its capacity 
in electrostatic units given by the formula 
; l 
C (in E.S. units) = 3 log, Hja 

where | and d are of course measured in centimetres. To 
reduce a capacity expressed in elecirostatic units to micro- 
farads we have to divide by 9 x 10°, and therefore to convert 
capacity expressed in electrostatic units to the same expressed 
in micro-microfarads, we have to multiply by 1] or to increase 
by about 11 per cent. | 

Hence expressed in micro-microfarads the above capacity 
is :— 


C (in M.M.Fds.) — 


C= 


lx 108 
2x 2°303 x 9 x 10° x log; 2l/d 
l 
- 414511og;, 2l/d' 
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An approximate formula'for the capacity of a telegraph-wire 
is also easily found. If an infinitely long filamentary wire is 
uniformly charged with electricity so that it has g electro- 
static units of charge per centimetre of length, then from the 
analogy with the case of an infinitely long straight current, it 
is easy to show that the force due to the filament at any point 
distant + centimetres from it, is 29/r. Hence if the potential 
at this point is V we have 

_ av OH 

dr r 

or V 22 —24og v 4- Ct, 
where Ct is the constant of integration. 

If we have two very long straight circular-sectioned wires 
suspended in air parallel to one another, at a distance D, 
the diameter of each wire being 2r, and r/D being a small 
quantity, then it is easy to calculate the capacity of the 
condenser formed of these wires, if we assume them to be so 
far apart that the electrical charge on each remains uniformly 
distributed round the surface of each wire. Let one wire 
be called A, and let it be positively charged, and the other be 
B, and negatively charged. Let V4 and Vg be the potentials 
of these wires, and let the charge on each be g electrostatic 
units per centimetre of length, then their capacity per unit 
of length (c) is equal to g/(Va — V p). 

Now from the expression for the potential of the electrified 
filament we see that 


Va= (-24logr-4 Ct) —(— 24 log D+ Ct), 
Vs= —(—29 log r+ Ct) - (—24 log D+ Ct), 
Via— Va=4y(log D —log r) 244log D/r. 
The capacity per unit of length is therefore given by 


1 MX 
c= Tog D] (in electrostatic units). 


If we employ ordinary logarithms and express the capacity 
per unit of length in micro-microfarads (c’) this becomes 


105 
= 4 x 2°303 x 9 x 10° logio D/r 
ee 
logio 2D/a’ 
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where d is the diameter of either wire, and D their distance 
from centre to centre. The formula for the capacity per 
unit of length of the single telegraph-wire of diameter d 
supported at a height h above the earth, is easily deduced 
from the above. For since the ground-surface must be a 
zero-potential surface, the capacity c in electrostatic units 
of the single wire per unit of length under these conditions 
must be 

_ 2 _ 1 

°= Flog. 2D/d ^ Plog, 4A]d' 
and the capacity c per unit of length in micro-microfarads 
will be 


P" 10° 
i 2x2:308 x 9 x 10 logio Ah/d 


0:2415 ,. 
= Togn 4hjd (in M.M.Fds.). 


Accordingly the capacity C of a telegraph wire l centimetres 
long and d centimetres in diameter, and at a height h centi- 
metres above earth, is given in micro-microfarads by the 


formula 


0:2415 
C — logio 4h/d (M.M.Fds.) 


or very nearly by 


C ; (M.M.Fds.). 


4 logio 4h/ 

To test this last formula, an experiment was made in the 
open air with a long wire held parallel to the earth’s surface, 
on insulators at a height of about six feet above the ground. 
The length of this wire was 500 feet or 15,240 cms. The 
height of the wire above the ground was 6 feet or 183 cms., 
and the diameter of the wire was ‘0645 inch, or 0°164 cm. 
The observed value of the capacity of this wire zn situ was 
1081 micro-microfarads. The value of the capacity calculated 
from the formula 


C (in M.M.Fds,) = 0241" 


logio Ah/d 


is nearly 1000 micro-microfarads, the difference between this 
calculated and the observed value being about 8 per cent. 
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In the same manner the capacity of a vertical wire was 
measured in the open air, and compared with the theoretical 
value as given by calculation. In this case the length of 
the wire was 111 feet, or 3385 cms., and the diameter of the 
wire was 0:085 inch, or 0:215 cm. The observed value of 
this wire when suspended vertically in the air with the 
bottom end about six feet from the ground, is 205 micro- 
microfarads. The value calculated by the formula 


l 


C (in MM Eae) er log, Sila 


is 181 micro-microfarads. The observed value is again 
greater than the calculated value by about 10 per cent. 

It will thus be seen that in all these cases the observed 
value of the capacity of the wire, whether vertical or hori- 
zontal, appears to come out, roughly speaking, about 10 per 
cent. greater than the calculated value. Approximately, the 
same difference was found in the case of the capacity of a 
zinc disk suspended in the Pender Laboratory. The disk 
was made of sheet zinc circular in form, and 60 inches in 
diameter. The calculated capacity of this disk in free space 
is 4&1 electrostatic units, or 53:44 micro-microfarads*. 
The measured capacity in micro-microfarads was found to 
be 59:95, the difference being about 12 per cent. In all 
these cases, except that of the horizontal wire, the dif- 
ferences between the observed and the calculated values 
appear to depend upon the proximity of neighbouring 
objects or the ground, and upon the way in which connexion 
is made to the commutatator. The capacity of a body 
together with that of the connecting wire is not, strictly 
speaking, the sum of the separate capacities of the body and 
the wire measured in situ. In an experiment with one of 
the iron strips, an apparent decrease of 5 per cent. in the 
capacity was found when the connexion was changed from 
the bottom to near the middle. The mathematical formula 


* The capacity of a thin circular disk when insulated in infinite space 
is numerically equal to d/r in electrostatic units, where d is the diameter 
of the disk in centimetres, 
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gives us the value of the capacity of the body in infinite 
space, but its measured capacity is in practice its capacity 
relatively to earth and depends on two things :—the proximity 
of neighbouring earth-connected bodies, and the manner of 
attachment to the measuring device. The first always in- 
creases the capacity above the calculated value, while the 
second decreases it. It appears that the net result in the 
case of the capacity of a disk of about five feet in diameter, 
when insulated and hung up in the middle of a room 40 feet 
long, 18 feet high, and 30 feet wide, with the connexion 
taken away from the bottom edge, is numerically in excess of 
its calculated or theoretical capacity in free space by about 
10 or 12 per cent. 

Another interesting experiment was tried on the relative 
capacity of two lengths of No. 30 copper wire, each 12 feet 
long. One of them was preserved straight and suspended 
vertically in the Laboratory as above described ; the other 
was bent into a spiral about 2 inches in diameter, and 6 feet 
in length over all, and then again into a closer spiral $ inch 
in diameter, and 18 inches in length over all Taking the 
capacity of the straight wire as unity, the capacity of the 
long coil of large diameter was 0:8, and the capacity of the 
short coil of small diameter was 0°32, showing how much 
the capacity of a wire of given length is decreased by coiling 
it into a spiral. 

One of the uses to which the above-described commutator 
can be put is that of determining the capacity of leyden- 
jars in absolute measure; at any rate, the capacity cor- 
responding to frequencies in the neighbourhood of 100 
Instrument-makers still retain the absurd custom of speaking of 
leyden-jars as pint, quart, and gallon sizes, instead of marking 
on them their capacity in absolute measure. Now that leyden- 
jars are so much used in wireless telegraphy, the necessity 
often arises for knowing their approximate absolute capacity, 
and it is much to be desired that instrument-makers should 
forsake the custom of denominating their different leyden- 
jars in the present manner. 

. Incidentally, the apparatus may be used for more or less 
accurate determinations of the electromagnetic constant “ v”. 
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Ono method by which a small capacity of known value can 
be made with a fair amount of accuracy is as follows :—Two 
cylindrical air condensers are constructed, each of which 
consists of a cylindrical rod or thick-walled tube placed in the 
interior of another concentric tube. Two condensers of this 
kind are prepared, one about double the length of the other ; 
one may be, say, a foot long, and the other two feet long. The 
tubes may be of the quality known as “ triblet-drawn ” brasg 
tube, one exceeding the other in diameter by about 2 milli- 
metres. These tubes may then be cut up into the requisite 
lengths. The ellipticity and variation of diameter in length 
of such tubes are very small indeed. 

These pairs of tubes can then be formed into two air con- 
densers by fixing the inner tube concentrically within the 
outer tube by means of ebonite disks at the end. By the 
adoption of known mechanical methods, the concentric 
adjustment of the tubes can be made very accurately, and the 
radial thickness of the air space determined. In this manner 
two cylindrical air condensers can be constructed identical 
in every way, except that they differ in length. 

If c is the capacity per unit of length of the middle part of 
the condenser, where the strain-lines are truly radial, and if 
L is the length of the condenser, then the capacity C of the 
condenser is expressed by a function of the form C=z+ch, 
where z is an unknown quantity depending on the distribution 
of the electric strain at the ends of the tubes. Hence if we 
measure the capacity of the above two condensers by means 
of the rotating commutator, and take the difference of these 
capacities, this is the value of the capacity of a length equal 
to the difference of the lengths of the condensers, and there- 
fore the capacity per unit of length of one of these condensers 
is known, disregarding the uncertain distribution of the strain- 
lines at the ends, If the device of employing a guard-ring 
or guard-tube is adopted, then the capacity of the inner 
portion of such a cylindrical guard-tube condenser cannot be 
determined simply by charging and discharging that inner 
portion through a galvanometer, without at the same time 
charging and discharging the guard-tubes through a by- 
path, or else redistributions of electricity take place at each 
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discharge, which vitiate the result. "This source of error was 
pointed out and guarded against by Prof. J. J. Thomson 
(1883) and by Prof. J. J. Thomson and Mr. Searle (1890) in 
making this class of measurement. 

Measurement of Inductance.—]f two such commutators as 
we have described were mounted on the same spindle, with 
the eight radial teeth of each centre wheel (I in fig. 1) 
insulated from each other, and a second central brush added 
in the correct relative position to the first, we should obtain 
an instrument similar in principle to the secohmmeter of 
Professors Ayrton and Perry ; but we have thought it worth 
while, in order to get a simpler apparatus, to sacrifice reversi- 
bility and construct simply a double contact-breaker on the 
same lines. By making the apparatus substantial and elimi- 
nating all insulating material, except air, from the rotating 
drums, and abolishing all flimsy spring-contacts, we have con- 
structed an instrument which is much more satisfactory to work 
with than the secohmmeter as made by the ordinary instru- 
ment-maker (Pl. VI.fig.5). This double contact-breaker con- 
sists of a steel shaft which carries on it two circuit-interruptors 
constructed in the following manner :—Each of these con- 
sists of two wheels, like crown wheels, having four teeth, and 
these two wheels are set on insulating bushes with the teeth 
of one wheel interspaced between those of the other. The 
shaft carries two such barrels (see fig. 5), and the developed 
surface of these barrels is shown in fig. 6. The barrels are 
formed of gun-metal, and against each barrel press two brass 
gauze brushes carried on insulated brush-holders. One brush 
bears on the continuous flange of one part of each barrel, and 
the other brush alternately makes and breaks contact with it 
by bearing on that part of the barrel occupied by the inter- 
locked teeth. The two barrels can be set relatively to one 
another in any position on the shaft. These two barrels serve 
the purpose of making and breaking two separate electric 
circuits in such fashion that at the moment when one circuit 
is being broken, the other is complete, and at the moment 
when the first circuit is being completed, the other is broken. 
The arrangement is direct-driven through a flexible coupling 
by a one-sixth H.P. direct-current shunt motor. 
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In the measurement of inductance this double interruptor 
is employed like the secohmmeter of Professors Ayrton and 
Perry. The coil of which the inductance is to be determined 
is balanced on a Wheatstone-bridge, and the two interruptors 
of the rotating appliance are inserted respectively in the 
battery and galvanometer circuits, so that if the apparatus 
is set rotating after the steady balance of the non-inductive 
resistance on the bridge has been obtained, it will eliminate 
every alternate inductive electromotive force due to the 
inductance of the coil, and cause the galvanometer to give a 
steady deflexion. To evaluate this inductance in absolute 
measure, we prefer the method described by Professor A. 
Anderson*, In this method a variable resistance r is placed 
in the bridge circuit in series with the galvanometer con- 
nected to a Wheatstone-bridge, and a condenser of known 
capacity C is joined in, as shown in the diagram (see fig. 7), 
and the double interruptor inserted in the battery and gal- 
vanometer circuits. When the steady or ohmic resistance of 
the inductive coil has been determined in the usual manner, 
the interruptor is set in rotation, and the value of the resist- 
ance r in series with the galvanometer is altered until the 
galvanometer deflexion vanishes. This last change does not 
upset the adjustment of the arms of the bridge already made 
in obtaining the ohmic resistance of the coil. If P, Q, S are 
the arms of the bridge, and R is the ohmic resistance of the 
coil under test, of which the inductance is L, then the ohmic 
resistance R and inductance L of the coil are given by the 
equation . 


RzPS/Q, 
L=C{r(R+8) - RQ t. 


Fig. 7 shows the galvanometer and battery connected to a 
change-over switch m m in order that they may be placed 
relatively to the four arms of the bridge in the position 
giving the most sensitive arrangement for the resistances 


* See Phil. Mag. vol. xxxi. p. 329 (1891) ; or ‘The Electrician, vol. 
xxvii. p. 10. 

f For the proof of this formula for the inductance, we refer to the 
original paper by Professor A. Anderson (loc. ci£.). 
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employed. We understand that Prof. Stroud has employed 
one of these arrangements for some time past in the 
measurement of inductance, but no publication of it appears 
to have been made prior to that by Prof. Anderson. 

This method of measuring inductance by a combination of 
the double interruptor, with the Anderson method, is one of 
the most perfectly satisfactory methods that can be employed 
in the laboratory. It is an absolute method in that it 
requires no arbitrary standard of inductance, and yet, at 
the same time, it requires no determination of a speed ; it 
only assumes the possession of resistance-boxes and a known 
capacity. 

The value of small inductances, such as are best reckoned 
in millihenrys, can be obtained most accurately by measuring 
them as the difference of two larger inductances. Thus, for 
instance, if a coil is given of small inductance, its ohmic 
resistance is first measured. It is then joined in series with 
the coil of considerably larger inductance, and the inductance 
of the two coils together measured as above described. The 
larger inductance is then determined separately, and the 
small inductance becomes known by the difference. In this 
manner it is possible to determine with very fair accuracy 
the inductance of quite small coils of wire. 


In conclusion we have pleasure in mentioning the assistance 
rendered to us in portions of this work by Dr. G. A. Hemsa- 
lech, who devoted a considerable amount of time to the 
experimental work at one stage of the investigation. 


DISCUSSION. 


Prof. AYRTON said he was glad to see that the authors had 
brought out an apparatus constructed on engineering lines. 
He mentioned that the secohmmeter used in his laboratory 
was not the instrument of the instrument-makers’ catalogues, 
but more like the one exhibited. Prof. Fleming had given 
some account of the history of the subject, and had referred 
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to early experiments carried out by using tuning-forks as 
commutators. Rotating commutators were, however, in use 
some time before the introduction of tuning-fork arrange- 
ments. The fact that air was superior to mica, ebonite, or 
other substances as the insulating material at the suface of 
a rotating commutator had been recognized by Prof. Perry 
and himself in a patent taken out many years ago. The 
authors had raised the question of the legitimacy of sub- 
tracting the measured capacity of the commutator and leads 
from the measured capacity of the commutator, leads, and 
condenser in order to obtain the capacity of the condenser. 
He pointed out that the results of the experiments described 
in the paper showed that this procedure was wrong. He 
asked in what respect Anderson’s method of measuring a 
self-induction was superior to the method of comparing it 
directly with a standard variable self-induction. Referring 
to the galvanometer used in these experiments, Prof. Ayrton 
pointed out that the device of shunting the magnetic flux 
through a piece of soft iron had been used before. There 
were two objects in employing such a shunt. In the first 
case, when using an ordinary moving-coil gilvanometer as a 
voltmeter, it was necessary to keep the sensibility constant, 
and any alteration in the strength of the magnets could be 
counterbalanced by a movement of the shunt. In the second 
case, the shunt was useful in the construction of differential 
moving-coil galvanometers. Some years ago a series of 
observations were conducted in his laboratory to determine 
the errors which might enter into experiments carried out 
with a rotating commutator, and he remarked that, in order 
to avoid contact differences of potential, it was essential that 
the commutator and the brushes should be made of the same 
material. 

Prof. S. P. THoMPsoN said the experiments were the first 
which had been made upon the capacities of wires suspended 
near each other in air. Referring to the measurement of 
small capacities, Prof. Thompson briefly described a method 
which he had published similar to Carey F'oster's method of 
comparing two nearly equal resistances. All that is required 
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for accuracy is a known standard capacity and a calibrated 
sliding condenser. 

Mr. A. CAMPBELL exhibited the commutator used for con- 
denser tests at the National Physical Laboratory. It is 
similar to that designed by Mr. Searle and used by him 
and Prof. J. J. Thomson in their determination of the value 
of “v.” In this commutator the ebonite insulation does not 
fill the spaces between the segments, and is never touched 
by the brushes, thus giving satisfactory insulation. By its 
aid many measurements have been made of the B.A. air- 
condensers, the capacity of each of these being about 
0:02 m.fd. The galvanometer used was so sensitive that the 
time-measurement had to be carefully performed to get equal 
accuracy. In the earlier experiments an ordinary moving 
magnet galvanometer was used, but it was discovered that if 
the magnet atits zero position was not exactly parallel to the 
planes of the coils, considerable changes occurred in the 
observed capacities when the battery was reversed. This 
effect was due to the fact that, with the needle in such a 
position, the galvanometer could respond to alternating 
currents, and that its deflection (except when the needle was 
exactly at right angles to the coil-axis) was partly due to the 
mean current and partly to the square-root mean-square 
current. When a condenser of 4 m.fd. was put in parallel 
with the galvanometer the effect practically disappeared. A 
moving-coil galvanometer, however, was found to be quite 
free from such effects, and this type had been used in nearly 
all the tests. The differential galvanometer described by the 
authors appeared admirable, and would be a useful instru- 
ment for a number of purposes, a great advantage being 
that the mutual inductance from coil to coil would be very 
small. 

Mr. Jacos asked Mr. Campbell if he was sure that the 
movement of the galvanometer-needle mentioned by him was 
not due to electrostatic effects. He pointed out that if a 
differential moving coil-galvanometer was correctly balanced 
for one point of the scale, it did not follow that it would 
remain balanced at any other point. It was a matter of 
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common knowledge that the total capacity of wires near each 
other was less than the sum of the capacities of the wires 
taken separately. 

Mr. J. T. Morris asked if the authors had any proof that 
the condenser was perfectly charged and discharged on every 
occasion. He drew attention to the fact that the capacity 
inight depend upon the form of the wave of potential 
difference which charged it. 

Mr. R. APPLEYARD said that the capacity of a condenser 
with mica dielectric determined from a single charge and 
discharge was practically the same as that obtained from 
several charges and discharges per second. This was not 
the case with rubber. He asked if the authors had observed 
differences in capacity depending upon the point of attach- 
ment of the leading wire. 

Mr. W. C. CLINTON, in reply, said they had used Ander- 
son's method because they found it more convenient than 
any other. It required no arbitrary standard of inductance 
or determination of speed, the only things required being 
resistance-boxes and a known capacity. They had obtained 
different capacities for wires by varying the point of attach- 
ment of the lead, the maximum variation amounting to about 
5 per cent of the total capacity. 


VOL. XVIII. 2r 
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XXXVII. On the Thickness of the Liquid Film formed by 
Condensation at the Surface of a Solid. By Dr. G. J. 
Parks *, 


Ir was known more than half a century ago t that when 
a solid is placed in a gas or vapour there is a condensation 
of the latter on the surface of the solid, and in particular 
that glass has the power of condensing water-vapour at 
temperatures above the dew-point. 

Aragol proposed to measure the amount of condensation 
by the optical method of interference, and quite recently 
Lord Kelvin $ has suggested a method depending upon 
electrical conductivity. 

In almost every department of physical research glass 
bulbs or tubes are used, and the presence of moisture on the 
surface of the glass is a continual source of trouble. Prof.J. 
Trowbridge || has lately called attention to this matter .in 
connexion with spectrum analysis. 

There can be little doubt also that many of the standard 
results for the specific heats of finely divided or porous solids 
are incorrect, for if a solid is perfectly dry, heat will be 
evolved on wetting it | when it is placed in the calorimeter, 
and if it is not dry then the specific heat obtained is not the 
true specific heat of the solid ; in either case the specific heat 
obtained will be too high. Thus, from the most recent deter- 
mination of the specific heat of pure precipitated silica, well 
dried and sealed in a bulb, the value appears to be :1808 **, 
but the values previously obtained for amorphous silica are 
much higher than this. 

The present brief inquiry, which is not intended to be by 
any means exhaustive of the subject, arose out of another 


* Read February 27, 1903. 

t Jamin et Bertrand, Phil. Mag. [4] vi. p. 157 (1853); Comptes 
Rendus, June 1853, p. 994. 

1 See Phil. Mag. [4] vi. p. 167 (1658). 

$ Lord Kelvin, Phil. Mag. [6] iv. p. 181 (1902). 

|| Trowbridge, Phil. Mag. [6] iv. p. 156 (1902). 

«| Parks, Phil. Mag. [6] iv. pp. 240, 251 (1902). 

** Bellati e Finazzi, Atti del R. Istituto Veneto, Tomo lxi Pate 

Seconda, p. 507 (1902). ' i 
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investigation, not yet completed, in which the author has 
attempted to determine by direct experiment the surface- 
pressure of water and other liquids in contact with glass. 

It was found that everything depended on keeping the 
surface of the glass perfectly free from moisture until the 
moment of the experiment ; and the author was thus led to 
consider the quantity of moisture concerned in surface- 
pressure, in the Pouillet effect, and in surface-action generally. 

In the first experiment some cotton silicate, similar to thai 
used in the author's previous investigation *, was packed 
tightly into a test-tube and the mouth of the tube was drawn 
out to a fine neck, but not sealed. 

The weight of the silicate was 3:37 grammes, the average 
diameter of the cylindrical filaments was ‘00175 cm., the 
sp. gr. was 2:7, and the estimated area of surface was 
847 sq. cm. per gm. 

Hence the superficial area of the silicate was 8:37 x 847 = 
2854 sq. cm., and allowing for the area of surface of the test- 
tube, the whole area of glass surface amounted to about 
2900 sq. cm. 

The tube was placed in an open beaker, and this was 
covered with a large inverted beaker standing over some 
water in a shallow tray and kept in a closed glass cupboard 
at nearly constant temperature, 

The vapour which filled the chamber slowly diffused into 
the test-tube through the narrow aperture, and became 
condensed on the surface of the glass. The experiment 
continued for 16 days, the tube being weighed at intervals. 
The outside of the tube was wiped with a clean cloth before 


MEME 
and silicate, Weight. film (om.). 
12 hours .......- 9-3602 0200 69x 10-5 
lday ee 0-3044 0242 83x 107. 
2 days ........—- 9-3672 0270 93x107, 
4 du 9:3710 0308 106x107 
lU fe secs 9-374 0372 128 x10 
E 9-3790 0988 13:4x 1070 
T MEN ME 9:3790 -0388 194 x 10 


* Phil. Mag. [6] iv. p. 246 (1902). 
VOL. XVIII. 2G 


Thickneas of film in millionths of em. 
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each weighing, so that the observed increase of weight was 
entirely due to condensation by surface-action. The tem- 
perature never varied much from 15°C. The above table 
shows the results of the various weighings and the estimated 
thickness of the film of moisture. The initial weight of the 
tube and silicate when dry was 9:3402 grammes. 

In another experiment the silicate was placed loosely in 
the tube and the mouth of the tube was allowed to remain at 
its ordinary width, about 1-5 cm. The experiment was made 
much more quickly than the first one, but the final result 
was the same.. 


Temperature during experiment about 12? C. 
Weight of silicate 1:10 gm. 
Total area of surface of silicate and tube about 1000 sq. cm. 
Initial weight of tube and silicate 7:9517 gm. 
Weight after 4 days 7:9650 gm. 
j 6 , 79650 ,, 
Increase of weight — -0183 ,, 
Estimated thickness of film 18:3 x 10-5 em. 


Fig. 1. 


1.2 3 4 5 6 7 8 9 10 ldD 134 18 14 15 16 107 118 19 20 


Time, in days. 


The cotton silicate thus covered with & film of moisture 
showed no alteration in appearance even when examined 
under the highest power of the microscope, but when the 
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silicate was placed in water no heat was evolved, though 
when the same substance was thoroughly dried and placed in 
water the heat evolved amounted to *0011 calorie per sq. cm. 
Hence it may be inferred that the Pouillet effect for water 
in contact with glass at 12? C. is confined to a film of 
moisture the thickness of which is about 13:3 x 10—-* cm. 

It will be interesting to compare with this result the results 
obtained by other experimenters with different substances 
and under widely different conditions. The earliest measure- 
ment of surface condensation of which the author has been 
able to find an account, is that of Magnus *, who, from experi- 
ments on the expansion of sulphurous acid gas, found that 
the amount of gas condensed on the surface of smooth glass 
rods was *0008 cub. mm. per. sq. mm., that is 80 x 10-5 cub. 
cm. per sq. cm. of surface. 

It is not improbable that in these experiments the sulphur 
dioxide was condensed by chemical combination with a film 
of water previously existing on the surface of the glass, but 
it may be noticed that the result obtained is of the same order 
of magnitude as all the other results quoted in this paper. 

Martinif found that some precipitated silica exposed to 
aqueous vapour increased in weight by 80 per cent. without 
any alteration in appearance; on putting this moist silica 
into water no heat was evolved, though the heat evolved on 
wetting the dry silica amounted to 19 calories per gramme. 
Martini does not state the area of surface exposed by the 
powder, but the author has shown f that when dry silica is 
wetted, the amount of heat evolved is about 00105 calorie 
per sq. cm. ; and hence we may take the area of surface of 
the powder used by Martini as about 18,000 sq. cm. per gm., 
and the extreme thickness of the aqueous film would therefore 


:8 = 
be 18000 =44 x 10-79 cm. 


It should be remarked here that when a powder is exposed 
for a long time in an open tray it is likely to receive some 


* Magnus, Phil. Mag. [4] vi. p. 336 (1863). 
+ Martini, Atti del R. Istituto Veneto, Tomo lix. Parte Seconda, 
p. 624 (1900). 
f. Phil. Mag. [6] iv. p. 247 (1902). 
2a2 


414 DR. PARKS: THICKNESS OF THE LIQUID FILM 


moisture by the ordinary process of condensation at tem- 
peratures below the dew-point, and thus the more exposed 
portions of the powder may receive excess of moisture. 

Bellati and Finazzi* have recently made an excellent 
series of experiments showing the relation between the 
amount of moisture absorbed by silica and the heat evolved 
on putting the powder into water. The area of surface 
exposed by the silica is not stated, but the authors consider 
with good reason that if the powder were perfectly dry the 
heat evolved on wetting it would amount to 26 calories per 
gm., and hence we may assume the surface exposed by the 
powder to amount to about 25,000 sq. cm. per. gm. 

In the following table the figures of the first two columns 
have been selected from the original paper referred to, and 
the other three columns have been introduced by the author 


Parts of Reduction of Heat evolved 
moisture | Heat evolved |the heat evolved | Thickness of | per sq. om. by 
absorbed by | per gramme | by previous | water film | a film of this 


100 parts of | of silica. absorption of riz. thickness 
dry silica, (q) moisture. 25000 ` 26—g 
a) (26—g) 25000 
2:38 18:29 771 95x10_4| 308x107, 
5:85 12:23 1977 244x10 «| 551Xx10 , 
8:59 9:17 16:83 $dAxlO ,| 673x10 
12 7-61 18:39 617x10 ,| T36x10 | 
18:83 6:50 19:50 T59x10 ,| 780x10 
27-36 525 2075 — |1094x10 ,| 830x1024 
39-95 370 2730 — |1598x10 ,| 802x107‘ 
46:35 2:94 23-00 1854x107 4| 922x10 
56: 1-66 94-34 2269x107 4| 974x10 
64-78 ‘90 25°10 2591x1024] 1004x1074 
76°94 19 25:81 30°78x10~°| 1032x107 


for the purposes of the present inquiry. An example will be 
sufficient to explain the table and the diagram. When the 
dry silica has absorbed, say, 2:88 per cent. of moisture it 
is put into water and the heat evolved is found to be 18:29 
calories per gm. 

But if the silica had been perfectly dry the heat evolved 
would have been 26 calories, hence the heat due to 2:38 per 


* Belleti e Finazzi, Atti del R. Istituto Veneto, Tomo lxi. Parte 
Seconda, p. 514 (1902). 


Heat evolved per sq. om. x 10*. 
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cent. of moisture must have been 26—18:29— 7:71 calories 
per gm. 
The thickness of the film of moisture is about 
0238 
25000 
and the corresponding amount of heat per sq. cm. is 
771 
25000 
The results show that when the water film is only one 
millionth of a centimetre in thickness, the heat evolved is 


= °95 x 10-*, 


= 3°08 x 10-* calories. 


Thickness of film x 10°, 


about one third of the whole amount, when the thickness of 
film is two millionths the heat evolved is about one half of the 
whole, and on further increasing the thickness of the film 
the amount of ‘heat evolved slowly approaches a maximum 
which it reaches when the thickness is about 31:6 x 1075, the 
heat evolved being then :00105 cal. per sq. cm. 
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Dr. C. Barus * gives some valuable data on the size of the 
water particles produced by condensation on a solid nucleus. 
In the experiments described it seems that the condensation 
must in the first place be caused by the surface action of the 
nucleus, though as the exhaustion of the chamber proceeds 
the average size of the water particles increases by ordinary 
condensation at temperatures below the dew-point. If we 
subtract the average diameter of the nuclei from the average 
diameter of the drops, and halve the remainder, this will give 
the thickness of the film of water. 

In the following table the first two columns have been 
taken from the original paper of Dr. Barus, and the last 
column has been inserted by the present writer. The results 
for the first six exhaustions only have been selected. 


Diameter of nucleus 260 x 10—5 em. 


Diameter of 
water particle. 


Thiekness of 
film. 
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Dr. Barus remarks that “the use of Kelvin’s vapour- 
tension equation breaks down quantitatively for the present 
purposes in practice.” The reason for this will be clear 
when it is remembered that Kelvin's vapour-tension equation 
is only intended to apply to a condition of equilibrium 
existing between a liquid and its vapour ; but in condensation 
upon solid surfaces another element must be taken account 


* Barus, Phil. Mag. [6] iv. pp. 24 to 29 and pp. 262 to 269 (1902). 
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of, viz., a force of the nature of an attraction between the 
solid and the liquid or vapour, which causes a pressure, 
probably a very great pressure, in the liquid at the surface of 
the solid. The author hopes to be able at some future time 
to give the numerical values of this surface pressure for 
various liquids in contact with glass. 

In now appears that in all cases where condensation of 
moisture takes place at a solid surface, and at temperatures 
not below the dew-point, the thickness of the surface film 
varies from 10x1075 to 80x 10-79 cm. according to the 
substances used and the conditions of temperature and 
pressure, and for the water film on glass in saturated vapour 
at 15? C. the thickness is about 13:4 x 10-8 cm. 

According to Prof. J. J. Thomson * the mean radius of 
the drops formed by condensation in electrified gas is of the 
same order of magnitude, being 81 x 10-8 cm. for negatively 
electritied oxygen, and 68 x 1079 cm. for positively electrified 
oxygen ; the size of the nucleus is not known, but it is 
probably very small. 


H.M. Dockyard School, ee 
ovember 1 


Discussion. 

Prof. EVERETT remarked that similar experiments upon 
different kinds of glass had been carried out by Kohlrausch. 
The glass, in the form of powder, was placed in a platinum 
dish under a bell-jar exposed to water vapour. The increases 
in weight varied from 2 per cent. to 18 per cent., whereas 
the increase observed by Dr. Parks was only 1:2 per cent. 

Prof. 8. P. THompson congratulated the Author upon the 
results of his experiments, but advised him to be cautious in 
using them in any attempt to determine the law of molecular 
attraction. Similar experiments were carried out in Bunsen's 
laboratory about twenty years ago. 

Dr. J. A. HARKER said that the liquid film on the surface 
of glass or porcelain was often a source of trouble in high- 
temperature gas-thermometry. He had found that in ex- 
hausting Róntgen-ray tubes it was apparently possible to get 
a complete vacuum at about 300? C., but on heating to a 


* J. J. Thomson, *The Discharge of Electricity through Gases ' (1900). 
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slightly higher temperature gases were suddenly given off 
from the walls of the tube. 

Mr. J. Brown (conrmunicated).—The examination of an 
advance proof of the most interesting and suggestive paper 
by Dr. Parks recalls an investigation of my own, under- 
taken with a quite different object, viz. the question as to 
whether the condensed films on plates of copper and zinc 
could be brought into contact so as to form the electrolyte 
of a voltaic cell and produce a current. Incidentally I 
measured very roughly the limit of separation of the plates 
at which this current ceased. The experiment is described 
in my paper on “ A Theory of Voltaic Action,” Proc. Roy. 
Soc. vol. xli. p. 308 (1886), and as therein stated the appa- 
ratus, though well suited to test for the current, was for 
reasons given not at all fitted for accurate measurements of 
thefilm thickness. It would therefore be impertinent to base 
on such observations any criticism of the thiekness of the 
flm measured by Dr. Parks further than to suggest that if 
the much greater thickness that I should have estimated, or 
rather guessed from my observations, be at all near the truth 
it is possible that the electrically conducting film has & much 
less specific gravity than that of ordinary water. 

Also it seems interesting to point out that with apparatus 
properly designed for the purpose such direct measurement 
may be possible. 

Dr. P. E. Suaw (communicated).—In Dr. Parks’ experi- 
ments and in all those he quotes, except possibly those of 
Magnus, the radius of curvature of the solid surface is small, 
and is in fact comparable with the thickness of the film 
deposited on it. Perhaps Dr. Parks would try the effect on 
flat surfaces, e.g. the thin iridescent glass obtained when a 
glass bulb is overblown. It would also be of interest to try 
what happens below 0? C. Years ago I came across this 
film on wires of radius about 1 mm. In Phil. Mag. March 
1901, I showed that two wires, crossing at right angles, if 
brought into contaet adhere with a force of the order of 
1 dyne, which can be proved due to the capillary action of 
the film between them. 

There was a paper by Mr. Earhart (Phil. Mag. Jan. 1901) 
on the voltages required for sparking between surfaces 
when the distance between them is small. The curves 
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showing the relation of V to / consist of two straight lines 
joined bya very pronounced “knee,” corresponding to a spark- 
ing distance of between 2 and 4 micra (see sketch). Thus the 


L 


2p |- 


V 
ratio T suddenly changes when the distance is about 2y. 


Dr. Parks puts 0:8 u as the upper limit for the thickness of 
the film. Suppose two surfaces (in this case large spheres) 
approach one another to a distance 2 u—then deducting 0:8 p 
for the film on each surface, we have an air-distance of only 
0:4 4. This would be easily bridged by the small vibrations 
of the apparatus, and probably the bridge of water would be 
stable. Thus it would happen that the sparking would occur 
through film only, instead of through air and film, with the 
results observed. The dust particles in air have their en- 
closing film of water, say 0:4 thick; this film is deep 
enough to contain and foster any of the well-known bacill:, 
whose smallest dimensions are say 4 micron. I take it that 
this film is the habitat, when apart from a host, of all bacteria. 
This accords with the well-known fact that microbes are 
unknown in polar regions, where the film would be frozen. 

Dr. R. T. GLAZEBROOK said the results were of particular 
interest to him, because he was at present engaged in making 
mercury standards of resistance. In his experiments it was 
necessary to measure the radii of the tubes with an accuracy 
comparable with the thickness of the liquid film. 

Dr. Parks, in reply to Dr. Harker, said that powdered 
silica might be heated to nearly 300°, and appear quite dry. 
On heating it slightly higher, however, large numbers of 
bubbles were given off suddenly, and the powder resembled a 
boiling liquid. 
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XXXVIII. Onan Oscillating Table for Determining Moments 
of Inertia. By W. H. Derriman, B.Sc., Demonstrator 
in Physics, University College, Liverpool *. 


Tae following description of an oscillating table for deter- 
mining moments of inertia is given in the hope that the 
apparatus may prove useful in the laboratory, both for 
determining moments of inertia of bodies experimentally, 
and also for illustrating some of the laws relating to moments 
of inertia. 

With this apparatus the moment of inertia of a body can 
be determined not only for axes which do, but also for axes 
which do not pass through the centre of gravity of the 
body. 

If a body of moment of inertia I is suspended by a wire and 
allowed to make torsional vibrations, the time of vibration, ¢, 


is given by the formula 
l tira I , 
c 


where c is a constant depending on the dimensions and nature 
of the material of the wire. This gives the well-known means 
of determining the moment of inertia of a body about an axis 
passing through the centre of gravity of the body, the constant 
c being determined by another experiment with a body of 
known moment of inertia. 

The apparatus which it is the object of this paper to 
describe consists of a circular wooden table TT supported 
by brass rods RRR, to which the suspending wire W is 
attached by a small vice V. In the diagrams shown, fig. 1 
represents a side view of the table, and fig. 2 a plan of the 
top of the table. P is a pointer attached to the centre of the 
table, and below is a fixed pointer P" resting on a table 
beneath. In the top of the table a circular groove (fig. 2) is 
cut, in which small pieces of lead LLL can slide. These 
pieces of lead form together half of a circular ring of 
rectangular cross-section. In setting up the apparatus a 
plumb-line is first hung from the supporting vice V' and the 


* Read January 23, 1908. 
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r 


pointer P’ placed immediately below. The plumb-line is 
then removed and the table suspended by the wire W. The 
body whose moment of inertia we require to determine is 
placed at the given position on the table and the lead weights 


Fig. 1. 


Fig. 2. 


LLL moved round in the groove until the centre of gravity 
of the whole is in the axis V'P", this being ascertained by the 
pointer P being exactly above P’. The table therefore 
always oscillates about the same axis; and since the lead 
weights are at a fixed distance from this axis, the moment of 
inertia of the table remains constant. Any alteration of the 
total moment of inertia is only that due to the body placed on 
the table. 

If the time of vibration of the table alone is observed and 
then the time of vibration of the table with a body of known 
moment of inertia placed on it, the moment of inertia of the 
table can be calculated. It is only necessary then, in deter- 
mining the moment of inertia of a body about a given axis, to 
place it on the table in such a position that the given axis 
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coincides with the fixed axis of vibration, and again determine 
the time of vibration. 

Laws connecting the moments of inertia of a body about 
different axes can be easily verified with this table, e. g., the 
law that * the moment of inertia of a body about any axis is 
equal to its moment of inertia about a parallel axis through its 
centre of gravity together with the moment of inertia of the 
whole mass collected at its centre of gravity about the given 
axis," can be verified by varying the distance of the body 
from the axis of vibration. 


Discussion. 


Mr. SKINNER described an inertia balance by means of 
which moments of inertia can be determined without the 
use of stop-watches. The table which carries the body is 
suspended by a wire. Fixed to the centre of the bottom of 
the table there is another wire, similar to the first, but twice 
as long. This wire carries a screwed brass bar, the axis of 
the bar being at right angles to the wire. At the middle 
point of this wire there is a pointer fixed at right angles to 
it, and on the brass bar are two weights which can be 
placed at varying distances from the axis. A fourth wire, 
the same length as the first one, is attached to the bottom 
of the bar and its lower end is clamped. By arranging so 
that the upper table oscillates to the left when the bar is 
oscillating to the right and adjusting the weights on the 
brass bar until the pointer is stationary, the moments of 
inertia of bodies placed upon the table can be determined. 

Prof. S. P. Toompson referred to an inertia table designed 
by Prof. Perry in which an aluminium ring was supported 
by a trifilar suspension. 
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XXXIX. Lchibition of a Lens. 
By Mr. T. H. BLAKESLEY *. 


Tne lens exhibited has the property that the two conjugate 
foci always move with the same relative rate along the 
axis. The size of the object always bears to the size of the 
image the same ratie, so that using the same object the image 
is always of the same size. The instrument is of one piece 
of glass, and constitutes a telescope whose magnifying power 
is the ratio which the object bears to the image in size, 
linear. The relation of the rate of motion of the object to 
that of the image is the square of the magnifying power. 
The following method of construction attains these ends. 
Let D be the distance between the cenires from which the 
faces are struck, and let | be the length of the instrument 
between the end faces. Then l=uD where p is the index. 
The quantity 7—D is thus fixed. Divide it into any two 
parts (algebraically) r, and —7,, so that r, —7,—i— D, and 
employ these two values r, and r, as the radii of the end 
faces. The ratio r,/r; will be the magnifying power m, which 
must be interpreted thus :—If the curvatures are towards the 
same direction r, and r, have the same sign and m is positive. 
Double convexity therefore implies an inversion of the imago, 
or a negative magnifying power. If x be the distance of the 
object from the first surface encountered by the light, and y 
be the distance of the image from the second surface, both 
measured positively in the direction opposite to that of light- 
propagation, then 
ym?—mDzz where m= 4, 
3 


from which = =m. 
Y 


The fundamental condition =D is that which implies an 
infinite focal length for a lens. This condition rules in a 
telescope in which the principal foci of the objective and 
ocular coincide. The instrument exhibited has a value +5 
for the magnifying power, and was convexo-concave accord- 
ingly. One view to take of the instrument is to imagine 
the space between an objective and ocular properly situated, 
filled up with glass. 
* Read March 27, 1903, 
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AL. Dimensional Analysis of Physical Quantities, and the - 
Correlation of Units. By A. F. RAVENSBEAR, B.Sc.” 


CONTENTS. 


Introduction: Function of Dimensions and General Indication of 
Conclusions to be established. 
I. Conditions giving rise to Dimensional Relations. 
II. Dimensions of Mass, Length, and Time. 
III. Theoretical Completion of the Correlation of the Units of Dynamical 
Quantities. 
IV. One Outcome of Dimensional Analysis may be the Suppression of 
all Qualitative Distinction. 
V. Fundamental, Derived, and Secondary Unita. 
VI. Systems of Dimensions and Remarks on Annexed Tables. 


THE use of dimensions underlies all applications of mathe- 
matics to physics. Measurements of physical quantities 
depend on the employment of units of the same kinds as 
the quantities measured. Such units form the connecting 
link between the theorems of mathematics and the relations 
among phenomena which are the especial concern of the 
physicist. Units which are qualitatively distinct from each 
other can have no common measure ; they can be correlated 
only through the medium of dimensions. 

In the conventional system of dimensions, the correlation 
of units is arrested when mass, length, and time are reached. 
This is no doubt due to the fact that both the physicist and 
the mathematician agree in regarding mass, length, and time 
as simple irresolvable data, or ultimate facts, which admit of 
no analysis. That mass may be regarded as having dimen- 
sions has indeed been remarked, but the consequence of this, 
as regards the theory of the dimensions of physical quantities; 
do not appear to have been generally recognized. In this 
paper it will be shown that the usual assumption that because 
mass, length, and time are ultimates, their units can not be 
further correlated stands in need of considerable qualification. 
It will be shown that a further application of the same pro- 
cesses by which different physical quantities are dimensionally 
analyzed and their units correlated with those of the three 


* Read April 24, 1908, 
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fundamental quantities, enables these quantities to be further 
correlated in principle, and their dimensions assigned. Since, 
however, scientific knowledge is not so complete that the units 
of all physical quantities can be correlated with those of mass, 
length, and time, we do not thus arrive at a complete correlation 
of all units ; but while we reduce the list of independent units 
in one direction, we are led to add to the list any units that can 
not be correlated with others in the present state of scientific 
knowledge. This, however, is not the only method of pur- 
suing dimensional analysis, nor is the above result the only 
possible outcome of such analysis. 

At the same time that one outcome of dimensional analysis 
is a movement down the scale of qualitative distinction towards 
pure undistinguished quantity, another outcome will be shown 
to be progress up the scale of qualitative distinction towards 
a full symbolical description of the physical relations of the 
phenomenon under consideration. These results may be 
found to connect together certain diverse opinions on the 
subject of the significance of dimensional equations, which 
are occasionally expressed by physicists at the present time. 
We shall see that dimensional equations in some cases may 
express physical identity or equivalence, but do not always 
necessarily do so. 

The procedure followed is first to formulate the conditions 
which give rise to dimensional relations, and then to show 
how from these the results follow which are here indicated 
briefly. | 

I. Conditions giving rise to Dimensional Relations. 

Dimensional relations arise in the first instance from 
quantitative relations among physical phenomena. Such re- 
lations are expressed in mathematical language by means of 
general equations. 

1. The first condition is therefore that the quantities must 
be capable of exact measurement. To be measurable, a 
quantity must be clearly distinguishable and capable of being 
divided into parts, and the parts of being joined together 
without the quantity being thereby affected. This relative 
independence of parts is necessary in order that the mathe- 
matical axioms of quantity may be applied. Cavendish’s 
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attempt* to compare resistances by leyden-jar discharges 
may be given as an instance of attempts to measure phenomena 
which have only imperfectly satisfied this requirement. 

2. The second condition is that the phenomena which are 
measured must be connected by a law of variation. One 
characteristic of the laws of variation that give rise to 
dimensional equations is that they must be true without 
qualification ; that is, there must be included in the state- 
ment of the law all the conditions upon which its truth 
depends. Another characteristic is that the conditions included 
in the statement of the law must be wholly quantitative. 

Both these points may be clearly illustrated by asking: What 
are the dimensions of atomic weight ? Avogadro’s Law sug- 
gests that the dimensions of atomic weight might be those of 
density. But how are we to introduce into the dimensional 
equation an allowance for the known exceptions to this law ; 
and how could the condition be introduced that it only holds 
for substances in the gaseous state ? Similar difficulties stand 
in the way of deducing the dimensions of atomic weight from 
Dulong and Petit’s Law of Atomic Heats. There is the 
further difficulty also that specific heat appears in this law as 
an additional factor to be taken into account. Apparently 
the dimensions of atomic weights can not at present be 
specified, because their determination is based partly upon 
such considerations as isomorphism and other analogies 
which at present, at any rate, are not expressible as quantita- 
tive relations. 

An examination of other cases in which the dimensions 
of physical quantities are not known, or in which there is 
difficulty in assigning them, shows that the reason in those 
eases also is that no such law is available. Thus the difficulty 
of assigning the dimensions of the dielectric constants arises 
because the forces exerted by electric and magnetic charges 
vary according to some unknown law as we pass from one 
kind of matter to another. It is obvious, however, on the 
other hand, that a law which is quantitative, and which in- 
cludes all the conditions on which its truth depends, can be 
expressed completely as a mathematical equation. 


* ‘Electrical Researches of Cavendish,’ Maxwell, p. 637. 
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3. Equations with numerical coefficients embodying a 
physical law need not be equally true whatever the magnitudes 
of the units employed in the measurement of the correlated 
phenomena. Equations embodying physical laws, can, how- 
ever, be expressed in a general form with generalized co- 
efficients; and they are then true irrespectively of tho 
magnitudes of the units to which the several quantitics 
entering into them are referred. Such equations, it can be 
shown, must be homogeneous with regard to some variable 
or variables which can be independently varied by varying 
the units. If an equation be made to include quantities of 
different kinds, which are physically incomparable, it can be 
shown to break up into as many separate homogeneous equa- 
tions as there are kinds of quantities, after the manner of 
equations involving rational and surd quantities, or equations 
between complex numbers, in pare mathematics. In the 
following pages quantities which are altered by a change of 
units are called changeables in order to distinguish such 
alterations from physical variation. 

In deriving dimensional formule we begin with a measuro- 
ment of phenomena and the establishment of a quantitative law 
of variation. The next step is the expression of this law in 
the form of a mathematical equation by the introduction of a 
numerical constant. Then we have to satisfy the mathe- 
matical requirement of homogeneity. If the law of variation 
has introduced quantities the dimensions of which have not 
previously been fixed, the dimensions that will make the 
equation homogeneous are assigned to them. 

Two very divergent views are current as to the interpreta- 
tion of dimensional equations*. One of these views is that 
a dimensional equation expresses physical identity or physical 
equivalence between the quantity which appears on one side 
and the complex of mass, length, and time elements which 
appears on the other side. 

The other view is that the dimensional equation merely 
expresses a law of variation ; and that the full meaning of, 
say, the equation [force] -[M] [L][T-?] is: The magnitude 
of the unit of force varies directly as the magnitude of the 

* Discussion on Mr. Williams’ Paper on Dimensions, ‘ Nature,’ 
vo]. xlvii. pp. 69, 116. 

VOL. XVIII. 2H 
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unit of mass, while the units of length and time remain un- 
altered; directly as the magnitude of the unit of length, while 
the units of mass and time remain unaltered ;. and inversely 
as the square of the change ratio of the unit of time, while 
the units of mass and length remain unaltered *. 

The two readings may easily be distinguished from each 
other. Thus if we wish to assert physical identity or physical 
equivalence we might write 


[force] =[M] [L] [T-?]. 
If we wish to lay stress on the variational reading, and to 
exclude the suggestion of physical identity, we might write 


[foreej [=] [M] [L] [T]. 

We have already seen that the starting point in dimensional 
analysis is always the measurement of phenomena and the 
establishment of a quantitative law of variation. The laws 
of variation are converted into equations by the introduction 
of constants. The question whether such a constant is dimen- 
sional or undimensional may arise. This question is equivalent 
to asking : Does the determination of its magnitude depend 
upon the assignment of a unit of its own kind? A constant 
of this kind can by transposition be brought to one side of 
the equation by itself. If this constant then is not expressed in 
terms of a unit of its own kind, it is clear that all the units 
or changeables on the other side must cancel out, and the 
dimensions disappear. 

Let us take Joule's Law as an example, We may state 
this law briefly thus : 

Work expended « heat generated, or 

w Jh. 
The constant j involved in this law refers to a physical 
equivalence between heat and work, which in the present 
state of science is believed to remain exactly the same what- 
ever the medium in which, and the kinds of matter between 
which, the action takes place, and whatever the surrounding 
circumstances. But it is not measured in a unit of its own 
kind. It is simply a correlating factor introduced in order to 
express the known physical equivalence between w and À by 


* D. A. Report on Electrical Standards, 1863, Appendix C. 
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means of an equation. Consequently if we write 
wo. 
à 


the physically variable quantities entering into w and A which 
are so related dimensionally as to make the equation w=jh 
homogeneous must cancel out, leaving j without dimensions. 

The considerations urged by Sir A. W. Rücker, in his 
paper on “ Suppressed Dimensions" * show, however, that 
factors which have been introduced in this way ought in some 
cases to be regarded as having dimensions. If itis desired 
to distinguish such dimensional quantities from undimensional 
quantities, it becomes apparent that a criterion is furnished 
by the question: Does the law hold without qualification of 
any sort ; or, in other words, is the quantity absolutely constant, 
independently of changes tn the circumstances, in the media, or 
in the kinds of matter between which the action takes place ? 


II. Dimensions of Mass, Length, and Time. 


In the conventional system of dimensions the units of 
mass, length, and time are regarded as independent funda- 
mental units. At the same time it has been recognized 
that other selections might be made, and certain other 
selections have been discussed*. It has also been pointed 
out that mass could apparently be resolved dimensionally into 
length and timef, but the significance of this fact for the 
theory of dimensions does not appear to have been generally 
realized. It is proposed to discuss in this and succeeding 
sections some of the consequences of this further dimensional 
analysis. 

1. The laws of variation embodied in the conventional 
system comprise certain geometrical and kinetic principles, 
which looked at as physical laws are axiomatic and not the 
result of special experimental inquiry. In addition to these 
the second law of motion is made use of. The possibility of 
further dimensional analysis depends upon the introduction 
of another law, viz. : the law of gravitation. This law holds 


* Phil. Mag. vol. xxvii. p. 104. 
f Ency. Britt. Art. ‘Dimensions,’ Maxwell ; ‘Treatise on Electricity 
and Magnetism,’ Maxwall, vol. i. p. 3. 
22 
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without qualification, irrespectively of differences in the kinds 
of matter considered, or of the medium through which the 
action takes place, and therefore possesses the characteristics 
requisite for the establishment of dimensional relations. The 
constant introduced into the variational formula below may 
be taken to be undimensional, since it does not represent 
a variable property capable of being measured by a unit of its 
own kind. 

The dimensions of mass may be thus deduced : Consider 
the gravitational action of a body A of mass m, or a body B 
of mass m! at a distance l. Then if f denotes the resulting 
acceleration of the body B, so that m!f denotes the force 
acting on it, the law of gravitation is compendiously expreased 
by the variational formula 

"Room 
This is converted into an equation by the Newtonian constant 
of gravitation G, thus: 


1 
Rene G=m!f. 


B 


From this follows the dimensional relation 


[M] = [L/] [T77]. 
Maxwell * deduces this same result from the formula for 


the space passed over in a given time by a body subject to a 
uniform acceleration, by substituting for the acceleration the 


value 5. The law of the periodic time of a simple pendulum 
may be recognized if the relation be written 
L L 
2 — — — 

T= i = M. 

L? 
The same relation is embodied in Kepler’s Third Law ; 
and in accordance therewith the astronomical unit of mass 
might be defined, in terms of length and time, to be a mass 


such that a small satellite moving round it in an orbit of unit 
radius would have unit angular velocity. 


* ‘Treatise on Electricity and Magnetism,’ vol. i. p. 3. 
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In the discussion on Mr. Williams’ paper on ‘ Dimensions? *, 
it was pointed out by Mr. Madan that when the astronomical 
unit of mass is employed it could be regarded as having the 
dimensions [L?] [T-?]. To this it was objected by Professor 
Boys that Mr. Madan was arguing in a circle, since the 
equation [M] [L] [T-?] 2 [M?] [L-7] could not be true 
unless the Newtonian constant was introduced on the right- 
hand side. This objection disappears, I think, on examination. 
It is not as if the Newtonian constant were dependent 
for its value on the kinds of matter considered, or as if it 
were constant only within the limits of a given system and 
had different values for different systems. This constant is 
supposed to have the same value whatever the range of 
application and whatever the circumstances. In these respects 
it stands on altogether a different footing from the dielectric 
constants w and k to which in the discussion referred to 
Professor Boys compared it. The quantities 4 and k, even 
if constant for given media, are different for different media. 
And while such quantities must be regarded as having dimen- 
sions, constants of the class to which G belongs can be 
regarded as undimensional. They conform to the criterion 
for undimensional quantities set out in the preceding section. 

2. It has been remarked in the preceding section that 
dimensional equations are sometimes regarded as expressing 
physieal identity or physical equivalence, and sometimes as 
expressing merely a law of relative variation between the 
measures of qualitatively distinct phenomena. 

The assignment of the dimensions of mass in terms of 
length and time requires to be examined from cach of these 
points of view. We may first examine the result on the 
supposition that the dimensional equation merely expresses a 
relation of quantitative variation. We should then, as 
previously suggested, write the equation 

[M][ Z)[L'] [T] 
and this would be understood to mean, the unit of mass is 
defined to vary in magnitude directly as the cube of the 
change ratio of the unit of length, and inversely as the square 
of the change ratio of the unit of tine. The correlation 


* ‘Nature,’ vol. xlvii. p. 116; Phil. Mag. vol. xxxiv. (1592) p. 234. 
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between units is thus carried a step further than in the con- 
ventional system, and the independent units are thereby 
redueed to two. There would, moreover, be no difficulty, on 
this interpretation of the dimensional relation, in carrying the 
correlation of units still another step, by introducing the 
further convention or definition that the magnitude of the 
units of length and time should, if varied, always be main- 
tained in direct proportion one to the other. This convention 
would be denoted by the formula 
[T] [=] [L]. 

Observations on this latter aspect of the matter may, how- 
ever, be deferred until the dimensional analysis of mass has 
been examined in the light of the opposed: view as to the 
significance of dimensional formule. 

In respect to this view, we can not, I think, avoid regarding 
mass as an ultimate and unanalysable datum. As Mr. Williams 
says in his paper on * Dimensions" *, it stands for tangibility 
in general, which we can in no way think as built up from 
time and space elements. How, then, are we to regard this 
dimensional relation between mass, length, and time? We 
seem to be required to look upon mass as complex. 

But we can not conceive mass as a complex capable of being 
analysed into constituents. We are compelled to accept it as 
an ultimate fact; an irresolvable datum beyond which we 
can not go. How, then, can the requirement of homogeneity 
be satisfied ? 

Let F be any fundamental quantity in terms of which 
£, y, z may be expressed. 

Let it be assumed that 


ES the 
y= 
zz; 
then, if aw 
£ y , 
it follows that 
enr Hep 
F = Free ; 


* Phil. Mag. vol. xxxiv. (1892) p. 259. 


ANALYSIS OF PHYSICAL QUANTITIES. 433 


and in order that this may be homogeneous 
ap —bq 4 cr. 


In the particular case before us, p=3, q—2,1!r—1; hence 


the condition becomes 
3a 2 2b 4- c. 


If any of the quantities z, y, z be itself choson as the 
fundamental, this condition can be satisfied in an indefinite 
number of ways by the indices of the other two. If, in 
particular, æ be the quantity selected as fundamental, so that 
a=1, it is necessary that 2b+c=3. If fractional indices are 
to be avoided, it follows that b=c=a=1. 

The dimensional relation 


[M] = [L*] [T7], 
combined with the supposition that mass is a fundamental 
or simple quantity of one degree, therefore necessitates the 


further relations 
[M] = [1] = [T]. 


This result is not consistent with the supposition in the 
light of which we are examining the dimensional analysis of 
mass. It is clear that the reading [M] = [T] = [L] is 
excluded. Although the reading of the dimensional equation 
as an identity or physical equivalence may very well apply 
to complexes of ultimates, we find that this reading becomes 
inapplicable to equations in which one ultimate is correlated 
with others. We are forced to conclude that there is no 
way of making the equation homogeneous except on the 
supposition that the equation merely represents a relation of 
quantitative variation, and should be read 

[M] [=] [E^] [T7]. 
This becomes homogeneous if we make the convention that 
the dimensional relation [L] [=] [T] shall hold. The 
meaning of this is that the magnitudes of the units of length 
and time are, if varied, to be made to vary in direct pro- 
portion one to the other, with the result that then the unit 
of mass will also as a consequence vary in the same ratio. 
The reason for making an arbitrary convention of this 
character is, that it is shown by the preceding discussion to 
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be the last and necessary step to the correlation of all 
dynamical units. That it is permissible physically will be 
shown in the next section. 


III. Theoretical Completion of the Correlation of the 
Units of Dynamical Quantities. 


1t has been seen that the purpose of dimensional analysis 
is to render the equations embodying physical relations 
homogencous with regard to some independent changeable 
or variable ; and that the means whereby this is effected is 
the adoption of conventions or definitions whereby the units 
of qualitatively different phenomena are correlated one with 
another, both dimensionally and in magnitude. In the 
common system, however, this correlation of units stops 
when mass, length, and time are reached ; these three are 
left independent of each other. In the preceding sections of 
this paper it has been shown that dimensional analysis and 
correlation of units can be carried further; and that all 
dynamical units can be correlated with any one only of the 
three fundamental quantities. This correlation would appear 
to require for its theoretical completion some indication of 
the nature of a single physical standard to which all dynamical 
units might conceivably be referred. 

A few remarks on this point seem called for. 

In the first place, it must not be thought that the present 
observations are intended as a suggestion that a new system 
of units should be adopted. The object is merely to justify 
in principle the introduction of the dimensional relation, 


[L] [2] [1], 
by pointing out that this correlation admits of being con- 
ceived to be embodied in a single standurd. 

Such standard is evidently some movement; and the 
physical law,—and every dimensional relation must embody 
some physical law,—is in this case the first law of motion. 
Any actual movement which is permanently the same would 
serve as the ultimate standard, if definite portions of the 
movement could be identified. Mean Time is already de- 
termined in this way, viz., by reference to the diurnal 
rotation of the earth. It is conceivable, then, that the move- 
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ment of some point on the earth's surface might be taken as 
the ultimate standard of reference for all dynamical units. 
A portion of this movement, if some definite portion could 
be identified, would give simultaneously a unit of time and a 
unit of length, the magnitudes of which would be propor- 
tioned one to the other. Maxwell's suggestion *, that sodium 
light might be made to furnish a universal standard of length, 
also affords an application similar in principle to the above. 
The velocity of propagation of such light through the æther 
being constant, a unit of length and time are simultaneously 
obtained in principle by selecting a definite portion of the 
wave. In the case of the earth, the cyclical character of the 
apparent movement of the heavens, and in the case of 
the ztheric disturbance the existence of phases and phase- 
differences in the wave, render the identification of portions 
of the movements in each case conceivable. 

The units of length and time being fixed, that of mass at 
once follows from Kepler's Law, in the manner previously 
pointed out. Having thus obtained theoretically the units of 
mass, length, and time in proper correlation each to the 
others, all the units dealt with in the conventional system are 
thereby correlated in like manner. 


IV. One outcome of Dimensional Analysis may ve the 
Suppression of all Qualitative Distinctions. 

The first point that stands ont clearly in the interpretation 
of the result reached in the preceding sections is, that when 
we have pushed dimensional analysis as far as it will go in 
the direction we have been pursuing it, we have abandoned 
all the distinctive characters of the phenomena with which we 
start, except that they have quantity. 

This is apparent from the consideration that any dimensional 
formula will have exactly the same form, whether written in 
terms of L or M or T. Not only is this the case, but 
quantities like momentum, work, quantity of heat, and (saving 
the presence of k and p) electric and magnetic charges also 
all reduce to unit-power of one of these. It therefore follows 
that any one of them could be substituted indifferently for 
any one of the fundamental units. 


* ‘Treatise on Electricity and Magnetism, vol. i. p. 3. 
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The view that dimensional analysis may in certain cases 
involve the suppression of qualitative distinctions, explains 
the result under examination. It would lead us to the 
conclusion that dimensional analysis might be pushed until 
qualitative distinctions had become suppressed entirely. The 
result under discussion shows that this point has been reached 
when all the quantities treated have by complete correlation 
of units been expressed in terms of a single independent 
variable or changeable. 

We may denote the undifferentiated quantity or unit at 
which we thus arrive by [Q]. The final stage of dimensional 
analysis of those physical phenomena possessing simple 
quantity is then represented thus: 


[H] [=] [W] [=] M] [=] [L] [=] [IT] [=] [Q]. 

Other units, it will be found by substitution, are expressed 
by different powers of [Q], some positive and some negative, 
but all integral. This is merely indicative of the fact that 
the measures of other phenomena are mathematically related 
to those referred to as possessing simple quantity by inte- 
gration or differentiation. 

The fact that the attempt to correlate completely all the 
units of dynamical quantities leads ultimately to the suppres- 
sion of all physical distinctions, affords a logical ground for 
a practice which otherwise seems to be difficult to justify in 
principle. It is usual to consider the physical interpretation 
of mathematical equations only at the beginning and end of 
a mathematical investigation, on account of the possible. 
appearance of uninterpretable terms in the course of mathe- 
matical analysis *. If, however, the conclusions set out above 
be sound, so soon as physical relations have been reduced to 
mathematical expression, it is optional to us to regard the 
units as completely correlated in principle, and the phenomena 
as having therefore been robbed implicitly of every attribute 
but pure quantity. And consequently there is no need to 
consider the mathematical procedure in the course of analysis 
in any other light than that of purely quantitative relation. 


* Maxwell, Encyc. Britt., Art. Dimensions. 
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V. Fundamental, Derived, and Secondary Units. 

The application of the considerations set out above to 
electric, magnetic, and thermal units, shows that the usual 
manner of conceiving the distinctions between fundamental, 
derived, and secondary units may require revision. The 
distinction ought not to rest on whether the phenomenon is 
ultimate or not. The true distinction would appear to be 
between those quantities the units of which can be completely 
correlated with other units, and thereby be made dependent 
on them, and those which cannot be correlated with other 
units, and therefore remain independent. At the same time the 
distinction between dependent and independent units should 
be regarded as analogous to that between chemical elements 
and chemical compounds. 

The want of a quantitative law connecting variations of the 
dielectric constants with differences in the media through 
which electric and magnetic actions are transmitted, has been 
shown by Sir A. W. Riicker in his paper on suppressed 
dimensions * to necessitate the introduction of independent 
units for the measurement of these two quantities. Similar 
considerations apply to thermal units. Specific heat, for 
instance, is sometimes made undimensional by a process that 
would make every physical quantity undimensional +. The 
mass of a body, to take this as an example, is always the 
ratio of one mass to another, the mass of the body to unit 


mass; or 7 which according to this treatment would have no 


dimensions. We may be unable to specify any law of suf- 
ficient generality to establish the dimensions of specific heat, 
and therefore it may not be possible to say more than that 
the specific heat of water is unit specific heat. But if this be 
done, we have another independent unit which ought to appear 
in the dimensional formulz of thermal quantities. Thus from 
the relation 
smb =h 


we should obtain the dimensions of temperature, 
| [0] = LL] [T 7] [s7], 


* Phil. Mag. vol. xxvii. p. 104. 
T ' Textbook of Physics, Watson, p. 339. 
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and of entropy, 
[9] z [M] [s]. 

The list of independent units should apparently then be 
reduced in some directions and enlarged in others. One 
independent unit at least seems to be required for each of the 
principal divisions of physics not yet brought wholly within 
the sphere of dynamics. Given this, the units in each de- 
partment can be correlated with one another and with those 
in other departments. The independent quantity in thermo- 
dynamies may be specific heat, that of electricity, specific 
inductive capacity, that of magnetism, permeability, and that 
of chemistry perhaps atomic weight, or chemical equivalent. 


VI. Systems of Dimensions and Remarks on Annezed Tables. 


The annexed tables comprise a selection of material illus- 
irating various points discussed in the preceding sections. 
Column 3 in Table À shows the conventional system of 
dimensions of certain mechanical quantities, and the corre- 
sponding column in Table C shows those of certain electrical 
and magnetic quantities in electromagnetic measure. On the 
left of each of these is placed the result of eliminating M by 
substituting therefor the value L?T-?, and on the left again, 
in column 1, is placed the result of eliminating all qualitative 
distinction by the substitution of Q for each of the funda- 
mental units. Similar columns are shown in Table B, derived 
in the same way from the third column, the origination of 
which will be described later. 

While on the one side, by correlation of the units employed, 
the conventional dimensions admit of being simplified down 
to the Q column, on the other side we are free to introduce 
additional qualitative distinctions beyond those which are 
embodied in the conventional system. There may indeed be 
considerable latitude of choice in the construction of systems 
of dimensions, owing to there being no one law of variation, 
or group of laws, connecting phenomena, which on theoretical 
grounds is entitled to recognition to the exclusion of all 
others. In illustration of this, a few examples are given in 
the annexed tables of the way in which dimensional systems 
may be worked out when based on different fundamental laws 
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from those on which the conventional system is based. In 
the conventional system of dimensions of mechanical quan- 
tities, a certain selection of which is given in column 3 of 
Table A, the measurement of force and of work are based on 
the second law of motion. The fourth column gives different 
dimensions for some of these quantities obtained by referring 
the measurement of force to the law of gravitation. In what- 
ever way the units of mass, length, and time are fixed, it is 
conceivable that the unit of force might be fixed with refer- 
ence to the gravitational stress between two unit masses at 
unit distance apart. The column under consideration shows 
the dimensions which on this basis must be assigned to force, 
work, and elasticity. Column 5in Table C shows the dimen- 
sions of certain electric and magnetic quantities referred to 
Faraday's laws of electrodeposition. In these, z is the electro- 
chemical equivalent of the deposited metal, and m the mass 
of metal deposited by a current C in a time £. The dimensions 
of electric quantity g are obtained at once from the law 
m=zCt=2q ; 

the remaining dimensions are obtained from the same relations 
among electric and magnetic quantities as those made use of 
in the conventional system. It will be seen that z in this 
system occupies a position similar to that of k and p in 
Sir A. W. Riicker’s systems. 

In Table B, column 4, is given a series of dimensions for 
thermal quantities embodying specific heat as a fundamental 
quantity, in accordance with the suggestion in the preceding 
section. By reference to Faraday’s Laws of Electrolysis and 
Dulong and Petit’s Law of Atomic Heat, a hypothetical 
system of dimensions of thermal quantities independent of 
specific heat may, however, be arrived at. According to the 
law of atomic heats, the thermal capacities of the atoms of 
different substances in the solid state are all equal. Hence 
the number of atoms N, in a given mass will be proportional 
to the thermal capacity of the mass; or 

N, oc ; , 
where À is the quantity of heat necessary to raise the tempe- 
rature of the mass an amount 0. According to Faraday's 
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TABLE A.—Systems of Dimensions of Mechanical Quantities. 


* «9 9» @@ @ 8 e ^ 9 @ 


Velocity.......... 


Momentum 


In terms of} Elimination 


[Q]. 


o 


Conventional | Gravitational 


System. System. 
(3) (4) 

L; M; T.|L; M; T. 
M M 
LT-* LT 
MLT-! MLT^! 
MLT~? M?L-? 
MI?T^? M’L"! 
ML-!T-? M?L^* 


TABLE B.—Systems of Dimensions of Thermal Quantities. 


Fundamental Units. 


Quantity of Heat .. 


Specific Thermal 
Conductivity. 


Specifie Entropie 
Conductivity. 


In terms of| Elimination 


[Q]. 


of M. 


SIPO 
. te " 
on Thermo- ers 
tro- 
- obemical Heat, s. 
Relations. 
(3) (4) 
L; M;T.|L;M;T;s. 
MULT? | mur’ 
Morr? | rs 
mi} Ms 
Mir iT Mp p's 
LOT |ML Tw 


TABLE C.—Systems of Dimensions of Electrical and Magnetic Quantities. 


Elimination 
of M from |Conventional Electrostatio Prof. J. J. Thomson's Modiflcation 
Conventional} Electro- of Sir A. W. Rücker's Systems. 


Mr. Williams' System 


Electro- magnetic el dudinsticn 
aah psa System. of Directions. 
Electrostatic. | Electromagnetic. 
(1) (2) (3) (6) (7) (8) 
Wutidamental Unite: Q L; T. L; M; T. : M; T. ;M;T;2 |L; M; T; k; p.| L; M;iT;p;p|R; M; T; X; Y; Z; p. 
Electric Quantity....|  Q! L'T-1 MÌ ri iduipiiT-! pu ttt u^ imirx yiz- 
Current ......eerece Q | LT? | miir? pMipp7 |p MİL T | L7 tyigro!x tyi? 


Potential; BMF...) Q? | LT- | wirir-? kimiri- | ,-1,5udpip7? | ptuter-2xty—izt 


klp-iT p LT^! pT !X 
Intensity of Electric ) a. -3 $r 4m—2 € a 
Field ............- jí,8 T MULT £7 3ulp7 3-71 | S71 li yipip2? | uiyigo ip 2ydy 737i 


Magnetic Quantity ves Q) LT-? ut LiT- 1 , pk = ATES A "ou AT- 1 u3MiRT- i xiv mo 123 


intensity oo Ara] Q | pm) | wiri- | wn p7 trig | ptt? | un heéfgrotxdy dg 
gnetic Potential ...| Q° LT-? Mirir-! p udyiiiq7? a Ma Lap) p IMIRT’ x tyz- 


—l 
Reluctance............... Q L^ 1 | L"! L^ 1 X~yz- 1 
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Laws the quantities of electricity carried by chemical equi- 
valents of the different deposited ions are all equal. Hence 
the number of equivalents N, in a given electrolytically 
deposited mass will be proportional to the total quantity g of 
electricity carried during the deposition ; or 

N,o g. 
Hence in each series of substances in which, for the same 


mass, N, is equal to or bears a constant ratio to N,, that is in 
each series having the same chemical valency, we have 


E N, « N,« q. 
Whence h 
0 ac q’ 


Putting in the dimensions for A and g, we find suggested 
for the dimensions of 6 the following :— 


—2 
[0] = m. =M LT. 


Now, as we have already seen in connexion with the di- 
mensions of atomic weight, Dulong and Petit’s Law of atomic 
heats does not in its existing form possess all the characters 
necessary to the establishment of dimensional relations. It 
does not follow, however, that if it could be modified so as to 
become an exact law containing all the conditions on which 
its truth depends, the dimensional relations would necessarily 
be altered. In fact, if the correction took the form merely 
of added terms, the dimensional relations would remain the 
same. In view of these considerations, and the agreement of 
the indices in column 3 and 4 to be referred to presently, 
and of the analogies which these dimensions lead to, it may 
be worth while to adopt them tentatively. 

It is interesting to observe, in the first place, that the 
dimensions of temperature on this basis become the same as 
those of electromotive force. This reminds us that tempe- 
rature may be regarded as thermomotive force, that property 
at cach point of a heated body which determines the direction 
and rapidity of the flow of heat. Entropy also assumes the 
dimensions of electric quantity; and while specific thermal 
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conductivity still retains some complexity, yet if we divide 
by temperature so as to obtain the dimensions of specific 
conductivity for entropy, we arrive at the same dimensions 
as those of specific electric conductivity. 

Since in Table A we have three different series of dimen- 
sions for mechanical quantities, and such quantities enter at 
several points into electrical and magnetic quantities, of 
which we have three dimensional systems in Table C, viz. 
the electrostatic, the electromagnetic, and the electrochemical, 
we may by combination obtain nine systems of dimensions 
for electrical and magnetic quantities. One of theseis given, 
by way of example, in column 4, Table O, which gives the 
conventional electrostatic system with force and work mea- 
sured by reference to the law of gravitation. It may be 
noticed that both in this column and in column 2 the indices 
of the fundamental units are all integral. This is only what 
might be expected, when we consider that in both we have 
introduced an inverse square law in connexion with mechanical 
force as well as in connexion with the electric and magnetic 


forces. The fractional indices in the dimensions of electric 


and magnetic quantities arise from the electric and magnetic 
forces being measured with reference to an inverse square 
law, while measures of mechanical force are referred to the 
simple proportion embodied in the second law of motion. In 
view of this, itis by no means clear that the introduction of 
the dimensions of the dieleciric constants would necessarily 
convert all these indices into whole numbers. 

The remaining columns in Table C comprise the dimensions 
of the selected quantities in electrostatic and electromagnetic 
measure according to the systems set out in Prof. J, J. 
Thomson's ‘Treatise on Electricity and Magnetism,’ and 
those of the same quantities in electromagnetic measure in 
Mr. Williams’ system. Now the dimensions in columns 5 to 
8 only in Table C are complete ; those in columns 1 to 4 are 
simplified by the conventional suppressions, In every case, 
however, the reduction to the Q column, both in Table B and 
in Table C, is unaffected by the omission of s, z, k, p, p. In 
other words, in spite of the diversity in. these systems as to 
the portion of each dimensional formula thrown into these 
factors, the sum of the indices of L, M, and T in theremaining 

VOL. XVIII. 21 
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portion is for each formula the same. This suggests that the 
dimensions of the conventionally suppressed quantities must 
satisfy the condition that the sum of the iudices in each shall 
be zero, and also affords a ready check on the accuracy of 
any dimensional formula when another formula is known or 
is deducible. 

There is one remark to be made in conclusion as to the 
principle involved in Mr. Williams’ system of dimensions, 
viz. the preservation in the dimensional formula of a distinction 
between lengths measured parallel to the three Cartesian axes 
of coordinates. The remark is that this principle would admit 
of extension to masses and times as well as to lengths. In 
the ordinary dimensional formula, mass is denoted by M, and 
is regarded only as having inertia, But we have seen that a 
mass might enter into a dimensional formula not merely as 
inertia, but as a gravitating or as an electro-deposited mass, 
or in other ways. Such masses might be distinguished in the 
dimensional formule by means of a subscript letter. Times 
might be distinguished again according to whether they re- 
present continuous flux or periodic times. To ilfustrate this 
point, let us determine the dimensions of electric resistance, 
distinguishing between gravitating matter (M,), mass or 
inertia (M;), and electro-deposited matter (M,), and intro- 
ducing Mr. Williams’ distinctions of direction. Electro- 
chemically the dimensions of current are z~*(M,)T-!, the 
dimensions of electromotive force are [ore z |: and 

E electric quantity 
those of resistance are Fa Hence, if we measure work by 


reference to the law of gravitation, as in Table A column 4, 
and electric quantity electrostatically, we obtain the following 
dimensions for electric resistance :— 
k-3:(M )(M)-! (M) 3R-1(XYZ) T. 

Such formule would represent in some measure the joint 
bearing of the different laws connecting the physical pro- 
perties of the body on each property considered separately. 
This treatment exemplifies what has been called a movement 
up the scale of qualitative distinction in a direction dia- 
metrically opposite to that pursued in the conventional 
dimensional analysis. 
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In conclusion, I desire to acknowledge that I have had the 
advantage of discussing with my friend Mr. Sowter the 
subjects of this paper, in the preparation of which he has 
taken great interest. 


ALI. Note on Dimenstons of Physical Quantities. 
By R. J. Sowter, B.Sc., A.R.C.Se.* 


Mr. RAVENSHEAR in his paper on dimensional analysis of 
physical quantities has shown that any physical quantity, Q 
say, is expressible in terms of the dynamical quantities, L, 
M, and T, in different ways, but that all the various ways 
are related to or connected with one another by an index law. 
Thus :— 

Q= "^ (LeM?TY) =è (Le MPT) = y*(L* Me" T") =9*(D*), 
and 

at (Q d- y zo! 4 B ty =a” tB" t y" n. 

Now this index law not only affords a useful working check 
in dimensional analysis, but in my opinion it appears to be 
pregnant with suggestion, and calls for careful consideration. 
It is obvious that one interpretation is that the dynamical 
factors are complete iu themselves; that is, u?, «^, y^, à? do 
not contain dynamical factors, or are not rationalizing factors 
in a dynamical sense, and that these factors show the various 
ways in which quantitative measurements of the physical 
quantity Q are made. The dynamical factors consequently 
express change-ratios, and have no qualitative significance. 
The things Q and (L*MP?T») are then related in their quanti- 
tative measurements merely, they are not identifiable quali- 
tatively. This view seems to me to be logically complete in 
itself, and is probably the aspect of dimensional analysis 
conceived by Fourier. 

The other interpretation, namely, that (L*M*T”) .... (D*) 
are stamped with qualitative significance requires the factors 
pt, X, &c. to be dynamically related, and does not require that 
any index law should hold. It is immaterial with this view 
whether (a + 8 +.7) is or is not equal to (2’+ 8' ++’), the only 

* Read April 24, 1903. 
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condition necessary is that 


p^ LMFT” 
x^ LMSIY' 


Now this view requires all physical quantities to be ex- 
pressible completely in dynamical terms, that is, Laplace's 
doctrine of à dynamical universe must be accepted. Advances 
are being made in this direction; but the logical position of 
this complete dynamical resolution of the physical universe, 
it must be admitted, is not (more forward than in the time 
of Laplace. This interpretation is by no means logically 
complete. 

That view which relates all things capable of quantitative 
measurement through quantity alone seems to be thrust upon 
us by the facts, although the whole endeavour and trend of 
modern physies is to explain things dynamically. The factors 
p^, €*, &c., that we have been compelled to introduce into the 
various branches of physics carry with them the physical 
qualities or characteristies of the quantities associated with 
them. 

The elimination of physical significance from any dynamical 
factor in the expression for a physical quantity does not appear 
to lead to failure along any line of argument. Further, 
elimination of physical significance cau be applied to dyna- 
mical quantities themselves; so that, accepting this hypo- 
thesis, physical quantities, including dynamical quantities, 
can all be conceived to have a measuring dynamical factor. 


For example, (Velocity) v=A T) would be looked on as 


measured by L/T, but to have the quality of A. That is, A is 
here a velocity. 


Also, if we consider Electric quantity Q, 
Q=2- 'M=<4(MILIT—)) Z,-M(MILE, 
and rob the dynamical factors of physical significance, then 
(Q) = (27?) = (4) = wie 
that is, Q is physically like 5, x, and —-; and =, ys, 
1 7; 
Ux are all physically a'ike d qualitatively ‘similar: " These 
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factors must, on this hypothesis, be conceived as associated, 
say as eether factors. 


Any physical quantity, on this hypothesis, is expressible as 
=N(D")q, 


where N is a mere number, (D") is a dynamical factor indi- 
cating a quantitative measurement process, and g is a quality 
factor of the nature of Q. 


DiscussIoN ON THE TWO FOREGOING PAPERS. 


Prof, EVERETT said that the possibility of making two funda- 
mental units suffice instead of three, by taking advantage of 
the law of gravitational attraction, was nothing new, but 
was expounded and worked out in some of its applications in 
ordinary text-books. The proposal to diminish the number 
of fundamental units by making the unit of length propor- 
tional to the unit time, simply amounted to the adoption of a 
fundamental unit of velocity to take the place of a unit 
length, and was no simplification. The supposed new law 
of indices appeared to be simply the well-known principle 
by which information as to physical relations could often be 
deduced from consideration of dimensions: by which, for 
example, it could be shown that the velocity of sound must 
vary directly as the square root of elasticity and inversely as 
the square root of density. 

Mr. Prick referred to the fact that the author had deter- 
termined the dimensions of mass in terms of length and time 
from the equation f=m?/l?, considering G, the Newtonian 
constant of gravitation, as a quantity without dimensions. 
He thought that if all suppressed dimensions were properly 
introduced and proper attention paid to the direction of 
vector quantities, then the dimensions of a quantity gave an 
idea of its nature, and quantities having the same dimensions 
were identical in their natures. 

Prof. S. P. THompson said he had read the paper through, 
and thought it brought the subject no further forward. 
There were several statements which were so surprising that 
it was necessary to give them consideration. For instance, 
we were asked to believe that a scalar, like mass, was of the 
same dimensions and nature as a vector, like length, and that 
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both of these were physically the same as time. There is no 
distinction at all in the paper between scalars and vectors. 
The author's criterion for an undimensional quantity was a 
false one, and led to obviously incorrect results. Taking the 
formula F =Ma, he (Prof. Thompson) said that, using the 
author's criterion, mass had no dimensions. The criterion 
also made G, the Newtonian constant, an undimensional 
quantity. Referring to the equation Q=N(D")q given in 
Mr. Sowter's Note, he thought that the right-hand side 
might contain a fourth letter representing a geometrical 
operator Mr. Ravenshear in his paper had retained 
fractional exponents which were meaningless and could not 
possibly exist. 

Mr. RAvENSHEAR said that much of the criticism appeared 
to him to be based upon misunderstandings of his position 
and the propositions he had advanced. He did not think 
that G necessarily had no dimensions. His contention was 
that, owing to its universal constancy, to give it dimensions 
was not logically compulsory, and therefore it was optional 
to work out the consequences of both alternatives. He 
would have preferred that Prof. Thompson had criticized his 
criterion using Joule's equivalent, the example dealt with in 
his paper. The example used by Prof. Thompson did not 
satisfy the criterion, since masses might have any magnitude. 
He had not advocated the retention of irrational indices, but 
had put in a plea for two or three systems in which all the 
indices were integral. Prof. Everett had discussed the 
matter as though a new system of units was being proposed 
for practical adoption. Mr. Ravenshear said that, on the 
contrary, his object was merely the logical analysis of the 
principles underlying the use of units. He had not proposed 
to use velocity in place of length or time, but contended that 
a permanent motion furnished in a single standard two units 
from which all other dynamical units could in principle be 
derived. : 

Mr. SowTER said that Mr. Ravenshear had shown an 
alternative method of rationalizing irrational expressions, 
Referring to Prof. Thompson’s observation that the equation 
Q-—N(D")g required a further term representing a geo- 
metrical operator, he pointed out that if different directions 
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are accounted for by symbols, these take their places in the 
dynamical or measuring factors (D"), so that any physical 
quantity need only be expressed by the three factors set 
forth. As regards Prof. Everett’s remark on the index law, 
he was aware of the application of dimensional analysis to 
the solution of certain physical problems, but he was not 
aware that the index law had been formulated and the 
deductions based upon it dealt with previously. 


XLII. On the Comparison of Vapour- Temperatures at Equal 
Pressures. By Professor J. D. Everert, F.R.S. 


Ramsay and Youna seem to have been the first to call 
attention (Phil. Mag. Jan. 1886) to the fact that the ratio 
t/t’ of the absolute temperatures at which two vapours (at 
saturation) have the same pressure p remains nearly con- 
stant for changes of p of very considerable magnitude. In 
the case of vapours of kindred constitution, their results 
show that a twentyfold increase of p only changes ¢/t’ by 
about 4 per cent. 

They further lay down, for the comparison of vapours 
generally, the law—now known as “ Ramsay and Young’s 
law ”—that if ¢,, 4, denote the absolute temperatures of one 
vapour at the pressures p; ps, and t’ t, those of another 
vapour at the same pressures, we shall have 


Amal, «eG 


c being a small positive or negative constant multiplier, de- 
pending on the substances compared. 

To the eye of the mathematician there is an awkward 
one-sidedness about this formula; it is not symmetrical as 
between ¢ and /". It can, however, be rendered symmetrical 
by first writing it in the form 
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(k being a constant), and then dividing by ct. We thus obtain 
an equation of the form 


c 
Ž+%=1, e o o o o e@ (2) 


x and y standing for —k/c and 1/c, which are constants. A 
straight line making intercepts t, t! on the axes is represented 
by equation (2) and will pass through the fixed point r= —k/c, 
y=l1/c. In practice k is positive; hence one of the two 
coordinates of the fixed point is positive and the other 
negative. As c is small the point is at a considerable 
distance. 

Ramsay and Young's law is thus equivalent to the fol- 
lowing statement (see fig. 1):—Jf the absolute temperatures 


at which two vapours have equal pressures are represented by 
lengths O X, O Y laid off along two lines inclined at any angle, 
the line X Y joining their extremities will, when produced, pass 
through a fixed point P lying at a considerable distance. Two 
pairs of corresponding temperatures (preferably far apart) 
are theoretically sufficient to determine the position of P; 
and then the temperature of one substance corresponding to 
a given temperature of the other is found by merely drawing 
a line through two given points. 
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It is not necessary to use the same scale for ¢' as for t; for 
equation (2) may be written 


— 42 se =1, 
showing that the effect of doubling the scale for ¢ is simply 
to double the ordinate y of the fixed point. A table given 
by Ramsay and Young shows that the absolute temperature 
of mercury vapour is rather more than double that of ether. 
vapour at the same pressure. The scale for mercury might 
therefore be conveniently taken double of that for ether. 

The best general formula that has been propounded for 
the relation between ¢ and p is Rankine’s, which is dis- 
cussed in the first of his ‘Collected Papers, and shown to 
give good results for very various substances. His tables 
of steam-pressure were calculated by it. It is 


logp=a—P-%, ..... (3) 


the second and third terms being in practice always negative. 

If we omit the third term, as Rankine does in cases 
where the data are not very accurate, we have, for two 
vapours | 


Badi, . 0) 


whence 
t 
8 —— = & —al, 
t t 
indicating that the line X Y passes ihrough the fixed point 
_ B ee M 
Mese Meum 


Ramsay and Young's law is thus deducible from Rankine's 
‘shortened formula. 
Treating Rankine's full formula in the same way, we get 


Byt o xg : 
ED d = — 4a = ama, 
VOL. XVIII. 2K 
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showing that the ultimate intersection of two oonsecutive 
` positions of X Y is A | 
+y/t ‘+e [t' 
wn Ett yu c BYE... 
As t and t’ increase, the absolute magnitudes of x and y 
diminish. Instead of strictly meeting in a point P, as in 
fig. 1, the lines X Y will accordingly touch a curve with its 
concavity turned away from the origin, like the dotted curve 
PPP in fig. 2. 


Fig. 2. 


The fact that Ramsay and Young's formula is deducible 
from Rankine's shortened formula is indicated by Ayrton 
and Perry in a paper to the Physical Society *, in which 
the accuracy of Rankine's complete formula is strongly 
insisted on. 

.. 11 Leopold Road, Ealing, W. 


* Phil. Mag. [5] xxi. p. 205; Proc. Phys. Soc. vii. p. 872 (1880). 


Proc. Phys. Soc. Vol. XVII. Pl. V. 
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XLIII. On the Theory of the Quadrant Electrometer. By 
Gzoraz W. WALKER, M.A., A.R.C.Sc., Fellow of Trinity 
College, Cambridge *. 


Fon the purpose of some experiments which I am taking 
up, I have found it necessary to examine the theory of a 
symmetrical quadrant electrometer more carefully than I 
have formerly had occasion to do. The results seem to me to 
be of considerable importance. 

The late Dr. John Hopkinsonf pointed out the imper- 
fection of the usual formula given in Maxwell 1, and also 
gave an empirical formula which closely represented his 
experiments. The general result is well known, namely, that 
the sensibility of the electrometer rises to a maximum as the 
potential of the needle is raised, and that any further increase 
in the potential of the needle reduces the sensibility. 

The same effect occurs in the extremely sensitive electro- 
meters made by Bartels, of Göttingen, several of which have 
been in use in the Cavendish Laboratory for some time. 
In these instruments the needle is made of silvered paper, and 
hung by a single quartz fibre. The quadrants are about 
9 ems. radius by 1 cm. deep, and the air-space between 
the quadrants is about 1mm. The quadrants are mounted 
on ebonite, and are not adjustable. 

There is no guard-tube for the fibre, and no leyden-jar 
attached, the insulation being extremely good. With the 
needle charged to about 100 volts, a deflexion of 1000 mms. 
per volt, on a scale about 1 metre from the mirror, can 
readily be obtained, the needle being nearly dead-beat at this 
sensibility, und quite steady. The shift of the needle during 
charging is generally but a small fraction of the deflexion for 
l volt. A maximum sensibility occurs at about 100 volts, but 
this of course depends on the fineness of the fibre. The 
sensibility seems to go on diminishing after this, at least 
until very high voltages are used. 


* Read January 23, 1903. 
T Phil. Mag. [5] vol. xix. 1835, p. 201. 
t ‘Electricity and Magnetism,’ vol. i. 
VOL, XVIII, 2L 
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In examining the theory I found that Hopkinson's formula 
could be readily explained. 

The referee to whom my paper was sent pointed out that 
my conclusions conflicted with the experiments of Ayrton 
and Sumpner* on a White pattern electrometer. I have 
therefore added to my paper a discussion of their results. 

It will be convenient to give my modified theory of a 
symmetrical instrument first, and then compare my con- 
clusions with Ayrton and Sumpner's results. 

Let us first indicate the usual theory. Suppose Vi, Vs, and 
V, are the potentials of the two pairs of quadrants and the 
needle respectively. 

The energy of the system is given by 


E= $e, Vi? 4e Vs! + des Vi? 0, V, V, tenViVitenVsVs, (1) 
and the force in the direction Ó is given by 


^n l0es 19e 4. 985 Oei Ocas 
0 uj t3 o0 Asa t3 00 up +36 ViVs+ 00 ig ViVst 38 VsV3. (2) 


It is next proved, somewhat doubtfully, that 
Oc _ Cm _ _ Otis Qs; 


-— —— —À oa -—— ———— 


36 ~~ 907 398^ * 38 
99s ÒC o 
o0 o0 ^" 


and hence, if the couple due to the fibre is FO, we get 
Fee E (V -VAV REVO . o. 0) 


In the above process no exception can be taken to (1) and 
(2); but in the remaining part of the proof the values of 
the differential coefficients are calculated for 0—0. 

This is not valid. Formula (2) is only true provided the 
quantities are reckoned for the displaced position. 

In what follows I shall assume perfect symmetry of the 
arrangements. 

Let Cy) = Ay + ir an", 


where a, etc. are constants independent of 6. 


* Phil. Trans, 1891, vol. clxxxii. p. 519. 
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Then by symmetry we obtain 
C33 = 09 + 2 ( — Y'a, 6". 
cis =b + Ur nO”, 
the condition of symmetry gives us 
0530, 4-21 (—)" 0". 


Further, it is clear that cj; and c3, must be even functions 
of 0. Hence let us take 


Cis = Co t+ Èi ca 07 
Cg; y+ 34 don 07^, 


It is clear, since the zero of potential is arbitrary, that an 
equal increase in each of the potentials must leave the force 
unchanged. 

We thus get from formula (2) 


Oei , Oei OCs _ 
30 + 38 + 30 ^) 
den, den, Burg)... . A 
90 * 98 * 90 — z 
Ocs  OCis | Olas _ 
$0 * 36 taa TO 
Hence, if we substitute the assumed forms for the co- 
efficients in the system (4), we obtain 
Zin(a44-0,)0*-1--Zp2mceq,0?0n3—0, . . . . (5) 
2i1(—)'n(a. -5,)0"-1--Zr 2me,, 02^71—0, . . (6) 
Z2mdj0"-1-4-Zrab,07-1-- 2j (—)"nb.0"-1—0. . (7) 


We may therefore equate the coefficients of the various 
powers of Ó to zero. 
Equations (5) and (6) lead to the same results, namely, 


For n odd a4 T 06,20. 


For n even 22m dam + bam + Cam = O. 


Again, let 


While equation (7) gives 
For n even =2m dom + 2054 =0. 
212 


456 MR. G. W. WALKER ON THE 


Hence we get for the coefficients of capacity 
€1 749 + Xt asô”, 
65779 Xt (—)"an0", 
ci 72 5 — Zi] as, 109771 + Xp 03,07, 
C35 Do - Zi dap —10 71 Er bon, 
C15 7769 — Di (Aan + b2,)07", 
C33 == dg — 23:1 D4,0?" 
We are now in a position to calculate the values of the 
differential coefficients, and since for the present purpose 


we are concerned with small displacements only, we shall 
proceed to first powers of 0. We thus get 


Qo Cis 


59 "^24, 30 ^ «t2, 38 7T 2t b:)0, 
$5 — ay + 2048, da — 4a, + 2008, Om — AL. 


Substituting in (2) we obtain for the force on the needle 
a, (Vs — Vy) { Vs—4(Vi  V3)) -0(a,(V — V1 — 25,(V,— V)(Vs—- V9)] 
Hence, instead of the ordinary equation 
F0—a, (V, — Vy) Vs—4(Vi+ V9), 
we obtain 
{F+ 2b(Va— Vy) (V,— V2) —as(Vg— Vi)*} 8 
=a,(V,—V){Vs—4(V1+ Vs)}. 


In the ordinary method of working V, is actually zero, and 
V, only slightly greater than zero, while V; is comparatively 
high.. We thus have approximately the formula 


(F+ 28V} 0 =a (VaV) Va -© a (8) 


This equation exactly represents the results in Bartel's 
electrometer, and shows that if b; is positive there will be a 
maximum sensibility depending on the potential of the needle. 
The higher the attempted sensibility, by reducing F and 
increasing V, the more important does the term bV} 
become. 
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Can we then account for a positive value of 5? 

Let us consider how cs, varies with the displacement. If 
there were no air-gap between 
the quadrants, it is clear that 
ca, would remain constant in 
all positions of the needle, but 
in practice the air-gap is not 
negligible. For example, sup- 
pose the quadrants are 5 cms. 
radius, and the air-gap 1 mm. 
wide, then the ratio of the 
air-gap to the area of the 
quadrants is about 2 sq. cms. 
to 75 sq. cms. 

The capacity of the needle cj will thus vary, depending 
on the number of lines of force which escape the quadrants. 


We clearly have stationary values at 0=0 and 0— i or 


ae 
d 


ds - 2 
38 =0 for0-0 and 0m 1 : 

First suppose the angle of the needle 90°. Then as we 
move from the position 6=0 both edges of the needle 
approach an air-space, and therefore c; diminishes. It will 
continue to diminish to 0— i , where it is least. The curve 
will therefore be as shown in fig. (1), and the quantity 54 is 
positive. 

Second, suppose the needle to be a mere wire, then c; 


continually increases from 0=0 to 6 =" 


as shown in fig. (2) (p. 458). i 

In this case 5, is negative. For angles of the needle near 
90° we may therefore suppose that 5; is +, while it is probable 
that there is an angle between 0° and 90? for which b might 
be made actually zero. 

Further it is clear that b, must diminish as the air-gap is 
reduced, and hence the potential for maximum sensibility 
increased, other things being equal. 

So far the argument is qualitative, and we have now to 
get a quantitative estimate of the effect of the air-gup. 


, and the curve is 


0:o oF 0*o 0. 
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Let us take the case of a quartz fibre 5 cms. long, 
‘009 mm. diameter. For this F=8 x 10-3. Now if 
2b,=10-*, and V,=100 volts, we get 2b,V,7=10-*. This is 
a quantity of the same order as F. Hence if 25; is only 4 
of an electrostatic unit of capacity, there would in this case 
be a maximum sensibility at about 100 volts. 


Cas (2) 


The solution of the electrical distribution for a system like 
the quadrant electrometer is a well-nigh hopeless problem. 
I now propose to discuss a two-dimensional problem, which 
in some respects corresponds to the actual case considered in 
the preceding pages. I have succeeded in solving the 
problem completely, and the result confirms my view that 
the air-gap is sufficient to account for a maximum sensibility. 

We shall take four semi-infinite plates to correspond to 
the upper and lower plates of the quadrants, and a plate of 
finite breadth to correspond to the needle. 


A C 
E 
B D 
The cross-section of the arrangement is shown in the 
diagram : and it is to be understood that the plates À and B 
extend indefinitely to the left, while C and D extend in- 
definitely to the right. The plate E is situated midway 
between the two pairs of plates, and displaced from the 
symmetrical position. 
This problem is soluble by the Schwarzian method, so that 


a 
£ 
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I think it would be superfluous to give the details of the 
solution. I shall therefore indicate the Henstormstont, and 
give the final solution :— 


o æ —a +a -=> 20 
A < 24 > 
z-plane . 
—1 è < B >< B > +1 
V | 
—Cc o -+b 
<y> 
w-plane 
—] —c o b +1 


The plane of the needle is a plane of symmetry, and we 
may transform the given problem in the z-plane into the 
problem indicated in the w-plane, the points of correspondence 
being marked as I have shown. 

The transformation is 


oe E: -lio ett iz} 
= d—i 2 Eu 3 f° 
Let 2a be the breadth of the air-gap, 
2B os, 5 » needle, 
y  » displacement from the zero position, 
28  , distance between the upper and lower pair 
of plates. 


Then we have the following equations to determine a, b, 
and c :— 


a 
ai ~ 285,-173:5 e e (9) 
1, 1-46 b T B+ 
iPBicy-s-i173 $8 c 09 


lo lc c = 7 OEY, "mu (11) 


3'5]1—c g—17 
We may note that these give a real value for a greater 
than unity, and real values for b and c less than unity when 
yis «B. Wheny is zero, the values of b and c are equal. 
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The solution of the w-problem can be effected by the 
transformation 


Opty — B __ 
ðw  4/(wi—l)(w—b)(w-c) 
where $ and ¥ are the potential and stream-function re- 
spectively. 

The latter transformation is reducible by means of elliptic 
functions. When we write the condition that the finite 
plate is at unit potential, while the semi-infinite plates are 
at zero potential, we readily find that the charge on the 


/ 
finite plate S , where K’ and K are the usual quarter 
periods of tho elliptic functions, and the modulus is given by 


Ven {x= | * 


A —bX 
and (A? +X) (b— c) — 24A (1—56) 20. 
Let us put b— b, +S, 
c =b — 6, 


and take the root 


A  1—bf+8?+ (L= b+ e) — 4 —E a 


nrf 5 1? 
we get k? = by m] . 
If à, be small we get i 
2809 
kB =b Mid, Oe 
bo i 1+ ial 
Let by’ be the root of 
1, 1+)! y rRe 
9B PTa 
Then we find from equations (10) and (11) 
2—1 
: b —b ' { Z a e | 
7^ 7 Gui 2) ü- 49)" 
and 
S des wy (1— bo”) (a? — 1) 
$728 (a+b?) ? 
and hence 
k" by? { 1 Lary’ (1— h”) S| " 


Lec iil e —— 


2 8 (a +a 
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The variation in &? will thus be negative or positive 
according as a*—1 > or < 1—0,?. The formula would be 
invalid if (a#—1)=(1—,”%). A brief examination shows 
that with a finite breadth of needle a?— 1 is >1—0,”2. 

Consider the function 


1, +0 b 

P= gh& 1757 a 
Then f=0  whenbz0, 
and f-—-o when bz1, 


of  a—1408—1 
056  (1—03) ($—1)' 
Now 5 ed will vanish when o?—1-21—4/* or b*—2—o?. 
Hence, br a? is «2, there is a real value for which of 


db 


vanishes ; but if a? is > 2, there is no real value. There are 
thus two cases, A and B, as shown in the figure. 


Now the root bẹ is given by the intersection of the curve 


145 E, 
f= log 87-37 3-1 


with the straight line 
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Hence, at the intersection of must be positive, that is, 
—lis »1—5,^. 
We have seen that the capacity of the plate per unit of 
length perpendicular to the plane of the paper is 
4K’ 
K” 
and K' is the same function of k’? that K is of &2. 
Now let Ak” be the variation of &? from its value in the 
symmetrical position, then 


AP + Ax —0. 
Hence the capacity 
4K, 10K’ 10K)\,,, 
=e 1+ (x Sot Koa), avs}, 


By a curious formula in elliptic functions we have 


10K’ 10K T 
K’ 963 t K YE ^ RKK" 
Hence the capacity 


LAKES i 
E + TEKK A }, 
and we have 
hy? = by? 
k o. = 1— b? 


ELI C 

2 o? ( a? + by 42 
where the suffix 0 refers to the values when y=0. 
Hence the capacity is 


and |^ — APm- 


_ AK, i (a* — 1)? 
K (7$ nera M) O 
This nudi corresponds to the formula which I gave in 
the early part of this paper for the capacity of the needle, 
viz. 
Cag = dy — 25,07, 
0 being the angular deflexion. 
I showed there that if 5, was a positive quantity of order 
yo of an electrostatic unit, the experimental peculiarity of 
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the electrometer for increasing potential of the needle could 
be accounted for both qualitatively and quantitatively. 

I have therefore prepared the following numerical table, 
making use of Legendre's Tables for K and Hutton's Tables 
of Naperian Logarithms. Throughout I have taken 6 as 


1 cm. 


a CS 

1] m 

=|e | Als 

a | B jak, | Jit | The 

No. | a 5 in in. | BIS e [T 
dl cms. | cms. K, < "1 2 v, 

4 bd 

"Klo | Is 

(1) | 1:8] -98 112 | 118| 760| -333 | 253 
(2) | 18| -99 112 | 140| 848| -201 | 246 
(3)| 1:8} 999 |4 : 112 | 2313 | 112 218 2:38 
(4)|2 | 9999 | 5:658 |1:570 | 074 | 2:94 | 144 143 2-06 
(5), 3 | 9999 | 5:658 | 1:570 | '0108| 3:07 | 144 054 Ww firi 
(0) 3 | -98 0108! 138| 760| -01 | 707 


Tn (1), (2), and (3) we observe that keeping the air-gap 
about 2 mms. the effect diminishes as the breadth of the 
needle increases. 

In (2) and (6), where the breadth is practically the same, 
we see the diminishing effect of the air-gap as the gap is 
diminished. At the same time the gap could not practically 
be reduced to 4 mm., and the variation, although reduced, is 
still important. I think that this investigation may be held 
to show that the air-gap as usually found in an electrometer 
is quite sufficient to account for the observed fact that there 
is a maximum sensibility depending on the potential of the 
needle; and the conclusion is that the ordinary formula 
would be more nearly obeyed with a small air-gap. 

It is of interest to note what difference results when, instead 
of the potential, the charge of the needle is kept constant. 
The method already used for finding the mechanical force 
on the needle will still be valid provided V; is reckoned for 
the displaced position. 


^ 
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If ,V, be the potential of the needle in the zero position, 
we get 


Vs=o0V3— 7,9(Va—Vi) to Ist power of 0. 


Hanus the force becomes 
" 3 
a (Wa V) VaV, +V) +4 (a2 F JY 


—2,(V,-V,(Vs— Vy) } 


a, appears to be about 10-21, 
. and do » m T 10-19, 


So that as long as the potentials of the quadrants are kept 
small, no practical difference results. ` 

It is important to point out that although diminishing the 
air-gap raises the potential of maximum sensibility, it does 
not follow that higher sensibility will be obtained by reducing 
the air-gap. This depends on a,. The form of curve for css 
is shown. 


B 


Diminishing the air-gap will move the whole curve down, 
and B probably more than A. a, which is the angle made 
by the tangent at A, probably increases numerically as the 
air-gap is reduced, but whereas b; tends to zero as the air-gap 
is reduced, a, tends to a finite limit. I therefore think it 
probable that higher sensibility will be attained by reducing 
the air-gap. 
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We have now to consider Ayrton and Sumpner’s results 
with the White electrometer bifilar suspension. They found a 
maximum about 1200 volts, but after falling a little the sensi- 
bility curve rises as the potential of the needleincreases. They 
show most satisfactorily that the effect is due to lack of 
symmetry, and particularly to lack of symmetry of the guard- 
tube. It is not, however, clear that this effect is the same as 
that obtained by Hopkinson. In his experiments the maxi- 
mum occurred at about 800 volts, and thereafter the sensibility 
went on decreasing much more rapidly than in Ayrton and 
Sumpner's experiments. Further, Hopkinson's instrument 
was much more sensitive. Again, Ayrton and Sumpner 
made some experiments with a single-fibre suspension, and 
although they obtained greater sensibilities as the potential 
of the needle was increased, they did not obtain a maximum. 

Heturning to their experiments with the bifilar suspension 
and the unsymmetrical guard-tube, it is almost obvious that 
moving the quadrants away from the guard-tube would 
reduce tbe disturbing effect. 

I therefore think that their experiments apply only to an 
extremely unsymmetrical instrument of comparatively low 
sensibility, and that the maximum considered in this paper is 
beyond the range of their instrument. 


Discussion. 


Mr. ADDENBROOKZ stated that he had studied the quadrant 
electrometer from a practical point of view for many years. 
He looked upon Hopkinson's paper, read before the Physical 
Society in 1885, as the basis of all work upon the electro- 
meter. Hopkinson pointed out that in a White instrument 
the deflexion was proportional to the potential-difference 
between the needle and the quadrants up to certain voltages, 
and ascribed the variations in sensitiveness at high voltages 
to want of symmetry. Mr. Addenbrooke said that there 
were many things which might affect the rule that the sensi- 
bility was proportional to the potential of the needle. The 
field is not uniform between the quadrants, the tilting of the 
needle may be serious, and there may be lateral displacement 
if the needle is not centrally suspended. In practice the 
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distance between the quadrants must not be too small, and 
the needle should have sufficient weight. He thought that 
the variation in sensitiveness of different electrometers 
similar to the one used by the author in his experiments, 
would be considerably different in different instruments. 
There was also a difficulty with contact-errors when working 
with very sensitive electrometers, but it was generally pos- 
sible to get rid of it by balancing. He pointed out how the 
formula usually employed with a quadrant electrometer 
could be simplified by arranging so that the potential of 
one set of quadrants was as much above zero as that of the 
other set was below. 

Mr. APPLEYARD said the sensitiveness and precision of 
modern electrometers was largely due to the fact that the 
sulphuric acid vessel was dispensed with. In the older 
instruments, where sulphuric acid was used, a film formed 
upon the surface. The surface tension at the contact point 
of the dipping wire with this film was variable, depending 
upon the strength and age of the acid, and unless the acid 
was frequently stirred it was impossible to obtain concordant 
results. Moreover, the dipping-wire was sometimes not 
rigidly attached to the middle of the needle but suspended 
by a hook, so that there was a certain amount of free swing 
before the surface tension took effect. He objected to the 
author's use of the word “sensibility” for sensitiveness 
predicated of an instrument. 

Dr. A. GRirFiTHs indicated an improved method of 
arriving, in an elementary manner, at the ordinary formula 
for the quadrant electrometer by considering the electrical 
energy per unit volume instead of the capacity per unit 


length. 
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XLIV. A Resistance Comparator. By R. A. LEHFELDT *. 


OssecTING to sliding contacts on account of the thermo- 
electric effects they tend to introduce, and irregularities 
slide-wires often show when a good deal used, I have designed 
this comparator without any. It consists of two coils of 99 
ohms each (bc fg) connected by twenty coils of 01 ohm each. 


The latter are arranged circularly, so that a switch connected 
to the galvanometer may be set on any one of the intervening 
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studs. When the comparator is to be used in the ordinary 
way, to make a simple Wheatstone's bridge, the terminals d'e 
are connected by a short copper strap. When, as in the 
potentiometer-coils for the measurement of which this com- 
parator was designed, there is an appreciable connecting 
resistance between the coils to be compared, the two-point 
bridge method is used; the strap is then removed and an 
adjustable resistance inserted. The ends b g of the comparison 
resistances are connected by copper straps to the cups of a 
mercury commutator, and through that to a pair of large 
binding screws that project outside the board carrying the 
coils. 

When the galvanometer switch is set on d or e each arm 
is 100 ohms ; as iti is moved round the dial the resistance is 
altered by steps of zx, part. The galvanometer deflexions are 
taken for the two posit ons nearest balance and interpolation 
to zx calculated. In this way I consider that an accuracy of 
one part in 100,000 is attainable. 

To calibrate the comparator the two arms are adjusted to 
be as nearly equal as possible, and then compared by the use 
of a pair of nearly equal resistances measured in the usual 
way. Next the resistances from b to d and from e to g are 
separately compared with a standard 100+, and c to d and e to 
f with a standard ohm. Finally, a good box is put in parallel 
with cd and ef in turn and the ratio corresponding to each 
stud determined. This need only be done to ;,, part to ob- 
tain mo in the final results. 

The method of interpolating by the galvanometer has, I 
think, been unduly neglected. Even when one tries to carry 
out a strictly null experiment, one is obliged, on account of 
thermoelectric effects, and so on, to observe accurately minute 
movements of the galvanometer needle. It therefore does 
not introduce any new difficulty to read the galvanometer- 
scale exactly each time, and jt may be made, as in this com- 
parator, to avoid reading the position of a sliding contact on 
a scale. I think therefore that there is gain of accuracy as 
well as of convenience in using the interpolation method. 

The galvanometric arrangements I have adopted for this 
purpose are as follows:—A plane mirror, 15 mm. diam., is 
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attached to the coil of the (D'Arsonval) galvanometer. A 
telescope of 25 millim. aperture is placed some 600 millim. in 
front, and, mounted on the telescope-tube, one of Zeiss's trans- 
parent glass scales, backed by ground-glass and illuminated 
by a small incandescent lamp behind. The mirror and tele- 
scope were made by Mr. Hilger: the scale is 100 millim. 
long, and the graduations are exceedingly fine. Altogether 
the definition is so good that one can read to 4, millim., i. e. to zx, 
of the scale-length, with ease and certainty, although the 
scale is very short. Under these circumstances, to claim one 
per cent. accuracy in interpolating is well within the mark. 
I should like to take this opportunity of emphasizing the 
remark made some years ago by Professor Threlfall, that it 
is better to attain sensitiveness in a galvanometer by having 
a big mirror and first-rate optical conditions, than to push the 
electromagnetic sensitiveness to an extreme. 

The apparatus described in this and the foregoing paper 
is intended for temperature measurements in an attempt at 
determining the Joule-Thomson effect, and was purchased 
out of a grant made for that purpose by the Royal Society, 
and I am glad to express to them my thanks for the liberality 
which has enabled me to undertake the work. 


XLV. A Potentiometer for Thermocouple Measurements. 
By R. A. LEHFELDT*, 


To make a satisfactory potentiometer for thermoelectrie 
work, it is essential that it shall not introduce a high re- 
sistance in the circuit of the couple and galvanometer. Most 
of the potentiometers in the market, which answer well enough 
for comparing voltaic cells, failin this respect. I have there- 
fore devised an instrument which is shown schematically in 
fig. 1. From the positive terminal of the accumulator B 
current flows to the switch K by means of which it can be 
sent through 100» or 100 + 900 or 100 + 900 + 9000, in order 
to get three grades of sensitiveness: it then passes through 20 
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coils of 0°1¥ each, a slide-wire of a little more than 0°1 ohm, 
and through the adjustable resistance R back to the accumu- 
lator. The fixed resistance of 100, 1000, or 10,000 ohms is 


Fig. 1. 


shunted by a cadmium cell C and galvanometer G, and R 
adjusted till the galvanometer is balanced. The thermocouple 
T with galvanometer G is put across any number of the tenth- 
ohm coils, and any fraction of the slide-wire. Of course two 
galvanometers, as shown in the diagram, are not necessary : 
a double pole-switch puts the actual instrument into either 
circuit as desired. 

The voltage on the ends of one of the tenth-ohms (taken 
as unit) is then 1000- 10,000- or 100,000th part of the 
cadmium, i. e., approximately 1000, 100, or 10 microvolts, 
according to the position of K. 

Fig. 2 represents the actual instrument. The greatest 
care has been taken to avoid accidental thermoelectromotive 
forces, which are the chief trouble in using thermocouples. 
The couple I have actually used so far is constantan copper, 
which gives about 4000 microvolts between 0° and 100°. 
The only metals used in the measuring circuit are copper 
and manganin. All the coils are of the latter metal; the 
slide-wire is of gilt manganin ; the galvanometer connexion 
is made by a short bridge between the slide-wire and a similar 
galvanometer wire. (These two wires are shown in the figure 
by the side of the scale, though actually underneath it.) 
The slider makes contact always, a separate key being used 
to put the galvanometer in circuit. The potentiometer is 
inclosed in a wooden case, lined with thick sheet copper and 
filled with paraffin-oil to keep the temperature constant, and 
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the two points where the copper thermocouple leads join the 
manganin measuring circuit are carefully buried deep down 
in the interior of the box and near together. 

The sliding contact is carried by a block sliding on two steel 
bars: it is moved by a steel rod with clamping and fine 
adjustment screws, and its position read through a lens by 
means of a vernier graduated in fortieths of a millimetre. 


Fig. 2. 
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As the wire is 100 millims. long the smallest reading is ;+. 
of the unit, which, as stated above, may be 1000, 100, or 
10 microvolts; and as there are 20 tenth-ohm coils, the 
smallest reading is zzy of the largest. 

The fineness of reading is, as a matter of fact, limited by 
the sensitiveness of the galvanometer used. | 

All the working parts are inclosed by a plate-glass lid 
through which only the handles project. _ 

Outside the potentiometer itself the apparatus used consists of 
the accumulator (sometimes two or more); the adjustabie 
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resistance R ; the cadmium cell; galvanometer—a highly sen- 
sitive D'Arsonval of about 20 ohms, made by the Cambridge 
Scientific Instrument Co. ; and galvanometer key. The latter 
is of the usual short-circuiting reversing type, but unusually 
small, made of copper, and inclosed in a box from which 
only the ebonite studs project, for the better avoidance of 
thermoelectric effects. 

To calibrate the instrument the procedure is as follows :— 

(i. The 100, 1000, and 10,000» resistances are compared 
directly with standards. To allow of this and similar opera- 
tions, the heads of all the studs in the instrument carry 
screws. The comparison was kindly made for me at the 
National Physical Laboratory. 

(ii.) Each tenth-ohm is compared with the succeeding one 
hy the usual method for comparing nearly equal resistances ; 
the slide-wire is compared with the first tenth-ohm in the 
same way. During these operations current is led through 
the coils and the voltage taken off at the same points as when 
the potentiometer is ordinarily in use. 

(iii.) Groups of ten tenth-ohm coils in series are compared 
with a standard ohm by the method described in the preced- 
ing paper. 

(iv.) Further, as a check on the results, two groups of 
ten tenth-ohm coils were measured at the National Physical 
Laboratory in the usual way. These measurements are of no 
direct use, however, as in making them current is led into and 
out of the coils at the points ordinarily used for taking off the 
voltage ; hence the result differs from that obtained in (iii) 
by the resistance of the studs, which is one or two ten- 
thousandths of an ohm. 

(v.) The slide-wire is calibrated. 

It would be a convenience in calibrating to provide an 
additional terminal, connected to the point of junction of the 
last tenth-ohm with the hundred-ohm coil, as this would 
enable one to lead in current under the usual working con- 
ditions without passing the high-resistance coil: this is 
desirable when calibrating the tenth-ohms, as it is safe to use 
pretty large currents through them. Otherwise I have found 
the working of the instrument satisfactory. 

Before measuring a thermocouple, two tests should be 
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made. First, the galvanometer-key should be pressed half- 
way down, so that the galvanometer-circuit is broken. The 
needle will probably swing a little. If it swings equally on 
each side of its previous position of rest, there is no thermo- 
electric effect in the galvanometer. Second, a short piece 
of copper wire should be put across the thermocouple ter- 
minals and the battery-circuit broken: if then (with double- 
pole switch set to the thermocouple circuit) on pressing the 
galvanometer-key there is no deflexion, this shows absence of 
disturbing thermoelectric effects in the rest of the apparatus. 
The measurement may then be proceeded with. 


XLVI. A Direct-reading Potentiometer for Thermoelectric 
Work. By J. A. HankzhB, D.Sc.* 


[Plate VII.] 


To anyone who has used a potentiometer for thermoelectric 
measurement of temperature, it will be obvious that nearly 
all the ordinary types of instrument have material dis- 
advantages when employed for this purpose. 

Most of the higher class potentiometers are primarily 
designed for direct comparison of E.M.F.'s of the order of a 
volt and upwards, the readings being made in most cases to 
about :0001 volt. With the thermojunction materials now 
employed for high-temperature measurement, this quantity 
100 microvolts represents 6° to 10° C.; and in order to 
attain higher sensitivities at low ranges, special accessory appa- 
ratus is required to reduce the standard E.M.F. applied to the 
potentiometer to 4!; or +}, of its normal value. This addition 
is generally accompanied by a considerable loss of propor- 
tionate sensitivity. 

It is obvious that in thermoelectric work the circuit in 
which the E.M.F. to be measured is generated has generally 
a total resistance of quite a different order of magnitude to 
the cases most usually met with; and so far from a high 
resistance in the potentiometer being an advantage as in many 
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cases, it is in this case detrimental to the attainment of a high 
sensitiveness. 

The diameter and length of the wire used for thermo- 
junctions of course varies greatly; but we shall be within the 
mark in saying that the total resistance of the thermojunction 
wire seldom exceeds 5 ohms, and that therefore a low resist- 
ance in the potentiometer is a great advantage. In the form 
to be described, intended for the direct measurement of 
E.M.F.’s up to 21,000 microvolts, the maximum resistance 
capable of being placed in series with the galvanometer and 
thermojunction is 2:1 ohms. 

The instrument described represents a form which in sub- 
sequent work has proved very convenient, and which was 
designed and made in the National Physical Laboratory work- 
shops, after consultation with the Director, Dr. Glazebrook, 
to whom I am indebted for several valuable suggestions. 

Experience with several forms of Carey-Foster and Cal- 
lendar-Griffiths resistance-bridges had convinced me that to 
calibrate to the necessary accuracy a slide-wire of such size as 
to make a resistance of O'l ohm possible with a moderate 
length was a difficult piece of work ; and therefore several 
arrangements were tried with a view of rendering possible 
the use of a short wire of large cross-section. Itis, of course, 
a considerably easier matter to make a thick wire much more 
uniform from end to end than a thin one, and the calibration 
to the accuracy required, especially if the wire be very short, 
becomes comparatively simple. 

The final arrangement decided upon, after some preliminary 
experiments on models, I believed at first to be novel ; but on 
searching the literature I find it has been previously used for 
potentiometers, and is nothing more than a low-resistance 
form of the Kelvin-Varley slide used in telegraphic work. A 
diagrammatic representation of the .connexions is given in 
Pl. VII. fig. 1, and a plan of the top of the instrument in fig. 2. 
The balancing-coils on which the fall of potential is adjusted 
to a definite value arein two rows—the centre row of the box 
being twenty coils of 0*1 ohm each, and in series with these 
there is a second row immediately behind the slide-wire con- 
sisting of eleven coils of *01 ohm. By means of an arrange- 
ment of thick copper bus-bars connected with the ends of the 
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slide-wire, which has a total resistance of *02 ohm, any two 
adjacent coils of this latter series may be put in parallel with 
the slide-wire. The eleven coils of *01, two of which are thus 
shunted, are equivalent to exactly *1 ohm. 

For all ordinary thermoelectric work the fall of potential 
along these two sets of coils is adjusted so that each of the 
back row represents 1000 microvolts, each *01 being there- 
fore 100 microvolts. The slide-wire is provided with a scale 
of 200 divisions figured as 100, which are practically milli- 
metres; and as the fall along the wire is 100 microvolts, 
0:1 microvolt can easily be estimated. It will be seen that 
the slide-wire thus connected acts like a vernier to the small 
coils. 

The adjustment of the E.M.F. is made by a standard 
Clark or Weston cell and the auxiliary set of coils in the 
back row, a feature of the instrument being that without any 
external alteration either form of standard may be used at 
will. The five coils to the left are permanently connected in 
series, but are arranged so that any coil may be cut out of 
circuit when required. Their values are 100, 40, 1, *5, and 
'5 ohms respectively. Those to the right are a set of ten 
simple series coils of ‘01 ohm each arranged so that a con- 
nexion can be taken from any one of them to the long bus-bar 
just in front. Suppose we wish to use as a standard a Clark 
cell whose E. M.F. at the prevailing temperature is 1:4333 volts. 
It is obvious that we may make the E.M.F. over the *1 ohm 
balancing-coils have the desired value of 1000 microvolts ` 
by putting into circuit the coils 100, 40, 1, °5, and 3 of the 
*01 series, leading from the third hundredth to no. 17 of the 
balancing set, when altogether we shall have— 


100 
40 
1 in back row. 
5 
*03 
S in balancing-coils and bridge-wire. 


With this connexion the maximum E.M.F. measurable is 


18,000 microvolts. 
Should a Weston cell of E.M.F. 1:0186 be substituted for 
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the Clark, the only alteration necessary would be to short- 
circuit coils 40, 1, and *5, and to move the connector from 
the third to the sixth of the set of hundredths. 

The compensating current is furnished by a small 30- 
ampere-hour secondary cell in series with which is a dial 
resistance capable of variation from *01 up to 200 ohms by 
steps of *01. 

The four thermojunction circuits provided are connected to a 
selector-switch, by means of which they or the difference of 
any two of them may be successively brought into circuit, and 
the change over from the standard cell-connexion required in 
the preliminary adjustment is made at the two-way switch 
at the front left-hand corner, which puts in the galvanometer 
to the circuit required. 

Throughout the whole apparatus the only metals present 
carrying current are high-conductivity copper and manganin, 
and all connexions on the top of the box are made by means 
of mercury-cups. There are doubtless objections to the use 
of mercury in any apparatus intended to be permanent ; but 
as it was essential that in this instrument the contact-resistance 
of certain portions should be very low and constant, it was 
thought to be, on the whole, preferable to use well-fitting 
amalgamated contacts throughout, rather than any form of 
rubbing contact or plug. 

The interconnexions are made by means of a system of 
copper bus-bars and a form of copper mercury-cup, designed 
so as to be made without undue waste of material on an 
automatic lathe. 

A pair of these cups with a connector for short-circuiting 
them are shown in full size in the diagram. It will be seen 
that the excess of mercury squeezed out of the lower hole 
may remain in the widened portion without overflowing. 

The slide-wire, which is of manganin, is protected from 
oxidation by gilding, as in some of the Crompton-Fisher 
potentiometers. Its ends are hard-soldered to massive copper 
blocks, which are screwed to the transverse ends of the two 
bus-bars above and below the row of ‘01 ohm balancing- 
coils. 

In order to make the bridge-wire exactly equivalent to the 
two coils, it was deemed better not to attempt to alter the 
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cross-section by drawing or scraping, but to make the whole 
very slightly above ‘02 ohm, and to reduce this to the desired 
exact value by inserting in the interior of the ebonite handle, 


holding together the two U-pieces forming the movable slide- 
wire connexion, a small shunt of about 200 times the resistance 
of the wire. In case of subsequent alteration of the relation 
of the slide-wire resistance to that of the coils, this shunt could 
be altered as required, instead of a new slide-wire being 
necessary. 

The blocks at the ends of the slide-wire, in addition to 
being firmly screwed, were connected to the bus-bars by 
mercury-cups and U-pieces, as it was not thought advisable 
to trust to the screws alone for a contact whose resistance 
must be negligible compared to *02 ohm. 

One great advantage of this form of instrument is that all 
the coils could be arranged so as to have their resistance 
adjusted, when in position in the box, by a method which could 
be made to include such of the contacts as were actually in 
circuit, The finest size of wire used will easily stand 1 ampere 
continuously through it; so adjustment even of the low coils 
to one part in a hundred thousand is not difficult. 
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The three sets of ‘01 and ‘1 ohm were made each of one 
continuous wire by selecting appropriate specimens of man- 
ganin, whose resistance from end to end was fairly uniform, 
and soldering to these by silver solder at equal distances short 
copper wires 1:5 mm. diam. 

The whole was then bent to approximately the shape 
required, varnished with several coats of good shellac, and 
annealed by repeated heatings for some time to about 140? C. 

The copper wires were then soft-soldered into place, 
the rough adjustment of the coils to about 1 part in 1000 
being previously made by an appropriate method. After a 
week or two the fine adjustment was made by successive 
scraping, the contacts being employed as in actual use, and 
the whole being supported for this purpose at a convenient 
height by a suitable spider-frame. 

When complete, two more coats of shellac were applied all 
over the interior of the box to protect against any possible 
inward leakage of mercury. 

It is not of great importance that the coils of a potentio- 
meter of this kind should be of negligible temperature- 
coefficient, so long as this is the same for all the different 
sizes of wire employed ; but it is desirable that the series- 
resistance, used to reduce the E.M.F. of the accumulator to 
that of tho standard cell, should be of the same material as the 
potentiometer, so that the effect of temperature changes will 
be compensated. Placing the standard cells and also the 
accumulator in double-walled boxes packed with cork-clippings 
materially adds to the convenience of working, obviating 
the necessity for so frequently checking the compensating 
current, ' 

Mercury reversing-keys in the circuit both of the battery 
and thermojunctions are a convenience, and where many 
junctions are in use together, it is better to have a larger 
selector-switch with multiple ways, instead of using the 
four-way one provided on the potentiometer proper. 

All terminals of the potentiometer are arranged in one row 
at the back, and a cover over the box is provided, which, 
however, does not come over the terminals, so that the wires 
need not be detached when the instrument is not in use. 

I am indebted for suggestions and help to Mr. Keeling, 
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and the making and adjustment of the coils of the instru- 

ment has been mainly done by Mr. Melsom, while the rest of 

the constructional work has been carried out very efficiently 

by the mechanic to the physical department, Mr. Murfitt. 
Teddington, Feb. 1903. 


DISCUSSION ON THE TWO FOREGOING PAPERS. 


Mr. W. A. Price said that there was a great similarity 
between all forms of potentiometers. Electrically they were 
the same, but they differed mechanically. He referred to 
the small number of coils requiring calibration in the instru- 
ments exhibited. In working with sliding-contacts in a 
dusty workshop, it is an advantage to immerse the bridge in 
paraffin oil. The contacts are then always good, instead of 
uncertain and intermittent. He had also found that if two 
silver surface plates were screwed together, the contact- 
resistance was less when they were immersed in paraffin than 
when they were in air. 

Mr. WHIPPLE said he had also found that contact-resist- 
ances in oil were less than in air. The oil acts as a lubricator, 
keeps the temperature constant, and the wires wear less. 

Dr. Watson said the effect of the oil seemed to depend 
upon the shape of the surfaces in contact, or it ought to be 
an advantage to yrease the plugs of resistance-boxes, After 
what Mr. Price had said with regard to the contact-resistance 
of two pieces of silver, it would be interesting to work with 
a resistance-box in which the plugs were immersed in 
paraffin oil. 

Prof. EvERETT expressed his interest in the fact that an 
insulating material, such as paraffin, should decrease the 
contact-resistance between two metals. He suggested that 
ihe paraffin drives off the film of air from the metals. 

Dr. Harker asked Dr. Lehfeldt if he had worked with all 
three sensitivities, and pointed out that the middle one was 
the same as that adopted in his own instrument. 

Dr. LEHFELDT said that for small voltages he used the 
highest sensitivity. Inequalities in the slide-wire amounted 
to about 4j; mm. of wire. The open scale in Dr. Harker's 
instrument was convenient in place of a vernier. 
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XLVII. Measurements of Small Resistances. 
By ALBERT CAMPBELL, B. A.* 


THE object of this paper is to give a brief account of a 
number of measurements of a set of low-resistance standards 
belonging to the National Physical Laboratory ; these 
tests were made partly with a view to comparing various 
methods of measurement, and it is from this point of view 
that they derive their main interest. The resistances were of 
the oil-cooled type and had separate potential terminals. 
They were made of manganin, and their nominal values were 
approximately 0'1, 0°01, and 0:001 international ohm re- 
respectively. For convenience of reference I shall allude to 
them as X, Y, and Z. Three other standard resistances of 
1, 1, and 10 ohms, whose values have been accurately deter- 
mined, formed the starting-point in each of the methods. 
Let them be named P, Q, and R respectively. The proce- 
dure was to find first the ratio of X to P, then that of Y to 
X, and, finally, that of Z to Y ; this gave X, Y, and Z in 
terms of P. The following methods were used :— 


(1) Shunt Potentiometer. 

(2) Kelvin Bridge. 

(3) Two-step Bridge. 

(4) Differential Galvanometer. 

(9) Matthiessen and Hockin's Method. 


As most of these methods are well known I shall discuss each 
very briefly. 

(1) Shunt Potentiometer —As shown in fig. 1 the potentio- 
meter consisted of the known standards R and Q, one or 
other of them (say Q) being shunted by a high resistance 5, 
while A and B were the resistances whose ratio was to be 
found. A special double key was arranged so that the cross- 
connexions (the wire F and the galvanometer G) could be 
quickly switched over from A and R to B and Q. The main 
current through A and B was kept constant, and the carrent 
through R and Q was adjusted till a balance was obtained in 
the first position (A against R). The switch was then turned 
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to the second position, and Q was shunted so as to balance 
again, the process being repeated with successive adjustments 
until a balance was obtained in each position. To eliminate 


Fig. 1. 
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thermoelectric errors the two batteries were simultaneously 
reversed and the same process repeated ; from the mean value 
of S, B was found in terms of A. The main advantage of 
the method lies in the simple and straightforward way of 
using the potential terminals, no current being taken from 
them when a balance is attained. The main defect is that 
large steady currents must be maintained, and this almost 
necessitates running the currents for a considerable time and 
altering the temperature of the coils. 

In connexion with this I may mention the following simpli- 


fication of the method, proposed by Mr. S. W. Melsom for 
Fig. 2. 


the purpose of comparing two nearly equal resistances. In 
fig. 2 R and R’ are the resistances to be compared, while D 
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may be any unknown resistance of convenient magnitude. 
The double switch is arranged to switch the ends of F and G 
from R to R’. Thus a standard R can be copied at R’ with- 
out the use of any other known resistances. 

Thomson Bridge.—The setting up of this was similar to 
that used at the German Reichsanstalt, the connexions being 


Fig. 8. 


as in fig. 3. As the current entered and left by the potential 
leads at K and L, the leads HK and LM were included in the 
higher arms, and hence had to be measured. This was done 
with sufficient accuracy by passing a current through them, 
and measuring the potential-drop on the galvanometer. To 
eliminate thermoelectric effects the galvanometer circuit was 
kept closed, and the balancing was done by reversing the 
battery. 


Fig. 4. 


& Two-Step ” Bridge.—This is shown in fig. 4. A suitable 
small resistance, whose value need not be known exactly, is 
inserted at U, and is adjusted by shunting until the galvano- 
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meter balances in position (a). The galvanometer is then 
brought into position (b), and a balance obtained by another 
shunt at S. With a suitable galvanometer this method is 
considerably more sensitive than the 'Thomson Bridge, but it 
is less convenient since it necessitates balancing twice. 

Differential Galvanometer.—The method of using this is so 
well known * that very little description is necessary. If the 
galvanometer circuits (100 ohms each) be called « and £, a had 
in series with it a small adjustable resistance z, while in series 
with 8 was a non-inductive copper coil of 900 ohms. This 
coil was placed near the galvanometer, the whole being in a 
double-walled box lagged with wadding. The a and £ cir- 
cuits were first connected in series and opposition, their 
magnetic effects on the needle being adjusted to balance in 
the usual manner by a small coil in series with one of them. 
Then, by adjusting z, a and 8 were set to balance on the 10 
and 1 ohm coils. Without altering this adjustment a balance 
was now obtained on the coils (A and B) to be compared, by 
shunting one of them ; and thus the ratio of A io B was 
determined. This method was only used for the 0:1 ohm 
coil, but it would have been equally convenient for the lower 
ones also. 

Matthiessen and Hockin’s Method.—The connexions are 
shown in fig. 5. By altering the resistances R, and R, a 


Fig. 5. 


balance was obtained with the galvanometer circuit connect- 
ing T with each of the potential points of A and B in 


* See Heaviside's Papers, vol. i.; also C. W. S. Crawley, Journ. 
Instn. of Electrical Engineers, April 1901. 
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succession. Let a, b, c, d be the respective values of EG 
for the four positions; then 

A  b—a 

B d—c 
Although great care was taken to build up R, and R, from 
standard resistances, the method was found to be much less 
accurate than any of the four preceding ones. For example, 
the ratio of coil Y to coil Z was given as 10:0032 by one set 
of readings, and as 10°0057 by another. An examination of 
the formula shows that the degree of accuracy of the result 
may be much lower than that of the separate observations of 
a, b, c, and d. 

In Table I. are given the collected results, the numbers 

being the observed resistances of the coils X, Y, and Z 
reduced to 17° C. 


TABLE [. 
X. Y. Z. 
Method. Microhms. | Microhms. | Miorobms. 
(1) Potentiometer ............... 100007 100018, 999094, 
(3) Thomson Bridge ............ 100006*, 100012, 999-973 
(3) Two-step 99 oves esosetoce 100005", 10001°2, 999-03, 
(4) Differential Galvanometer 100007*, — — 


In Table IL. are given the corresponding sensitivities ex- 
pressed in galvanometer scale-divisions (1 mm. at 1000 mm.) 
for 1 part in 100,000. 


TABLE II. 


In conclusion I may remark that, within the limits of 
accuracy indicated by the numbers in Table II., the results 
given in Table I. show satisfactory agreement, 


OF SMALL RESISTANCES. 485 


APPENDIX. 


On the Sensitivity of Potentiometers for Measuring 
l Resistance. 

To obtain the best results with a potentiometer it is usually 
desirable that it should be of such resistance as to give, with 
the available galvanometer, the maximum sensitivity. If 
several galvanometers are available, it is important to have 

a means of predicting which will be the most suitable in any 
particular case. I have therefore investigated the general 
formula for the sensitivity of a potentiometer when used: for 
measuring resistances with a galvanometer of given resist- 
ance, extending it to the more general case by the common 
assumption that the “current-sensitivity”’ of a galvano- 
meter is proportional to the square root of its resistance. 


Fig. 6. 
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In fig. 6 let the resistances have the values shown, viz. 
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: i and TE LE | including the resistances of the adjacent 
batteries whose EMF. s are E and e respectively. Let 0, 
V, and v be the potentials at the points so marked. Let 


c=current through galvanometer, so that c= (v — V)g. 
lis the part of the circuit under test, while : is the part 


of the potentiometer in use. 
We have 
(V - E)m  Vzz (v — V)gz — (v—e)n— va. 
Hence 


(m+ 2z)V —cz mE, 
and 


g(a n)V -- (gc a n)ezgne; 


gnez + gmn(e — E) —gamE 
(ga n)z t (m4 g)(a-t n) mg 
The sensitivity 


E [=] TNT E S exo 
e=0 


as gnez Sð 
mea r ern N 
When c=0, 


". C= 


nez + mn(e — E) —amE =0; 
= next : 
m= (n*a)E—ne' 


gnez 
nez 

(n 4- a) E —ne. 

Let resistances be written instead of conductances, 1. e. let 
l.x,l.M,&e Also let ke A/N. 
" m 

Then 

A — —— 5 
[A4 G(-- D) E-E +X 


This is the complete formula. 


29 C= 


(ga n) | a+ + (a 4-)g 
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If ez E, it takes the simple form 


DOM: NEM" ES (2) 
~ 1+k A+X4+G(lt+hy  " ' 


It can be seen from (1) that since k is always positive, G 
has always more relative influence than X. 

When the galvanometer resistance has not been fixed, if 
we make the usual assumption mentioned above, then the 
sensitivity is proportional to e VG, and can be calculated for 
any case, The following table shows the result in two, 
possibly extreme, cases (when E — e). 


: TABLE. 
e oC VG 
k. G. A. X. Varies as varies as 
O1 10 001 100 ap an 
01 1 001 O01 5 GI 


The values of c VG show that for measuring a potential- 
drop on a resistance of 0°01 ohm (with the battery voltage 
eleven times the voltage measured) a potentiometer of 0*1 ohm 
and galvanometer of 1 ohm give nearly twenty times greater 
sensitivity than a potentiometer and galvanometer of 100 ohms 
each. 

This example is sufficient to indicate the importance of 
choosing the resistances suitably. 

At the same time it should be remarked that in several 
ways the low-resistance potentiometer is less easy to construct 
and work; for instance, it may require much larger steady 
currents; and these practical considerations may sometimes 
outweigh the advantages of greater sensitivity. 


.2 N2? 
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XLVIII. On Refraction at a Cylindrical Surface. 
By AnrHUR WuirwELL, M.A., A.R.C.Sc.1.* ` 


[Plate VIIL] 


THE object of this paper is to describe and illustrate the 
position and form of the focal areas produced by the 
refraction at a cylindrical surface, bounding two media 
of different refractive indices, of light diverging from or 
converging to a point. 

In general, when light diverging from or converging to 
a point falls on any surface bounding two media of different 
refractive indices, if a plane can be drawn through the point 
to cut an element of, or the whole surface, symmetrically, 
then all the light will really or virtually pass through a focal 
line or focal area in this plane. It is usual, when considering 
elements of the surface only, to use the term focal line, but 
it should always be remembered that these focal lines are in 
general elements of area. In the case we are about to 
consider there are two planes, about which the surface is 
symmetrical, which can be drawn through the radiant-point. 
One of these planes will contain the axis of the cylinder, and 
the other will be normal thereto. 

We will consider first the plane containing the radiant- 
point and the axis of the cylinder. 

Let fig. 1 (Pl. VIII.) be a plan and elevation of the cylinder 
of radius r, and let the radiant-point o be at a distance a from 
the axis. Draw the elevations and plans of two symmetrical 
incident rays and of the corresponding normals and refracted 
ruys, join oc and produce to meet the refracted ray in a 
point g. The two refracted rays will meet at the point g, 
and the locus of the point g will be the focal line. A plane 
containing the points o, a, c will contain an incident ray and 
the normal, and will therefore also contain the corresponding 
refracted ray. This plane will cut the plane of the figure (1) 
in the line ocg, and the refracted ray will in general cut 
this line ocg in some point g. Again, a plane containing 
the points o, b, c will contain the corresponding symmetrical 


* Read March 27, 1903. 
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incident ray, normal, and refracted ray, and will cut the 
plane of the figure in the line ocg. From considerations 
of symmetry it follows that the two refracted rays will inter- 
sect in the same point g on the line ocg. If we consider 
only a thin slice of the cylinder parallel to the plane of the 
paper in fig. 1, the elevations of the lines oa, ac, and ag may 
be taken as their true lengths. 


Let the vertical aperture = h, 


The angle of incidence = 6, 

»  Ofrefraction = 4, 

» age = B, 

», com = Y, 

and the length cg = d. 
Then we have B=—-$¢ 


sin 0— p sin $ 
d sin Qr sin $ 
LrVa4H 
h cot —a* 
from which we get 
rA/ a +h? (1) 
Vlar) * (wi — 1) —a 


Taking the radiant-point as origin, the equation to the locus 
is 

=a 4 d cos yy, 
or 
ie as e ee UE 
Vua — ri (9i — 1)8 —a' 
and putting in the value of 


cw=at 


| F 
we get — 
(az ^ra a?) — (u(a—r)(2—a))? 
ars) o gw pw 


It may be stated here that the equation represents not only 
the locus of the intersections of the real refracted rays, but 
also of the false refracted rays. These false rays are equally 
inclined to but on the opposite side of the normal to the real 
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rays. This arises from the fact that we have to square to 
get rid of the radical sign in the denominator of the ex- 
pression for d; for this reason it is immaterial, as far as the 
equation arrived at is concerned, whether we take the + or 
— sign before the radical quantity in the denominator of d. 


The curves represented by this equation, taking p= : and 


r=? and various values of a, are shown plotted in fig. 4, the 
light proceeding from left to right. When the radiant-point 
is at infinity, the focal line will be the straight line I. at a 


distance sl from the surface, or mA i: 


i from the axis of the 


cylinder. As the radiant-point moves up to the surface, the 
focal line gradually bulges out to the right at its centre, and 
its upper and lower ends bend towards and become asymptotic 
to the axis as shown by curve II., for which a=10. When 


the distance = the radiant-point from the surface = : "um 
or when a= ES , the centre of the focal line breaks, and 


its two ends Low parallel to, but at an infinite distance 
from, tbe axis of z. The curve III. has parabolic asym- 
ptotes, the equation of which, referred to the radiant-point as 
origin, is 

y*z3:2a-4 224. 
This point, a= at? will be recognized as the principal 


focus for light pum from right to left. When the 
radiant-point is inside this focus, the curve, 1V., has two 
branches and a pair of rectilineal asymptotes, the axis of the 
cylinder remaining an asymptote. ‘The branch on the left 
is of course virtual. 

As the radiant-point moves to the right, the -— which 
the rectilineal asymptote makes with the axis of x increases 
from zero to a maximum, and then diminishes to zero. 
When the radiant-point is on the surface there is no focal 
line ; an incident cone of light produces a refracted cone, the 
ratio of the sines of the semi-angles of the cones being =p. 

I have not plotted the false focal lines in curves I.-1V.; 
they all lie between the surface of the oylinder and the axis, 
to. which they are asymptotic. 
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= When a lies between r and "S the real focal line lies 
between the surface and axis of the cylinder, and the false 


focal line has two branches and a pair of rectilineal asymptotes. 


When az "^. i the real line is shown by curve V., and the 
false.line has parabolic asymptotes, the equation of which is 
y*z32z-4 7. 


A graphical method of drawing the asymptotes may be 
obtained by considering equation (1), 


d= rA/ ài + h? 
— 4 pl(a—r) 4 (u— 1)ià —a. 


If u(a—r)! + (3—1) z a*, d is infinite, and this relation 
between a and À gives us the circle shown in fig. 4. 

To obtain the asymptotes, draw an ordinate to the circle 
through the radiant-point, and project horizontally to a point 
on the axis of the cylinder. The asymptote will pass through 
this point on the axis, and through the radiant-point. When 
a=0 the focal line will be the axis itself, and this is the only 
case in which the focal line will be a mathematical straight 
line whether the aperture be large or small. 

When a becomes negative the curve is still asymptotic to 
the axis (see curve VI. for which a=—10), and as a 
increases the curve gradually moves to the right and 
approaches the line I., which it reaches when a is infinite. 

The set of curves shown in fig. 5 are for the case in which 
light proceeds from a denser to a rarer medium, and are 
obtained by putting p= z in equation (2). 

When the radiant-point is at infinity the focal line is a 


straight line, VII., at a distance 
pr 


zs 1 from the surface, or 
from the axis: it is virtual. As the radiant-point 


moves to the right, the curve becomes of the form shown by 

VIII., for which 4210. In this curve, when the vertical 

aperture À = + HT total reflexion occurs, and the focal 
—p 

line cuts the surface ; the continuation of the curve inside 

the cylinder is the false focal line, 
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As a diminishes, the curve becomes smaller (curve [X. is 
for a=6), and finally diminishes to a point when a=r ; in 
this case a cone of light having a semi-vertical angle equal 
to the critical angle is refracted, the remainder of the incident 
light being totally reflected, and the refracted cone having a 


semi-angle of > When the radiant-point is inside the 


cylinder, or when the light is convergent, the curve becomes 
of the form X., for which a=1. In this case the part of the 
curve inside the cylinder is the real, and the part outside 
the false focal line. 


When a — 23 the curve, XI., has parabolic asymptotes, 
the equation of which is 
=— 12 2—13. 


When a lies between”. and -#7 the curve has two 
pl p—l 


branches and a pair of rectilineal asymptotes. Curve XII. 
is for a=°5, and the branch on the right and that part of the 
branch on the left which is outside the cylinder are the false 
focal line, the real focal line being that part of the left 
branch which is inside the cylinder. The asymptotes may 
be drawn by means of a circle, the equation of which is 
obtained as before. 

When a=0, the axis is the focal line. When a lies 


1 
the branch on the right and that part of the branch on the 
Jeft which is outside the cylinder are the real focal line, and 
that part of the branch on the left which is inside the surface 
is the false focal line. 
When a= —4, the curve, XIII., has parabolic asymptotes, 
the equation of which is 


y= —7 224 21, 


this point being the principal focus for rays passing from 
right to left. 

When a is negative and greater than 4 the curve has only 
one branch, which lies on the left of the axis, that part outside 


between 0 and =i or —4, the curve has two branches ; 
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the surface being the real and that part inside the false focal 
line. Curve XIV. is for a= —10. | 

As the radiant-point moves off io infinity towards the 
right, the curve approaches and ultimately coincides with the 
straight line VII. 

The curves shown in figs. 4 aud 5 are for light falling on 
the convex surface of the cylinder, but by reversing them 
about the axis of the cylinder they will represent the focal 
lines produced by light passing from left to right and falling 
on the concave surface of the cylinder if the corresponding 
values of a be also reversed in sign. 

We shall now find the equation of the locus of the inter- 
Section of two symmetrical rays which have the greatest 
angle of incidence possible, viz. 3 Suppose the triangle 
oag, fig. 1, to be turned, down into the plane of the paper 
on the line og, as shown in fig. 2, We know that 


o= Malt-h ; oa Vært; 0-3 ; 
and that sin dt. 
m 
We also have r sin $ —dsin £, 


ESL rJ/ai+h? 
| d= m sin 8 = Nr Vac gh m. ° (3) 
Taking the radiant-point as origin, v=a +d cos yr, or 
ra 


=a + JPI 1 /ai—ri4 HM NR. 


and putting h= x: , the equation reduces to 


2 x7? — (4? —1) (a? —7)(z—a) 
Y= Pi) { (2—a)? } (4) 
Putting p= 2 , 72:2, the locus represented by this equation 


is shown plotted in fig. 6. The general nature of the curves 
is the same as that of the curves for small apertures shown 
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by fig. 4. As before, we can get a relation between a and k 
for which the corresponding value of d is infinite. 
2 
In this case d= when a*+]?= - E 
p) -—1l 
pr 
A ui —1l' 
When a= the focal line is a straight line, XV., ata 


or 1:78 from the axis. As the radiant- 


; this relation 


represents a circle of radius = 


distance 


» 
VS ui) —1 
point moves to the right, the curve bulges out at the centre 


and bends towards the axis at each end, as shown by curves 
XVI. and XVII., for which a=10 and a=4. 
When a= —=— 22:68, the principal focus for rays 
V pi—1 
going from right to left, the curve, XVIII., has parabolic 
asymptotes. 


When a lies between 


P? and r, or between — 2 
p -—1 V u*—1 
and —r, the curve has three branches and a pair of recti- 
lineal asymptotes. Curve XIX. is for a—2:4; the false 
focal line is not drawn, and the branch on the left is virtual. 


When a lies between rand —r, we cannot have an angle 


of incidence of z 
; ur 
When a lies between —7 and — Jazi v get a curve 


like XIX., but reversed about the axis of y. As the 
radiant-point moves to the right, the focal line gradually 
approaches and finally coincides with the line XV. (See 
curve XX., which is for a= — 10.) 

When the light passes from a denser to a rarer medium we 
cannot obtain the equation of the locus of the intersection of 
symmetrical refracted rays by putting « less than unity in 


equation (4), because for an angle of incidence of 3 the rays 


would be totally reflected. The maximum angle of incidence 
will be the critical angle; we shall, therefore, find the equa- 
tion of the locus for symmetrical rays having an angle of 
incidence the sine of which —2. When the triangle oag is 
folded down into the vertical plane on the line og, we shall 
get the construction shown in fig. 3, in which @ is the angle 
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of incidence, $ the angle of refraction. We have 


1 mmm e. -— xam . 1 — 2 2 1 . TEE 
sin 6p; Q—0—2a; rsin0— Væ +k sina; d cos B' 
v A/a? +h? 
dz -Aa 29./-9,.,18 ZR, 2. e 5 
id V 1—424 Na? + I — pir? + wr " 
&—2a —d cos vy, 


and putting he we get finally 


y= 


The locus represented by this equation is shown plotted in 
fig. 7, r being —2 and p=. . 
The equation to the circle which gives the asymptotes is 


SU (#—a)? 


a? + Mz 


i r? 
—yi' 

When a= the focal line is the straight line XXI. at a 
distance VE or 2:68 from the axis. As the radiant- 


point moves to the right the focal line also moves to the 
right and becomes asymptotic to the axis, as shown by 
curve XXII. for whichaz 10. The branch of the curve XXII. 
ou the right is the focal line for light falling on the concave 
surface. The real and false focal lines coincide since the 
refracted ray is at right angles to the normal at the point 
of incidence. The parts of the curves inside the cylinder have 
no real existence, they are the loci of intersection supposing 
that total reflexion did not occur. As the radiant-point 
approaches the surface the real portion of the focal line becomes 
shorter and dwindles to zero when the s^ s reaches 


the surface. Curve XXIII. is for a= 7; i= 1-9 7 1°78, 


which is the point where the asymptote circle an the axis 
of z ; the branch on the left, of which only a minute portion 
is real, is the focal line for light falling on the convex surface 
of the cylinder, and the branch on the right, which has para- 
bolic asymptotes, is the focal line for light falling on the 
concave surlace of the cylinder. 


[e ra— ra—prz)*—1(z—2a)(1—4) (a? — u*r?) 1 
3) * 
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Curve XXIV. is for a221:33. The branch on the right 
and the left-hand part of the branch on the left above the 
axis of æ is the focal line for light falling on the concave part 
of the cylinder, whilst the remainder of the left-hand branch 
is the- focal line for light falling on the convex portion of the 
cylinder. When a=0 the axis is the focal line, when a is 
negative the curves are got by reversing the corresponding 
curves for positive values of a. Thus curve XXV., which is 
curve XXII. reversed, is for a= — 10. 

As the radiant-point moves off to the right the focal line 
gradually approaches and ultimately coincides with the line 
XXI. from which we started. 

We have now plotted the focal lines for maximum and 
minimum horizontal aperture in all possible cases. A curve 
from fig. 4 or fig. 5 and the corresponding curve from fig. 6 
or fig. 7, e.g. curves IV. and XVII., will define the focal 
area, that is to say, all the light from the corresponding 
radiant-point will after refraction pass through the area 
between these curves. If we suppose ourselves at the radiant- 
point and facing the cylinder half the light will be bent from 
left to right and the other half from right to left, but it will 
allpass through the central plane containing the radiant- 
point and the axis, in the area between these two curves. It 
is easily seen that the width of the focal area on the axis of 
& will be equal to the spherical aberration of the section of 
the cylinder made by a horizontal plane containing the axis 
of z, 


We will now consider the focal areas produced in the 
second symmetrical plane, viz.: the plane containing the 
radiant-point and normal to the axis of the cylinder. Draw 
a similar construction to that shown in fig. 1 for two rays 
symmetrical with regard to the horizontal plane, and produce 
the refracted rays backwards till they intersect at the point 
k in the horizontal plane. This point & will be on a straight 
line drawn through the radiant-point and parallel to the two 
normals. 7 

Consider, first, a thin horizontal slice of the cylinder con- 
taining the axis of x. For small horizontal aperture the 
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E eee 
uU —1)a—pr' 
those for which one can neglect the spherical aberration in 
comparison with the length cf. 

Let ef=c, and oksxd'. 


Then from the figure we have 


distance cf-— By small apertures I mean 


c r 
atc d 


= 0*9 uL iar). 


For small horizontal apertures then the focal line is an 
arc of a circle having its centre at the radiant-point and its 
radius — (pu — 1) times the distance of the radiant-point from 
the surface. The focal line is virtual for diverging light and 
real for converging light. If we take two horizontal strips 
of the cylinder at a distance of À above and below the hori- 
zontal plane the focal line formed by rays which fall on these 
two strips will also be a circular are for small horizontal 
apertures. Its radius d" is obtained from the relation 


Va AP d" 
2 A3 ——— ÁÀ 
d! = ds = A u3(a—r)*- (u*—1)A*—a. 


All the light which falls on the cylinder will therefore 
virtually pass through the area in the horizontal plane 
between arcs of two circles of radius d' and d" having the 
radiant-point as centre. The width of the focal area on the 
axis of z-—d'"—d'and this width increases as the vertical 
aperture h increases, and becomes infinite when / is infinite. 

The focal lines or areas we have discussed are produced by 
the intersections of symmetrical rays. Besides these the 
refracted rays produce two caustics which are the loci of 
intersections of consecutive rays. The first is the locus of 
the intersections of consecutive refracted rays in the plane 
containing the radiant-point and the axis of the cylinder, and 
is the same as that which would be produced by rays in one 
plane refracted at a plane surface dividing any two media of 
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different refractive indices. The second is the locus of the 
intersections of consecutive refracted rays in the plane con- 
taining the radiant-point and normal to the axis of the 
cylinder, and is the caustic of the circle. Incident rays in 
oblique sections of the cylinder do not produce caustics since 
the corresponding refracted rays are not in the same plane. 

If we suppose light from a radiant-point to fall on a 
cylinder the radius of which gradually increases to infinity, 
it will be seen that ultimately, when the curvature is zero, 
the two focal areas will coincide and be reduced to a short 
piece of the line through the radiant-point and normal to the 
surface. Similarly, if we suppose the cylinder to become a 
semi-ellipsoid which gradually becomes a hemisphere, then 
the two focal areas will ultimately coincide and become a 
portion of the line joining the radiant-point and the centre of 
the hemisphere. 

Instead of having caustics in two planes only we now have 
a caustic in every plane passing through the radiant-point 
and the centre of the hemisphere. 

lf light proceeding from or to a point a fall on the plane 
or spherical surface of a plano- or sphero-cylindrical lens of 
small aperture it will pass on to the cylindrical surface as if 
it proceeded from a point a’, a and a’ being conjugate with 
respect to the first surface. The focal areas produced by a 
plano- or sphero-cylindrical lens are therefore, for small 
apertures, identical with those produced by refraction at a 
single cylindrical surface; and if we define two optical 
systems as “equivalent” when they produce identical focal 
areas, then wecan say that a plano- or sphero-cylindrical lens 
with the radiant-point at a is equivalent to a single cylin- 
drical surface with the radiant-point at a’; a and a' being 
conjugate with respect to the first surface. 

In conclusion, I should like to call attention to a mis- 
leading statement made by Prof. S. P. Thompson, in a paper 
on this subject read before this Society on December 8th, 
1899*. Hesays:—" In any lens having at one surface a radius 
of curvature r, the curvature which that surface will impress 


l ; where p is the refractive index 


upon a plane wave is E 


* Phil. Mag. March 1900; Proc. Physical Soc. vol. xvii. p. 81. 


AT A CYLINDRICAL SURFACE. 499 


of the material. If the lens is cylindrical, having a curva- 
ture in one meridian only, the impressed curvature will also 
be cylindrical." 

“Let AA! be the axis of a cylindrical lens, and NN’ a 
line normal to that axis. A plane normal to the axis inter- 
secting the lens in NN' will have as its trace through the 
curved surface of the lens a line of the same curvature as the 


lens, viz. : Let now an oblique intersecting plane be 


drawn through the optic axis of the system ; its intersection 
PP’ making an angle NOP=¢ with the line NN’. The 
curvature at O of the trace of this plane, where it cuts 


the curved surface along PP’, will be = cos? $.... We may 


further consider the intersection QQ’ of another oblique 
plane at right-angles to PP’. The curvature at O along 


the line QQ’ will be in? $ ... If light were admitted 


through narrow parallel slits set respectively along PP’ and 
QQ’, the convergivity of the two beams respectively im- 

2 in? 
pressed by the lens would be (1. —1) ® $ and (a—1) 5-4. 
If r is expressed in metres, then these two convergivities will 
be expressed in dioptries. ..." 

Now if a plane wave fall on a thin plano-cylindrical lens 
the emergent wave-surface, for small aperture, will be a 
cylinder of radius PER, . Every refracted ray will pass 
through a line or narrow band parallel to the axis of the 


cylinder and at a distance a from the lens. If we sup- 


pose a card with a narrow diagonal slit to be placed in front 
of the lens it is obvious that a great part of the cylindrical 
wave-surface will be cut off, but the portion that remains 
will still be cylindrical, and will have the same radius. The 
rays that pass through the slit still pass through the line at 
the distance x : 1 
The power of impressing convergence on a plane wave of 
the diagonal strip of the lens is the same as the power of the 
whole surface. A cylindrical lens can only properly be held 


, and the convergivity is the same as before. 
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to have two powers, and it appears to me to be a mistake to 
speak of the power of a cylindrical lens along a line making 


an angle $ with the axis as being © S l jin$. 
If parallel light be allowed to fall on a cylindrical lens and 


a ground-glass screen be placed at a distance of F Z 1 


the lens, then a line of images of the source of light, parallel 
to the axis of the cylinder, is seen on the screen. If a stop 
with a diagonal slit be now inserted and the screen be moved 
up close to the lens, a line of images out of focus, less intense 
than before, and parallel to the slit is seen on the screen ; as 
the screen is moved away this line of images rotates and 
gradually becomes sharper, until when at length the screen 


r 

Zi 
the axis of the pud and is perfectly sharp. This shows 
that the slit has made no difference to the position of the 
focus or to the power of the lens. As the screen moves 
further back still, the line of images continues to rotate in 
the same direction and gets more and more fuzzy or out of 
focus. 

In a paper entitled * On Astigmatic Lenses," read before 
this Society on November 9th, 1900 *, Mr. R. J. Sowter makes 
the same mistake, and speaks of the power of a cylindrical 
lens in a direction OR making an angle $ with the axis of 
the lens as A sin’, where A is “ the equatorial or focal power 
of the lens." He also speaks of the power of a plano-ellip- 
soidal lens along a direction OR making an angle $ with an 
axis of the elliptic plane face of the lens as being =A cos*$ 
+ B sin’, A and B being the two powers of the lens. 

My remarks apply as well to an ellipsoidal lens as to a 
cylindrical. When the radiant-point is on an axis of an 
ellipsoidal lens, the light produces two focal areas and two 
caustics in the planes of- maximum and minimum curvature. 
A thin slice of the lens parallel to the direction OR will not 
produce caustics, and the rays which pass through it will all 
pass through the same focal areas as they would if the whole 


from 


reaches the distance 


the line of images is parallel to 


* Phil Mag. Feb. 1901; Proc. Physical Soc. vol. xvii. p. 563. 
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lens were employed. A screen placed at distances A ori 


would show the same sharp but less intense lines of images of 
the source of light as when the whole lens was used. 

Both of these writers appear to have considered the curva- 
ture of the section of the lens in any direction to be the 
important element in determining the position of the focal 
lines instead of the principle of symmetry. 

I have to thank Prof. Everett for suggesting to me the 
reason why my equations represent the false focal lines as 
well as the real; also Mr. Lyndon Bolton for tracing the 
eurve represented by equation (2), and showing that in a 
particular case it has parabolic asymptotes. 


Discussion. 


Prof. EvEREtt said he had had an opportunity of studying 
the paper and found the reasoning sound. He was pleased 
that the author had treated focal lines rigorously, and not 
assumed them to be perpendicular to the axis of the pencil. 
The focal lines discussed in the paper were the secondary 
lines. The primary lines were only mentioned casually near 
the end under the name of caustics. The “ false lines " given 
by the equations arose from negative values of a square root 
which ought to be taken positively. 

As regards oblique sections of an astigmatic lens, he agreed 
with Mr. Whitwell that there was no proper focussing 
except in the two principal planes; nevertheless it was 
useful to discuss the distance at which the best image of an 
obliquely placed line was formed: and this distance was 
correctly given by the statements which had been criticised. 

Dr. R. T. GrazEBROOK said he agreed with Prof. Everett 
in his remarks concerning the rigorous treatment of the 
focal lines. 
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XLIX. Note on the Construction and Attachment of Thin 
Galvanometer Mirrors. By W. Watson, D.Sc., F.R.S., 
Assistant Professor of Physics, Royal College of Sctence, 
London*. 


As has been pointed out by several persons (Rayleigh, 
Phil. Mag. xx. p. 360, 1885; Threlfall, Proc. Phys. Soc. 
xvi. p. 205, 1898) there are distinct advantages in in- 
creasing the sensitiveness of the optical arrangements used 
to measure the rotation of a galvanometer needle rather than 
increasing the electrical sensitiveness, i.e. the angular de- 
flexion produced by a given small current. Excessive elec- 
trical sensitiveness implies a very weak controlling force. 
Such a weak controlling force involves a long period, and 
also disturbances produced by convection currents in the air 
and tremors in the supports of the instrument. 

In order to increase the optical sensitiveness of a galva- 
nometer it is necessary to increase the diameter of the mirror, 
while, to allow of its being carried by a fine suspension and to 
keep the period low, the weight of the mirror must be made as 
small as possible, yet at the same time its figure must remain 
good. With the ordinary form of mirror, consisting of a 
disk of glass silvered on the back, it is almost impossible to 
obtain a really thin mirror with a good figure unless the area 
of the mirror is excessively small. In the first place, the 
grinding and polishing of a very ihin slip of glass is an 
operation which taxes the skill of the optician to the utmost. 
More important, however, is the fact that the silver backing 
of the mirror has to be couted with some kind of varnish to 
protect the silver from the action of the impurities in the air. 
Although numberless kinds of varnish have been tried for 
this purpose none has yet been discovered which does not 
distort the mirror to some extent. A further difficulty in 
the case of the glass mirror is the attachment of the mirror 
to the stem which carries the magnets, the cement employed 
ulmost always producing some distortion. While designing 


* Read May 8, 1903. 


ATTACHMENT OF THIN GALVANOMRETER MIRRORS. 903 


a special form of mirror for use in a magnetograph I have 
been led to a method of constructing galvanometer mirrors 
which I believe entirely obviates the difficulties mentioned 
above. 

Prof. Threlfall has already pointed out the advantages of 
quartz as a material from which to construct galvanometer 
mirrors, but he, I believe, employed silvered mirrors, and hence 
had to use some form of varnish, and also he cemented the 
mirrors to the rod which carried the magnets. He tried 
both crystalline quartz and fused silica, and states he found 
them equally suitable. In my case I was obliged to use 
fused silica, and when I attempted to use thin slices silvered 
on the back I found that there was a very considerable loss 
of light owing to the small bubbles which are always present 
in any but the smallest pieces of fused silica. It then occurred 
to me to try and use some material for the reflecting surface 
which would be unaffected by the air. Platinum naturally 
was the material first tried, and after testing practically all 
the methods of which I could hear for giving a bright film 
of platinum, I obtained from Messrs. Johnson and Matthey 
a platinizing solution which is entirely satisfactory, and gives 
without any polishing a perfectly bright surface of platinum. 
The film of platinum obtained is bright on the surface turned 
away from the silica, so that tbe reflexion takes place at the 
air-platinum surface, and hence the silica disk requires 
polishing on one surface only, a circumstance which, as 
will be seen, very much simplifies the construction of thin 
mirrors. 

The method I adopt for making the mirrors is as follows:— 
À stick of fused silica is prepared having a diameter equal to 
the diameter of the mirror it is wished to prepare. This 
stick is cemented to a small piece of wood by means of pitch. 
A disk of tinned iron (No. 28, 8.w.a.) about 12 centimetres 
in diameter is mounted on a mandrel and the edge turned 
true. A little diamond-dust mixed with thick oil is then 
spread round the edge of the disk, and while rotating the 
disk at the rate of about five turns a minute a piece of flint 
is pressed firmly against the edge. In this way the diamond 
particles are driven into the iron and, at any rate after an 
attempt or two, the disk will be satisfactorily armed. A 

202 
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horizontal plate with a guide at one edge is attached to the 
slide-rest of the lathe and the wooden base to which the 
silica is attached is placed on this plate, and the silica pressed 
firmly against the edge of the disk which is rapidly rotated. 
Soap and water must be used as a lubricant, being supplied 
by means of a brush. In this way a disk having a diameter 
of one centimetre can be cut in a minute. 

A small rod of fused silica is then fused to the edge of the 
disk by means of a small oxyhydrogen flame, and all but the 
last two or three millimetres cut off, so as to leave & small 
tag of silica. The disk is then roughly ground flat on either 
side by rubbing it on a flat plate of brass freely supplied with 
powdered carborundum (of such a size as to pass through a 
sieve of 250 threads to the inch) and water. The disk is 
then annealed by being heated to a bright red in a small 
scoop of platinum or thin sheet-iron over a Bunsen flame for 
about 5 hours. That surface of the disk which, cn inspection, 
appears most free from bubbles is ground on a plate of thick 
plate-glass with water and emery of gradually increasing 
fineness. The disk is moved round and round in circular 
sweeps, the end of the finger pressing it lightly down on the 
surface of the glass. About ten minutes' grinding with each 
of three grades of washed emery, finishing with the finest 
which can be obtained, will generally be sufficient. The 
grades of emery I use are such that the emery is deposited 
from water in the following times:—No. 1 settles in 1 
minute, No. 2 settles in 10 minutes, No. 8 settles in between 
20 minutes and 60 minutes. 

The surface is polished with rouge on a pitch form. It is 
essential to obtain opticians’ rouge, which has been well 
washed, and not jewellers’ rouge. The proper quality of 
rouge I have obtained from Messrs. Cooke of York. To 
form the pitch surface some pitch is melted, and when 
thoroughly liquid is poured over the surface of a piece of 
plate-glass and a second piece of plate-glass, the surface of 
which has been thinly coated with dilute glycerine, is pressed 
down on the top of the pitch. Weights are placed on the 
upper glass till the pitch is cold, when the glass can be slid 
off. The polishing is continued till on examining the surface 
with a low-power microscope no pitting can be seen. Quite 
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a light pressure of the tip of the finger must be used during 
the polishing, which will take from 10 to 30 minutes. 

To give the polished surface its reflecting coating a very 
thin layer of the platinizing liquid is uniformly painted over 
the surface with a clean brush, and the disk is placed on a 
metal plate over a water-bath. When the coating is quite 
dry the disk is heated in a small muffle made by bending a 
sheet of thin sheet-iron and placing it over a large Bunsen 
flame. The heating must be continued till a fairly bright 
red is attained. It is an advantage to raise the temperature 
of the disk to a red heat as quickly as possible, for if the 
heating is slow the platinizing compound tends to volatilize 
before it decomposes. The surface thus obtained will be very 
bright and will not require polishing. If the film of platinum 
is too thin a second coating of the platinizing liquid can be 
given. 

In this way a mirror is obtained which, however, is about 
a millimetre thick. To reduce it to a more suitable thickness 
the platinum surface is temporarily protected with a coating 
of pitch or some other varnish, and the other surface of the 
disk is ground away on the brass surface-plate with carbo- 
rundum till the desired thickness is obtained. It will be 
found quite easy to prepare a mirror having a diameter of 
one centimetre and a thickness of two-tenths of a millimetre. 
Such a mirror will weigh about ‘045 gram. 

In order to support the mirror the tag is fused, by means 
of a small oxyhydrogen flame, to a thin rod of fused silica 
and the magnets are cemented to this rod. 

The above method of constructing galvanometer mirrors 
avoids the necessity of grinding and polishing the surface of 
a very thin disk, an operation of great difficulty, and is only 
rendered possible by using a non-corrodible reflecting surface 
so that the light has not to traverse the quartz disk. Also 
the excessively small coefficient of thermal expansion of quartz 
enables us to obtain a disk of the material which is so free 
from internal strains that when we grind away one side the 
form of the other side is not appreciably altered. Lastly, 
the method of attachment of the mirror to the stem, since it 
avoids all cements, entirely does away with the risk of dis- 
tortion due to the contraction of the cement. 
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Platinum surfaces prepared as above described have not 
quite such a large reflecting power as glass backed with 
silver. A comparison between a platinum surface which had 
been exposed quite unprotected to the air of the laboratory 
for a month and a silver on glass mirror made by Hilger 
showed that the reflecting power of the platinum was about 
seven-tenths of that of the silver. Any difficulty due to this 
smaller reflecting power can be got over by using a trans- 
parent scale with opaque lines backed by a flame, in place of 
the ordinary opaque scale illuminated by diffuse light. 

Platinum mirrors appear as if they might be of considerable 
use where a metallic mirror is required, and where silver 
would be likely to tarnish. When glass is used considerable 
care has to be used, in the first place not to increase the 
temperature so quickly as to crack the glass, and secondly 
not to raise the temperature to such a height as to alter the 
figure of the glass by softening. When crystalline quartz is 
used no softening is to be feared. The temperature has, 
however, to be altered very slowly or the quartz will crack. 
With care, however, very perfect mirrors have been obtained 
on quartz. 

Platinum deposited in this way forms a very good coating 
for producing * half-silvered " mirrors for use in interference 
experiments and such instruments as those recently described 
by Sir Howard Grubb (Sci. Trans. R. Dublin Soc. vii. 
p. 385, 1902). The preparation of a surface having a given 
reflecting power is much easier in the case of platinum than 
in the case of silver, and once such a surface has been 
obtained it seems to be practically unalterable. 


DISCUSSION. 


Mr. C. V. Bovs congratulated the author upon a valuable 
and interesting paper. The subject of mirrors was one which 
for many years had troubled and perplexed experimenters. 
It was surprising that a new method of making mirrors, such 
as that described in the paper, could have so many advantages 
over the usual processes. 

Mr. J. W. SwaN expressed his interest in the paper, and 
said he was glad to see that the seed sown by Mr. Boys in 
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the employment of fused quartz was being cultivated to-day. 
The paper was a valuable practical contribution. He asked 
for the composition of the platinizing solution. 

The CHAIRMAN, in congratulating the author, said he had 
had an opportunity of discussing with Dr. Watson the uses to 
which these mirrors might be put, and he had seen their 
many advantages in a vertical-force magnetograph at the 
National Physical Laboratory. 

Dr. Watson said he thought the composition of the 
solution was a secret, but it was a comparatively inexpensive 
liquid obtainable from Messrs. Johnson and Matthey. 


L, Direct- Vision Spectroscope of one kind of Glass. 
By T. H. Buakestey, M.A." 


THE fundamental principle underlying the action of this 

instrument is the following :—Starting with the ordinary 

formula connecting p the index, A the refracting angle of a 
prism, and D the minimum deviation— 
. A. A+D 

p.smn 9 = sın 9 ? 

if the angle A is so chosen that the deviation shall be equal 
to the refracting angle, i.e. D=A, then 


A 

p=? cos 3 
The glass being selected, and the ray of light which is to be 
directly transmitted being chosen, the refracting angle must 
be constructed in accordance with this simple formula. Since 
the refracting angle is thus to be equal to the angle of 
minimum deviation, it is clear that the light from the colli- 
mator must be directed upon the prism at right angles to the 
side from which the light is to emerge, and when the light 
emerges the ray selected will be at right angles to the side 
upon which incidence took place. If then the emergent 
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light is received upon an obtuse-angled isosceles prism so 
placed that its base is parallel to the selected ray, the whole 
of the light will pass through, suffering reflexion once, and 
emerging in the following way:—The selected ray will be 
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parallel to its course before incidence on the isosceles prism, 
and therefore still at right angles to the face on which the 
first incidence took place. 

The rest of the rays will have changed sides as regards the 
selected ray, and therefore be in a condition to reeeive an 
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extra dispersion by a prism of the same refracting angle as the 
original one, but having its point turned so that the selected 
ray is brought back to parallelism with its original course. 

Now the first prism and the isosceles may be and are in 
fact merged into one right-angled prism, as shown in the 
accompanying plan, where also the hypothetical condition of 
the separation of these two is also shown, for explanation 
merely, in the right-hand top corner. In the plan the course 
of the ray selected is shown by ab cd e f 9 h ik, and then into 
the telescope (p. 508). 

The collimator and the two first prisms form one rigid 
system, the telescope and the two last prisms another, and 
these move relatively round the symmetric point F. 

It is clear that the telescope might have been fixed so as to 
receive the light emerging from e. In that case parallelism 
but not collinearity would have been secured. With the four 
prisms both conditions are reached. 

When a ray which is not the selected one is brought into 
the centre of the field, it is clear that though between the 
second and third prisms the ray is not parallel to the colli- 
mator, it is still passing symmetrically through the four 
prisms as a whole, and therefore with minimum deviation. 

The second and third prisms in the plan have been drawn 
of the same shape as the first and fourth, but as one of their 
three sides is not, in this instrument, employed, they may be 
much curtailed. I have thought it proper to draw them as 
shown that the parallelism of the various sides, where it 
exists, may be strongly brought out. 

In conclusion it may be stated that in the actual instru- 
ment shown the glass has been selected so as to give 
admirable visibility from A to H, the line F very nearly 
corresponds with the selected ray, and there is a dispersion of 
18? 20’ between A and G. 


Discussion. 


Prof. S. P. THOMPSON congratulated the author upon the 
design of the instrument and the ingenious principle involved. 
Prof. J. D. Everett said that in all previous direct-vision 
spectroscopes half the prisms increased the dispersion and 
other half diminished it; whereas in this instrument all the 
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prisms combined to increase it. He regarded the arrange- 
ment as a triumph of inventive skill. 

The CHAIRMAN said he agreed with the remarks of Prof. 
Thompson and Prof. Everett. He had had an opportunity 
of examining the instrument at the National Physical 
Laboratory, and found the dispersion large and the definition 
good. 


LI. On the Mathematics of Bees’ Cells. 
By Prof. J. D. Everett, F.R.S.* 


Fon the literature of this subject reference may be made 
to a critical summary by Dr. Glaisher in the Philosophical 
Magazine for August 1873, which contains an exposure of 
several popular errors. Later results of observation will be 
found in Darwin's * Origin of Species,’ pp. 221-227. 

A bees’ comb consists of cells combined in double layers. 
Each cell has the form of a regular hexagonal prism with 3 
of the 6 corners at one end sliced off so as to give a pointed 
apex. The 3 faces which meet at the apex are rhombuses 
symmetrically arranged, and 3 corners of each rhombus lie 
upon edges of the hexagonal prism. Three alternate edges 
of the prism are accordingly longer than the other three, and 
we shall denote this difference of length by A. Then A will 
also denote the distance of the apex from the plane of the 
ends of the 3 longer edges. The length of a side of the 
regular hexagon which is the cross-section of the prism will 
be denoted by s. 

Any number of equal and similar sharpened prisms, con- 
structed according to this specification, can be fitted accu- 
rately together, in two layers, in such a way that the apex of 
a member of one layer is inserted between three apexes 
belonging to the opposite layer. The axis of each prism will 
then be in line, not with an axis, but with the common edge, 
of 8 prisms belonging to the other layer. 

The annexed diagram is specially designed to set forth the 
relations of the parts in the clearest manner by projecting 
them on a plane perpendicular to the axes of the prisms. 


* Read May 8, 1903. 
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The ends of the longer edges of both sets of prisms lie in 
the same plane, which is the plane of the paper. The two 


sets of apexes are represented by the two symbols 6 and O, 
and lie at equal distances h from the plane of the paper on 
opposite sides of it. All points of meeting not so marked lie 
in the plane of the paper. Two sets of hexagons are indicated, 
one by continuous and the other by dotted lines. "They are 
the projections of the two sets of prisms. The rhombuses 
into which the figure is divided are projections of the rhom- 
buses which meet at the several apexes; each rhombus-edge 
being in the plane of one of the prism-faces. The plane of 
one set of apexes is at a distance 2h from the plane of the 
other set. 

The projected length of a rhombus-edge is s, and its actual 
length V (s? + 9). 

The long diagonal of a rhombus lies in the plane of the 
paper, and is s/3; the shorter diagonal is ^/(s$$--4A*). If 
6 denote an acute angle of a rhombus we have 


8 


v 3 
cos $= 75" (8 38)? 


whence 
s?— 2h? 
2(8 + h?) 
If $ denote the acute angle which a prism-edge makes with 
the rhombus-edge that it meets, we have 


LÀ 
J (s? + M)' 


cos 0z 


COS o= 
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Changes in the value of A will not affect the volume of a 
cell, but they will affect the quantity of wax required for 
building the cell. If h were zero the prism-edges would all 
terminate in the plane of the paper, which would also 
contain the rhombuses. As compared with this standard 
of reference, the area of a prism-face is less by 4 sh, and the | 
area of a rhombus is greater by 4s 4/3 V (s? + 4h?) — 45! 4/8. | 
To give proper weights to these two items on opposite sides 
of the account, we must know the ratio of the number of 
prism-walls to the number of rhombuses. | Each cell has twice 
as many prism-sides as rhombuses ; and in the comb, except 
at the outside, each rhombus, as well as each prism-wall, is 
common to two cells. At the outside, the walls exposed also 
comprise twice as many prism-walls as rhombuses. We must 
therefore reckon two prism-faces to one rhombus, and the 
net saving in area is 


sh—łs V 3{ V (8 + 447) — 5, 


Omitting a constant term and a constant factor, the quantity 
to be made a maximum is 


h— MP v (P +41), 
provided that the rhombuses have the same thickness as the 


prism-walls. If they are n times as thick as the walls, the 
quantity to be made a maximum is 


u=h-n V (8 + 4h?) ; 


du 


whence, putting qh we find $;-(12n*— 4)/?, 
or 
s? _ hè " s* + h? _ s? — 2h? 
12n?—4 ~ 1  12»*—83  12n*—0" 
giving | 


s 0c 201-1 cos $=4/ = 1 = 
008 S= Tai’ OV 8(Aé—1) 
The usual calculation assumes n=1, giving 
cos 0— 1, cos $ —3. 
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The trihedral angles, of which there is one at each apex, 
and one at the end of each of the shorter prism-edges, are 
each composed of 3 plane angles whose cosine is — 1, the 
inclinations of their planes being 120°. The form thus 
deduced is regarded as the normal form of bees’ cells. 

It is closely related to the most compact system of piling 
of equal spheres. In this system each sphere touches 3 
spheres in the layer below, 3 in the layer above, and 6 in 
its own layer. If we omit the 3 upper or the 3 lower, the 
tangent planes at the 9 remaining points of contact represent 
the 9 walls which bound a cell. 

Again, the 9 walls (including 3 pairs of parallel walls) 
are perpendicular to the 6 edges of a regular tetrahedron; 
and the 12 lines of junction of these walls (including 3 
pairs of parallels and 1 set of 6 parallels) are perpendicular 
to the £ faces of the same tetrahedron. 

According to observations cited by Darwin, the actual 
value of n averages about 3. This gives 


cos 0 =g, cos f= xy, 


for minimum consumption of material. 


DISCUSSION. 


Prof. S. P. Taompson said that he could not agree with 
the author that the bees for a given volume of cell wanted to 
use a minimum of material. He thought the amount of wax 
necessary was determined by other considerations. 

Prof. EvERETT said he thought the bees were guided by 
simplicity of construction. If we suppose the bees in the 
two layers of cells to be arranged like two tiers of cannon 
balls in the most compact piling, the centres of the bees 
coinciding with the centres of the balls, each bee takes part 
in the building of walls between itself and its nearest neigh- 
bours, each wall being midway between the two bees, and at 
right angles to the line joining them. According to the 
best authorities, there was much irregularity in the con- 
struction of bees’ cells, but the received form (described in 
the paper) was a fair average. 
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LII. Exhibition of Nernst Lamps, showing their Develop- 
ment from the Experimental Form up to the most recent 
types. By Mr. J. STóTTNER.* 


Mr. STÓTTNER commenced by giving a short account of the 
history of the Nernst lamp, and explained briefly the principle 
of its action. The oxides used for the glowers are thoria, 
zirconia, and other rare earths thereto related, such as oxides 
of yttriam and cerium. A paste of these is formed, and 
small rods or tubes are pressed through a suitable nozzle. 
These are hardened and cut into small lengths, and prac- 
tically the principal part of the lamp is finished. Several of 
these rods were passed round for the inspection of Fellows. 
The chief difficulty in the practical lamp is in the design 
of a durable automatic heater to heat the filament up to 
conducting point. A number of automatic arrangements 
which have been designed for disconnecting the heater were 
shown. Another important part of a Nernst lamp is the 
bolstering resistance, which in its final development consists 
of a thin iron wire sealed in a glass bulb filled with hydrogen 
gas. If a lamp is used without a bolstering resistance, as 
soon as a certain critical potential is reached the current 
increases, at first slowly and then quicker and quicker, the 
potential remaining constant, until the lamp burns itself out. 
This phenomenon was shown experimentally. Various forms 
of lamp were exhibited. One with two glowers and one 
heater overcomes the difficulty of thick glowers. A pro- 
jection lamp was shown with three glowers in parallel 
requiring 300 watts. The glowers in this case were heated 
artificially. Mr. Stóttner also exhibited and described a 
pole-finder for use with lamps using direct current. 


DISCUSSION. 


The CHAIRMAN said he would like to see details of the life 
and economy of these lamps under various conditions. The 
lamp was in its infancy, and probably even more satisfactory 
lamps would be forthcoming. 


* Read May 22, 1903. 
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LIII. The Electrical Resonance of Metal Particles for Light- 
Waves. Third Communication. By R. W. Woon, 
Professor of Experimental Physics, Johns Hopkins Uni- 


versity. 


Since the appearance of the two preceding papers (Phil. 
Mag. vols. iii. & iv. 1902; Proc. Physical Soc. antea, 
pp. 166, 276) on the above subject I have made further 
investigations, which appear to confirm the provisional hypo- 
thesis of electrical resonance, which was adopted to explain 
the very brilliant colours of films made up of metal granules 
of the order of magnitude of light-waves. 

I have succeeded in obtaining the coloured films in pris- 
matic form, and have established the fact that they exhibit 
anomalous dispersion for waves longer and shorter than the 
ones which are refused transmission. This was observed for 
electrical waves passing through a prism built up of tinfoil 
resonators by Garbasso and Aschkinass. I have obtained 
the coloured films on the walls of a tube in which I had fused 
a quantity of magnalium alloy in vacuo. The film was per- 
manent in air, but the colours vanished as soon as the film 
was moistened with a little very dilute acid, owing to tle 
conversion of the metal granules into a salt. I have also 
obtained coloured films by the cathode discharge from an 
electrode of selenium, though the colours in this case were 
not nearly as brilliant as those obtained by the distillation of 
the alkali metals. The microscope showed these films to be 
granular, and experiments with the quartz spectrograph 
demonstrated that they were very transparent to ultra-violet 
light, for which homogeneous films of selenium of the same 
thickness are absolutely opaque. 

The silver films, red, purple, and blue, which I described 
in my second paper, seemed most suitable for continuing the 
experiments, owing to the comparative ease with which they 
are prepared and their permanency in air. On attempting 
to repeat the experiment, I was somewhat annoyed to 
find that the silver solution dried on the plates with no 
trace of colour, a thin deposit of a black powder being 
the only result. This powder, if rubbed with the finger, 
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gave a blood-red streak on the plate, which resembled in 
every respect the coloured deposits obtained last year. I 
iried cleaning the glass more carefully, using fresh che- 
micals and distilled water; but all to no purpose. It finally 
occurred to me, however, that I had formed the original de- 
posits on some old lantern-slide plates, from which the gelatine 
had been removed with hot water. Possible a film of gelatine 
of infinitesimal thickness might have been the necessary factor. 
To test this I wetted a sheet of glass and rubbed it over 
with a small thread of Nelson's photographic gelatine. The 
plate being cold, only the slightest trace of gelatine could 
have dissolved in the film of water. The plate was then 
drained off and dried on a hot metal plate. On flowing this 
plate with the silver solution and drying it rapidly as before, 
I obtained a most wonderful film, as red as the densest ruby- 
glass over most of its extent, but with several patches of deep 
blue-violet, as rich in colour as dense cobalt-glass. The pre- 
sence of the gelatine seems in some way to keep the small 
particles from collecting into aggregates (the black powder). 
It will be remembered that in my first paper I alluded to 
an experiment in which the cooling of a bulb, and the con- 
densation of the hydrocarbon vapour on the coloured film, 
sometimes destroyed the colour permanently, the minute 
sodium particles collecting into larger aggregates, which 
diffracted the light, and showed the pearly lustre, but 
exhibited no trace of colour by transmitted light. 

As the formation of these films makes a most brilliant 
lantern experiment, I will give more explicit directions for 
their preparation. The solution is one described by Carey Lea. 
Three solutions are prepared; a 30-per-cent. one of ferrous 
sulphate, a 40-per-cent. one of sodium citrate, and a 10-per- 
cent. one of silver nitrate. Fourteen c.cms. of the citrate 
solution are mixed with 10 c.cms. of the ferrous sulphate 
solution, to which is then added 10 c.cms. of the silver 
nitrate solution. A dense black precipitate at once forms, 
and the whole is at once poured into a filter. As soon 
as the liquid has entirely run through, the precipitate is 
washed with 10 cms. (not more) of distilled water. This is to 
remove the salts which make the precipitate insoluble. After 
the water has entirely passed through the filter, about 25 c.cms. 
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of distilled water are poured into the filter, and the blood-red 
solution which runs through collected. As it does not keep 
very well, it is best to prepare it on the day on which it is to 
be used. 

A sheet of glass is washed clean, rinsed with fresh water, 
and the wet surface rubbed over with some shreads of gelatine. 
It is then drained for a few seconds and dried on a hot plate. 
A little of the silver solution is flowed over it, the surplus 
being drained off. If too much gelatine has been used, pre- 
cipitation is apt to take place, the deposit taking the form of 
floating shreads of a reddish membrane. If no considerable 
precipitation occurs, the plate, which should have been quite 
warm when flowed, is placed once more on the hot plate until 
dry. The films formed in this way are usually deep red in 
colour, though sometimes patches of deep violet form, with 
sharply defined edges. As one may make a dozen trials 
without obtaining the violet patches, l endeavoured to find 
some way of producing them at will; and finally hit upon 
the right expedient. When the plate is about half dry, with 
a steaming film and a few small pools of the hot solution, it is 
removed from the hot plate, held at an angle, and treated 
with a few drops of alcohol, which are allowed to run down 
across the still damp portion of the plate. These portions 
speedily dry into a most gorgeous mosaic of red, purple, and 
violet patches, the experiment being especially striking in the 
lantern, as it occupies but a few seconds, and the colour- 
display spreads over the plate like the blaze of a sunset. So 
far as I have been able to find, these brilliantly coloured films 
were never obtained by Carey Lea, though the solution used 
is one that he employed in his experiments on allotropic silver. 

Any desired depth of colour can be obtained with these 
films by merely allowing more or less of the solution to 
remain on the plate. J] have films of such a deep red that 
they are almost opaque, a gas-flame being barely visible 
through them. The light which does get through is regularly 
transmitted, that is, the films are not turbid media. The 
spectroscope shows that the absorption-band is wider and less 
sharply defined than is the case with some of the purple 
potassium films, wbich have a rather narrow and very black 
band in the yellowish green. This can be explained by 
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assuming that there is not a great regularity in the size of 
the particles, and consequently less sharp selective resonance. 
Inasmuch as some of the sodium films had a bright apple- 
green colour, in other words absorbed both the red and blue, 
it seemed worth while to see whether the silver films exhibited 
the same phenomenon. Red and violet films were formed on 
„a quartz plate, and the absorption-spectra photographed with 
a quartz spectrograph. It was found that they were trans- 
parent to the whole ultra-violet region, even the last two faint 
cadmium lines which almost all media cut off, appearing on 
the plate. Ifa second band is present it must be located in 
the infra-red region. 

Before continuing the experiments with these highly 
coloured silver films, it seemed best to establish beyond any 
doubt that they were analogous in every respect to the films 
obtained with the alkali metals. One respect in which they 
differ is the absence of much effect when they are moistened 
with ligroin. It will be remembered that the films formed 
by distillation in exhausted bulbs showed most remarkable 
colour-changes when the hydrocarbon vapour was caused to 
condense on the wall by the local application of cold. This 
difference is not of serious moment ; for it is quite possible 
that the silver particles are already immersed in some medium 
(possibly gelatine) which prevents the ligroin from entering. 
As I have mentioned in my previous paper, a very slight 
change of colour is produced by the ligroin; but only close 
examination makes it evident. The red films of silver can be 
changed to purple and blue by the local application of heat. 
This was also true of the alkali metal films. I mentioned in 
my first communication that where the sodium deposits were 
very scant the particles scattered a bright green light, the 
appearance being somewhat as if the inside of the bulb had 
been washed over with a solution of fluorescene. Thislight was 
of the wave-lengths of the light absorbed where the film was 
thicker. Only films too thin to show any colour hy trans- 
mitted light exhibited this phenomenon. For convenience I 
spoke of this light as the “fluorescent light," without in- 
tending to convey the idea that it has any real connexion with 
fluorescence. 


OF METAL PARTICLES FOR LIGHT WAVES. 519 


It remained only to be seen whether silver deposits could 
be obtained which showed this peculiarity. A plate was 
flowed with the silver solution, and then partly rinsed off 
with distilled water and dried. 

By transmitted light there were traces of colour in patches, 
though most of the plate appeared colourless. On holding 
it in a beam of strong sunlight in a dark room there appeared 
many patches which exhibited a bottle-green diffused light, 
not quite as bright and pure as that shown by sodium, but in 
every way analogous to it. 

Inasmuch as all of the peculiarities shown by the films of 
the alkali metals have been observed to a greater or less 
degree with the silver films, it seems safe to conclude that 
the cause of the colour is the same in the two cases. 

An attempt was now made to determine whether the films 
show anomalous dispersion as we should expect them to do if 
the colour is due to resonance. 

A sheet of thin plate-glass was prepared with gelatine and 
flowed with the silver solution. A number of glass tubes 
were then laid side by side on the plate, the fluid being drawn 
up by capillarity into prisms. The plate was then warmed 
until the prismatic strips of fluid had dried, when the glass 
tubes were removed. On examining the plate it was found that 
some very perfect prisms had formed, which resembled closely 
the cyanine prisms which I have described in a previous paper. 
The portion of the plate which seemed to carry the most 
perfect prism was cut from the glass sheet and mounted on 
the table of the spectrometer, a small portion of the glass 
having been previously cleaned to enable a reading to be 
taken of the undeviated image of the slit. The prism was 
screened with black paper to cut off the light which did not 
pass through the most perfect portion, and the slit of the 
instrument illuminated with light from a monochromatic 
illuminator. By alternately exposing the clear glass and 
the prism, readings of the deviated and undeviated images 
could be taken. It was found that when blue-violet light 
was employed the prism did not deviate the image by any 
measurable amount, while with red light the deviation 
amounted to several times the width of the image of the slit. 

2P2 
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The latter was considerably broadened by diffraction, as is 
always the case with strongly absorbing prisms. 

The prism was of a deep red colour, but transmitted violet 
freely, the absorption-band being in the green. It was found 
that the deviation was less for the extreme red of the spec- 
irum than for the orange-red, which is just what we should 
expect. The absence of any deviation in the case of the 
violet light means of course that the refractive index does 
not differ much from unity for these waves. To determine 
the index for the red it is necessary to know the angle of the 
' prism. This was determined by observing the images of the 
slit reflected from the strip of clear glass and the surface of 
the prism, the required angle being one-half of the observed 
angle. This angle was found to be 1/ 15”, while the devia- 
tion for red light was 2' 42". The refractive index calculated 
from these observalions turns out to be 3:15, or about that of 
selenium for yellow light. 

This is practically proof positive that the cause of colour is 
resonance, though the question is still open as to whether it 
is resonance of small metal particles in a manner analogous 
to the action of the tinfoil resonators on electro-magnetic 
waves, or a resonance within the molecule, as in the case of 
the aniline dyes. Though I have not yet devised any crucial 
experiment which enables me to distinguish between the two, 
I have observed differences in the behaviour of these metal 
films from that of films formed of dye-stuffs, which makes it 
seem extremely probable that the action is different in the 
iwo cases. 

To these arguments may be added the one that it seems 
unlikely that so many different metals should exhibit such 
similar molecular absorption, and that the granular condition 
should be essential to the production of colour, for I have 
succeeded in detecting the granules in every case by means 
of the microscope. 

Let us now consider some of the differences between the 
action on light of these coloured films and films formed of 
aniline dyes. A film of granular silver can be formed which 
resembles very closely a film of cyanine, both having absorp- 
tion-bands in the middle of tbe visible spectrum. If a very, 
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thin film of silver is prepared which exhibits a light purple 
colour by transmitted light, the colour is much less marked, 
t. e. the absorption is less, when the plate is held at an angle 
of say 30 degrees with the incident light than it is at normal 
incidence. Moreover, the colour changes from purple to red, 
the absorption-band appearing to move down the spectrum a 
trifle. Possibly a simple broadening of the band would 
produce this same colour change owing to the greater sensi- 
tiveness of the eye for red. A cyanine film does not exhibit 
this peculiarity, the colour of the transmitted light remaining 
nearly constant for varying angles of incidence. 

The change in depth and hue of the colour when the inci- 
dence is made oblique is probably due to the fact that the 
absorption is different when the incident light has a com- 
ponent of the electric vector perpendicular to the surface, 
which, of course, is not the case when the incidence is normal. 
If the light is polarized to start with, this is found to be the 
case, the colour of the transmitted light being bluish-purple 
when the electric vector is perpendicular to the plane of 
incidence, and red when it is parallel to this plane in which 
case there is a component normal to the surface. These 
changes are not obtained with the film of cyanine. In the 
course of a recent discussion of the problem which I have 
had with Professor J. J. Thomson, he expressed the opinion 
that the capacity of a sheet of resonators would be greater, 
and the period of vibration consequently longer, when the 
electric vector was parallel to the sheet. This is in agreement 
with the observations which I have made with the silver films, 
the absorption-band moving towards the red when the plane 
of polarization is so oriented that the electric vector has no 
component normal to the surface. 

With sodium and potassium films I have obtained just the 
opposite effect, the absorption-band moving in the other 
direction. These results appeared at first to be very confusing, 
until I finally discovered what I believe to be the explanation. 

I have studied the behaviour of the films at oblique inci- 
dence with polarized light with considerable care, and have 
obtained results which appear to be concordant among them- 
selves. 
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If the plane of incidence is horizontal and the electric 
vector is parallel to this plane, i. e. with a component per- 
pendieular to the surface, we find for example a heavy 
absorption-band in the green. As the plane of polarization is 
rotated through a right angle the band in some cases shifts 
its position in the spectrum (sometimes in one direction and 
sometimes in the other) and sometimes simply fades away 
. entirely without undergoing any shift. On examining the 
spectrum with greater care, however, I found that in general 
other bands are present. If the band in the green moves 
towards the red, a band comes into the spectrum from the 
red end to meet it, and another band which was originally in 
the violet moves out of the spectrum in the direction of the 
ultra-violet. It is difficult to say at present whether the 
appearance and disappearance of these two fainter bands is 
due to their motion along the spectrum, or to the fact that 
one fades away and the other springs into existence, as in 
the case above cited. This difficulty is due to the fact that 
a part of the band lies outside of the visible specirum, and a 
fading away can easily be mistaken for a drift. I am of 
the opinion that in some cases we are dealing with one 
phenomenon, and in other cases with the other. 

I have examined several films in which a band in the yellow 
and one in the blue distinctly approached each other when the 
plane of polarization was rotated through a right angle. This 
explains why it is that a single band near the centre of 
the spectrum is sometimes seen to move in one direction and 
sometimes in the other. 

In the one case it was doubtless the right-hand band of 
a pair which approached (the other lying in the invisible 
portion of the spectrum), in the other case it was the left- 
hand band of an approaching pair. Some typical cases of the 
changes which occur when the plane of polarization is rotated 
are shown in the diagram. The plane of incidence is hori- 
zontal in every case, 1. e. the sheet of resonators stands vertical, 
and at an angle of about 45 degrees with the incident light. 
The direction of the electric vector is indicated by the double 
arrow. In general the band drifts without much change in 
intensity, though in some cases it fades away almost to the 
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vanishing point when the plane of polarization is at 45 degrees 
to the plane of incidence. A case of this kind is shown in 


[— —*&] 1 


the last three spectra of the figure. The band in this case 
was crooked, as the slit of the spectroscope was placed at a 
point where the colour of the film changed quite abruptly 
from blue to purple. 

The appearance of several bands in the spectrum suggests 
that we are dealing with something of the natare of multiple 
resonance, and it is to be hoped that some of the mathematical 
physicists will work out the behaviour of a sheet of small 
spherical resonators at normal and oblique incidence for 
vibrations polarized in different planes. 
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LIV. On the Positive Ionization produced by Iot Platinum 
in Air at Low Pressures. By O. W. RICHARDSON, B.A. 
B.Sc., Fellow of Trinity College, Cambridge *. 
[Plate IX.] 


THE experiments to be described were originally under- 
taken in order to examine the connexion between the leak 
from a hot wire, when charged positively and surrounded 
by air, at a low pressure, and the potential and temperature 
of the wire respectively. 

The arrangement of apparatus at first used was similar to 
that employed by the author in investigating the negative 
leak from hot conductors f. The wire, which was in the 
form of a spiral, was supported along the axis of a cylindrical 
electrode from which it was insulated. The spiral was of 
pure platinum wire :1 mm. thick, and was heated by an 
electric current, its temperature being determined by means 
of its resistance. It was found that the absolute temperature 
could easily be kept constant to one part in a thousand, so 
that it did not vary more than one degree at the highest 
temperature investigated. The vacuum-tube containing the 
spiral and electrode was connected with a Tópler pump and 
McLeod gauge, so that the gas could be kept at any desired 
pressure. 

The leak was measured by means of a quadrant electro- 
meter. The wire was charged to any desired positive 
potential, whilst the surrounding cylindrical electrode was 
connected to one of the quadrants of the electrometer, the 
other being earthed. In general the experiments were made 
at such a temperature that the currents could conveniently 
be measured without adding any external capacity to that of 
the electrometer. The temperature was always below that at 
which the negative leak became detectable. 

The first experiments were made to determine the way in 
which the current from the wire varied with the applied 
potential, the other conditions being maintained constant. 


* Read June 12, 1903. 
T Proc. Camb. Phil. Soc. xi. p. 286; Proc. Roy. Soc. Ixxi. p. 415. 
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The temperature was 442°C. The pressure remained con- 
stant, and equal to ‘00625 mm. of mercury. Observations 
were taken first with no potential on the wire, and then for 
every additional 40 volts up to 400; the values of the 
current *, in scale-divisions per minute, obtained in this 
manner are marked thus, x, on the accompanying diagram 
(Pl. IX. fig. 1). The observations were then repeated, the 
potential being continuously decreased by 40 volts down to 
zero; the values obtained in this way with decreasing potential- 
differences are marked thus, o. 

It will be seen that the ascending observations give rise to 
a curve which is slightly convex to the axis of current; on the 
other hand, the curve which represents the descending observa- 
tions possesses about an equal curvature, but is concave to the 
current-axis. The disparity of the two series of observations 
is due to the falling-off of the current from the wire with 
time, a point which is examined in detail later. It will be 
seen that the time-effect can be allowed for by taking the 
mean of the two observations belonging to the same potential, 
since this would be—approximately at any rate—the current 
for that potential at a time half-way between the two experi- 
ments. This time is the same for every two observations, 
and is identical with that at which the reading for 400 volts 
was taken. This reasoning assumes that every observation 
takes the same length of time, a condition which was 
approximately fulfilled. 

It will be seen that the current-E.M.F. curve is almost a 
straight line passing through the origin, so that the current 
is nearly proportional to the electromotive force. A repetition 
of the observations gave the same approximately linear 
relation, and showed that the fact that the mean point for 
40 volts fell off the curve was due to accident, for it did not 
occur again. 

Some experiments on the relation between the current and 
the E.M.F. were also made in hydrogen at a pressure of 
'6 mm. In this case the apparatus was slightly different, the 
spiral being parallel to, and about 1:5 cm. distant from, a flat 
cireular electrode to which the leak was measured. The 


* Throughout this paper 1 scale-division is equal to *02 electrostatic 
units of quantity. 
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temperature was 692? C. The relation between the current 
in scale-divisions per balf minute and the potential-difference 
in volts is given in the following table :— 


Voltage. Current. 
40 550 
80 1300 

120 2600 
160 9650 
200 5150 


It will be seen that the relation between current and P.D. 
here is not linear, but that the current increases more rapidly 
than the voltage with high voltages. 

Further experiments were next made with the object of 
testing the explanation of the discrepancy between the 
ascending and descending curves shown in fig. 1. With this 
aim the way in which the current under a constant voltage 
varied with time was observed. The temperature was 
maintained at 467? C.; the pressure being :00625 mm. 
Throughout the observations a potential of +40 volts relative 
to the cylindrical electrode was maintained on the wire. As 
in the previous experiments, there was no leak when the wire 
was put to earth or when it was charged negatively. 

Corresponding values of the current in scale-divisions per 
minute, and of the time in minutes from the commencement of 
the experiments, have been plotted on squared paper (Pl. IX. 
fip. 2). It will be seen that the observational points fall 
very approximately on the curved line shown. The form of 
the curve shows that the rate of decay of the current is great 
at first, but after about an hour almost vanishes. The leak 
then becomes constant, and approximately equal to 13 scale- 
divisions per minute. For brevity we shall call the final 
value of the current the “steady leak”; the difference 
between the value of the current at any time and the steady 
leak may be called the “induced” leak. The propriety of 
using the term induced in this connexion will be demonstrated 
later. 

We can explain these results if we suppose the induced 
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leak to be due to some substance which gradually decomposes 
under the influence of heat into at least one positive ion and 
possibly other products. The reaction is supposed to be 
monomolecular, and may be represented by the equation 


X-nl-Y, 


where X represents the unknown substance, n is the number 
of positive ions formed from each molecule of X, and Y 
represents the other products if they exist. 

The laws of chemical dynamics then give at once 


dX 
u i 
where fk is the velocity of the reaction ; so that 
X = A,e7*, 
But if the induced leak be denoted by y, 
y-at. =— B =kX=kA,e-#=Ae-*, 
so that log y=B— kt. 


(A,, A, and B are different constants.) Evidently on this 
view, if we plot the logarithm of the difference between the 
actual current and the steady leak with the time, a straight 
line ought to be obtained. 

The observations have been reduced in this way in fig. 3, 
and it will be seen that all the points fall very nearly on the 
straight line drawn. The irregularities are due to the fact 
that the wire could not be treated in exactly the same way 
between each two observations, and it is probable that the 
rate of decay depends not only on the time which has elapsed, 
but also on some other circumstances, 

A series of experiments was now made with a new tube in 
which all the metal parts were of platinum, so that the whole 
could be carefully cleaned out by boiling in nitric acid and 
washing with distilled water. After this treatment, it was 
found that the wire gave quite as considerable a leak as one 
which had not been cleaned, so that the positive ionization 
is not due to superficial impurities soluble in nitric acid. 

With this wire an attempt was made to see if the rate of 
decay of the variable leak depended on the temperature to 
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which the wire was heated. The method used was to maintain 
the wire at a constant temperature, and take readings of the 
current every eight minutes. The wire was then heated toa 
somewhat higher temperature and the process repeated. 
The following table gives the results in the order in which 
tbe experiments were made. Owing to the magnitude of the 


Current. 


Temperature 8. | at 0 


Minutes 
5159 C 0 15,000 
8 12,000 
16 7,000 
24 4.000 
577° € 0 31,000 
8 36,500 
16 31,000 
24 15,500 
632° C 0 280,000 
8 58,000 
16 28,000 
697° C 0 ~ 94 | 250,000 
8 64,500 
7519 0 0 890,000 
8 
0 
8 
6 


leaks capacities up to 1 microfarad had to be connected to 
the quadrants of the electrometer to which the leak was 
measured. The lengths of time during which the wire had 
been maintained at the temperature stated are given as well 
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as the actual time at which the observations were taken ; the 
currents are in scale-divisions per half minute. During the 
time which elapsed between any set of readings at a given 
temperature and the next at a higher temperature, the 
temperature of the wire was intermediate between the two 
considered. 

These results seem to indicate at first sight that at tem- 
peratures greater than 600? C. the rate of decay of the 
variable leak is almost constant and considerably greater 
than at temperatures lower than this. The conditions at 
each temperature are not exactly comparable, so that this 
result cannot be regarded as satisfactorily established. The 
author hopes to make further experiments on this point in 
the near future. 

The results do, however, clearly show not only that the 
leak at a given temperature is much smaller if the wire has 
previously been heated to a higher temperature, but also 
that the rate of decay is much less than before. For instance, 
on first heating the wire to 751? C. it gave a leak of 360,000 
divs. per half minute, which fell to 63,500 in 8 minutes; 
whereas after heating for about 20 minutes to 809? C. the 
leak at 751? C. had become 5000 divs. per half minute, and 
suffered no appreciable diminution on heating for 8 minutes 
longer at the same temperature. 

It is evident from these experiments that to get rid of the 
part of the leak which dies away rapidly, it is only necessary 
to heat the wire for some time at a temperature somewhat 
higher than that at which it is to be used subsequently. It 
was found, however, that the steady leak thus obtained also 
generally died away in time, only much more slowly; so 
that the distinction, at low temperatures and pressures at 
any rate, is one of degree rather than kind. The complexity 
of the phenomena generally, and especially of the rate of 
decay of the leak, seem to indicate that there are several dis- 
tinct substances present in the metal which are capable of 
giving rise to positive ions. 

The fact that the positive ionization from hot wires be- 
haves as if it were due to some substance evaporating from 
the wire led the author to examine whether a negative 
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electrode which had been kept near a hot wire charged 
positively became radioactive. The hot wire was maintained 
at a temperature of about 737 degrees centigrade for one 
hour, and was charged to 4-200 volts, the cylindrical elec- 
trode being earthed. The pressure of the gas remained 
constant and —:05 mm. During the whole of this time 
there was a steady current from the positive wire to the 
cylinder; so that it was thought that if the substance which 
disappeared from the hot wire were of the nature of an emana- 
tion it would be collected on the negatively-charged cylinder. 

At the end of an hour the heating of the wire was dis- 
continued and air was let into the apparatus. Experiments 
were then made to see if there was any leak from the 
cylinder to the cold wire. The results were purely negative ; 
the current was at any rate less than 1/500 of an electro- 
static unit. The experiments therefore lead to the conclusion 
that a negative electrode does not become radioactive by 
receiving the positive discharge from hot platinum. 

Further experiments showed that at low enough pressures, 
even at a red heat, the positive leak could be completely 
stopped by heating the wire continuously. It is therefore 
quite evident that the positive leak at low pressures cannot 
be regarded as a definite function of the temperature of the 
wire. At pressures of 1 mm. or higher, however, results 
were obtained which indicated that there was a leak due to 
the surrounding gas which increased with the temperature 
and pressure and did not fall away with time. 

The fact that the positive leak decreased with time and 
vanished at low enough pressures led to the view that it was 
due to some foreign matter present in the wire, and ihat this 
gave rise to positive ions which were carried away by the 
current. On this view the positive ions would probably 
be carried to the negative electrode and condense there. If 
this were so the negative electrode would acquire the power, 
which the hot wire lost, of discharging positive electricity 
when heated. A new apparatus was therefore constructed 
in order to test this point. 
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Experiments with Two Hot Wires. 


The new arrangement (Pl. IX. fig. 4) consisted of two spiral 
electrodes (AB, CD) of fine platinum wire placed parallel 
to one another and about a centimetre apart. They were 
supported on copper rods (AA, &c.) which were carefully 
insulated with sealing-wax. By maintaining -a suitable 
difference of potential across A, B, and C, D, the spirals 
could be kept at any desired temperature. A, was also con- 
nected to a battery so that its potential could be raised to 
+400 volts, whilst C, D, was connected to one quadrant of 
the electrometer, the other being earthed. The various 
sealing-wax joints are indicated by shading in the diagram. 
All the connexions of the electrometer were carefully pro- 
tected from electrostatic induction by earthed conductors. 

The method of experimenting consisted in heating spiral 1 
until it gave no sensible leak with +200 volts at a given 
temperature 0. The heating current in spiral 1 was then 
stopped whilst spiral 2 was maintained at a high temperature 
for a definite interval of time. During this time spiral 2 
was, of course, earthed whilst spiral 1 was kept at —200 
volts. The current in the second spiral was then stopped, 
and after a short interval the temperature of the first spiral 
was raised to Ô again, and the leak with +200 volts on the 
first spiral again measured. It may be permissible to state 
in anticipation that in general this procedure was found to 
restore to the first spiral the power it originally possessed of 
discharging positive electrification when raised to the tem- 
perature 6. 

The first experiments were made at pressures of about 
‘001 mm. At pressures so low as this the temperature of 
a wire heated by a current depends only on the strength of 
the current, and is independent of the pressure of the gas. 
In order therefore to make sure of having the wire at a 
constant temperature it was only necessary to observe the 
current through it and not to measure its resistance. 

In a series of observations made on July 29th the heating 
current was kept constant and —:241 ampere. The follow- 
ing values for the current were obtainedat the times indicated. 
The current is in scale-divisions of the electrometer per 
minute. The pressures are also given (in mms.). 
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| 


Current. | Time. Pressure. 
| hours. |! minutes. 
46 | 12 34 0008 
43 12 40 0008 
30 12 47 ‘0012 
22 12 59 “0009 
21 l 7 “0008 
17 1 15 0009 
16 1 23 0005 
15 1 3l 0008 
13 l 40 '0007 


The apparatus was now left till next day to see if the 
leaking power of the wire would be revived. The following 
observations were taken :— 


Current. 
houra 
12 11 
5 11 
| 0 1l 
1 ll 
4 12 


It is evident from these numbers that the wire is not 
revived to any great extent by being left exposed to air at a 
pressure of ‘001 mm. 

The wire was now allowed to cool and charged to —200 
volis, whilst the second wire, which was earthed, was kept 
at a red heat for 15 minutes. On allowing everything to 
cool and stand for a short time, and again heating the first 
wire with '241 ampere, the following values of the current 
were obtained with +200 volts (the units of current are the 
same as before) :— 


Current (4- leak). Heating current (amps.). 


PRODUCED BY HOT PLATINUM IN AIR. 533 


The activity induced by the second hot wire is in this case 
enormous compared with the greatest current (46) due to the 
activity which the hot wire originally possessed. 

The above readings for the current were taken at intervals 
of about 6 minutes, so that it is evident that the value of the 
induced positive leak falls off very rapidly with. the time 
when the wire is heated. In other words the induced activity 
is almost all driven off in about half-an-hour, and in some 
cases even less. 

This effect is not due to ions which remain suspended 
inside the bulb, or to any effect produced on the walls of 
the tube by heating, for absolutely no leak was obtained 
when the first wire was cold. It is also evident from the 
above experiments, and from others which will be described 
later, that the effect persists for a considerable length of 
time. 

Each time the experiments were repeated the induced 
activity was found to become continuously smaller and higher 
temperatures had to be employed to show the effect. This 
is probably due to the substance which causes the effect 
becoming diffused onto the walls of the tube and the cold 
parts of the electrodes, since it goes hand in hand with a 
falling off in the conductivity produced when the first wire 
alone is heated to still higher temperatures. 

Three experiments were now made to see if the effect could 
be produced by merely charging up the first wire to a 
suitable. potential, the second being cold and put to earth. 
The wire was charged to + 200, 0, and — 200 volts respectively 
and left for 40 minutes each time ; but the conductivity was 
again found to be zero on heating to the original temperature. 
In another case the first wire was maintained at + 200 volts 
while the second was heated for 5 minutes, and it was 
found that the induced activity, though definite, was smaller 
than when the first wire had been charged negatively. 

Measurements were now made to compare the activity 
induced in these two cases, i.e., when the first wire was 
positive and when it was negative with regard to the second, 
which was heated. In order that any two experiments may 
give results which are quantitatively comparable it is 
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necessary that the state of the second (hot) wire should 
remain the same throughout the experiments. To ensure this 
the second wire was only heated for 120 seconds each time. 
An experiment was first made with the first wire at —200 
volts, then with the wire at +200 volts, and so on. The fact 
that the activity induced in the first and third experiments 
(with the first wire negative) was approximately the same 
shows that the state of the second wire had not greatly 
altered. The induced activity here was small in all cases 
owing to the short time during which the second wire was 
heated. 

The following table gives the actual numbers which were 
obtained. The current which was used to heat the first wire 
was ‘286 ampere ; in all cases this current produced no leak 
before the second wire was treated in the manner described 
above. In each case in measuring the leak + 200 volts was 
put on the first wire. The pressure was ‘001 mm. 


Potential of First Wire Activity Induced 
when Second Heated. in First Wire. 
+200 volta. b 
—200 ,, 26 
+200 ,, 11 

—200 ,, 


These results lead to the conclusion that the activity 
induced when the first wire is negative is about three times 
as great as when the first wire is positive. A second series 
of experiments, which are more satisfactory in so far as 
they were taken when the second wire was in a more active 
state, and the effect observed was therefore much greater 
compared with incidental uncertainties, show that the dis- 
parity between the two cases is still greater. In this case 
the pressure was ‘067 mm. One observation was taken with 
the first wire earthed when the second was being heated, in 
addition to the cases in the previous experiments. The 
results are shown in the following table. 

It will be noticed that the two numbers obtained with — 200 
volts only differ by two per cent. No importance is to be 


Qt 
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Potential of First Wire Activity Induced 
while Second Heated. in First Wire. 
— 200 volts. 134 
+200 ,, 27 
—200 ,, 137 
0 , 15 


attached to the difference between the values (27 and 15) 
obtained with +200 and 0 volts respectively. 

The numbers on page 532 show that the activity induced 
by heating the second wire falls off fairly rapidly with time 
when the first wire is heated. There is, however, no evidence 
to show that the induced activity falls off with time if the 
first wire is allowed to remain cold. A definite experiment 
was made to test this point by allowing the first wire to 
remain cold for 75 minutes after the second had been heated. 
On now raising the temperature of the first wire to that at 
which it previously gave no leak with +200 volts, 45 divi- 
sions per minute were obtained. This current was practically 
equal to that which would have been obtained if only two or 
three minutes had been allowed to elapse. 

The next point that was investigated was to see if a wire 
which had lost the power of discharging positive electrifica- 
tion could not be revived by other methods than by charging 
it negatively in the neighbourhood of a second hot wire. Of 
these methods the effect of air will be considered first. 

The Activity induced by Air. 

To test this advantage was taken of a small leak in the 
apparatus which caused the pressure to increase by about 
ys mm. in twelve hours. The first wire was heated on the 
afternoon of August 7th by :280 ampere, and the leak with 
+ 200 volts was found to be 1 division per minute at ‘0023 mm. 
pressure. On the following morning the pressure had risen 
to °16 mm., and the leak under the same conditions as before 
was found to be 45 divisions per minute, The leak induced 
by air in this way was found to fall off very rapidly with the 
time. This is readily seen from fig. 5 (Pl. IX.), where the 
induced activity in scale-divisions per minute has been plotied 
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against the time the wire has been heated (in minutes). It 
will be seen that there is practically nothing left after 
9 minutes' heating. 

Another case where ‘08 mm. of air was let into the appa- 
ratus suddenly gave a higher rate of leak, viz. 382 divs. 
per minute in the units which have so far been employed in 
this paper. The actual readings and the times are given in 
the following table :— 


+ ve Leak x. Time. 
min. 
154 0 15 
78 0 5 
32 1 15 
18 1 45 
17 2 30 


Here again it is evident that the induced activity is not very 
persistent. 

The apparatus was now taken down and the wire allowed 
to remain exposed to air at atmospheric pressure for several 
days. On reducing the pressure to *001 mm. and keeping 
the wire at +200 volts a leak of 160 divs. per minute was 
obtained even when the wire was only heated with °228 amp. 
The heating current was now raised to ‘240 ampere, and the 
following values of the current were obtained at the times 
stated. The pressure was ‘0007 mm. 


+ ve Leak c. Time. 
min. sec. 
255 0 1 
19 4 15 
4 8 10 
2 13 10 
7 20 0 


In this case also there is practically no effect left after 
heating the wire to a given high temperature for some five 
or six minutes. 
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Activity Induced by Hot Wires at Higher Pressures. 


Practically all the preceding experiments with the two- 
wire system were made at pressures of about a thousandth of 
a millimetre. In order to see if the effect was obtained at higher 
pressures a glass tap was added to the apparatus so that any 
desired quantity of gas could be introduced. The induced 
activity was very marked at *'38 mm.; since heating the 
second wire for 2 mms., the first being kept at — 200 volts, 
produced an initial current of 348 scale-divisions per minute. 
This induced activity was found to die away much more 
slowly than that produced by air and measured at a lower 
pressure, as the following numbers indicate :— 


+ ve Leak æ. Time. 

min. sec. 

178 0 
145 8 15 
115 6 30 
91 9 0 
70 12 O 
58 15 0 
34 24 0 
22 32 O 
12:5 45 0 
70 0 

9:5 130 0 


— ——M — — 


The logarithms of the values of the induced leak, obtained 
by subtracting three from the numbers in the above table, 
are plotted against the time in fig. 6. It will be observed that 
all the points fall very nearly in a straight line, showing 
that the transferred activity follows the same law of decay 
as the original activity of the wire. 

The high values of the induced activity given above were 
now obtained every time. A repetition of the experiment, in 
which the second wire was only heated for one minute, gave 
an initial leak of 200 divisions in 15 seconds. 

The pressure was now reduced to :055 mm., and the 
experiments repeated. Heating the second wire for thirty 
seconds was now found to give an induced activity of 332 
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divisions per minute, The way in which the current fell off 
with the time is shown in the following table :— 


+ve Leak « . Time. 


It appears from these numbers that the rate of falling off 
is greater than at higher pressures. The difference may, 
however, be due to a difference in the temperature of the 
wire in the two cases. 


Activity induced by the Luminous Discharge. 


In making experiments to see if the induced activity was 
increased by increasing the potential-difference between the 
two wires, it was found that an extraordinarily big effect was 
obtained with —400 volts on the first wire. "When the 
experiment was repeated it was found that an ordinary 
vacuum-tube discharge had been passing between the two 
electrodes. Further experiments were therefore made with 
both electrodes cold in order to see if the discharge produced 
the effect even when the second spiral was not heated. 

The first wire was heated in the usual way until it gave no 
leak with +200 volts and a heating-current of :35 ampere. 
It was then allowed to cool, and raised to a potential of 
—400 volts, the second wire being earthed. This difference 
of potential was sufficient to produce a discharge which was 
allowed to pass between the two electrodes for 60 secondi. 
After waiting a few minutes the first wire was heated to the 
same temperature as that at which it had been tested before, 
and the leak was measured with + 200 volts on the first 
wire. An induced activity of 500 divisions in 30 seconds 
was observed. 
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It was evident, as in the former case, that this effect was 
not due to ions left in the gas by the discharge, since there 
was no leakage of electricity from the first wire until it was 
heated. 

An experiment was next made to see if the induced activity 
would persist for 40 minutes if the wire was kept cold after 
passing the discharge. As before, the wire was tested and 
found not to leak with °35 ampere of heating-current. It 
was then cooled and the discharge passed for 60 seconds. 
After waiting 40 minutes the wire was heated with ‘35 ampere, 
and charged to +200 volts as before. The induced activity 
was now found to be somewhat over 500 divisions in 
40 seconds, and was therefore, within experimental errors, 
equal to that found when the wire was tested immediately. 
The activity induced by the discharge therefore falls off very 
slowly, if at all, by simply keeping the wire cold. 

In all the preceding experiments, the wire which had been 
made active was the negative electrode. Experiments were 
now made to see if any activity was induced in this wire 
when the discharge was passed in the opposite direction, and 
if so what the relative magnitude of the induced activity 
was in the two cases. 

The results show that the activity induced on the positive 
electrode is only about one-fifth of that induced on the 
negative, but that nevertheless it is quite marked and 
definite. 


Electrode on which 


Activity Induced, Induced Activity. 
+ 176 
-< 1200 
+ 280 


It i3 to be noted that the ratio of the effects in the two 
directions is practically equal to that found for the corre- 
sponding effects produced by the discharge from hot wires 
and given on pp. 532 and 533. It seems probable therefore 
that the two phenomena are intimately connected, 
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The fact that activity could be induced both by the positive 
leak from hot metals and by the ordinary discharge led to 
the view that it was due to positive ions which stuck to the 
electrode and formed a double layer. In this case the same 
effect ought to be produced whenever positive ions discharged 
to the surface of the metal. 

With the view of testing this supposition careful experi- 
ments were made to see if collecting positive X-ray ions on 
a wire increased the leak from it ata given temperature at 
atmospheric pressure ; but no effect was obtained. A similar 
result was got at a low pressure. Jt was thought that these 
negative results might be due to the X-rays themselves 
possibly having the power to destroy the induced activity. 
This was the more probable, since X-rays are well-known to 
have a very intense action on metallic surfaces, resulting in 
the production of secondary rays; but on exposing a wire, 
which had been made strongly active, to the rays, no diminu- 
tion of the induced leak was obtained. 


Conclusion. 


The experiments which have been described show that the 
positive leak from a hot platinum wire at low pressures is 
not a definite function of the temperature, but that it gradually 
decays with time. The complexity of the phenomena seem 
to indicate that in general the ionization is produced by more 
than one substance ; but where one effect is predominant 
the rate of decay of the leak is proportional to its value 
at the time considered. At a constant temperature the 
induced leak thus falls away as a negative exponential func- 
tion of the time. 

Further, a wire which has been heated at a given tempera- 
ture until it has lost the power of discharging positive elec- 
tricity, may have that property restored to it by any of three 
agencies. These are :—(1) Exposure to air ; (2) exposure to 
the positive discharge from a second hot wire; and (2) making 
it an electrode during the passage of a luminous discharge. 

The first and third methods lead to the conclusion that the 
effect is due to gas. This gas must, however, bein a peculiar 


PRODUCED BY HOT PLATINUM IN AIR. 541 


state since the experiments show that none of it comes off 
the wire negatively charged. In the case of the second 
and third methods the induced activity is much greater 
when the wire is made the negative electrode. This might 
indicate that it is due to the positive ions ; but this supposi- 
tion is rendered untenable by the fact that Réntgen-ray ions 
produce no effect. The fact that the discharge induces more 
activity on the negative than on the positive electrode leads 
to the conclusion that there are more gas molecules in 
the state necessary to produce the effect in the neighbour- 
hood of the negative than in that of the positive electrode. 

These effects have been shown to happen between ‘001 
and ‘3 mm. pressure, but there is no reason to believe 
that similar phenomena would not occur at higher pressures. 

When a “revived ” wire is heated at a constant tempera- 
ture the induced activity is gradually dissipated. In every 
case the activity fell off in such a manner as it would if the 
rate of decrease were proportional to the activity momen- 
tarily present. In fact the phenomenon is exactly analogous 
to a monomolecular chemical reaction. The quantity which 
corresponds to the velocity of the reaction is probably a 
function of the pressure of the gas and of the temperature 
of the wire. 

In air at atmospheric pressure the falling off of the con- 
ductivity with time is much slower than at low pressures. 
Thus Mr. H. A. Wilson* found the following numbers for 
the current in amperes between two coaxial platinum cylinders 
at the temperatures stated. The potential-difference was 800 
volts and the outer tube was negative. 


Temperature 800°, 9009. 10009. 11009, 


July 6......... 8 x10-9| 40 x10—6 |120 x10-6]| 400x10—96 
errr er ZX a ll x ,, 50 X , 140x , 
*e*0s00v96 "x 3] 25x HJ 8x 39 


* Phil. Trans, vol. cxcvii. p. 415. 
VOL. XVIII. 2R 
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The greater persistence of the positive leak at high pres- 
sures is probably to be attributed either to the greater 
difficulty experienced by the induced activity in diffusing 
away, or by the fact that a new active layer is continually 
being reformed on the wire. Which of these two views is 
correct is a matter for future experiment to decide. In the 
present experiments the induced activity appeared to be more 
persistent at *3 mm. than at -06 mm. 

The activity induced by the luminous discharge, and 
several other points which are not definitely settled in this 
communication, are being further investigated at present. 


The experiments were carried out in the Cavendish 
Laboratory, and the author's best thanks are due to Professor 
J. J. Thomson for his kindly interest and advice during the 
course of the work. 


. Phys. Soc. Vol. XVIII., Pl. VIII. 
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LV. The Vapour-Densities of some Carbon Compounds; an 
Attempt to Determine their correct Molecular Weights. By 
Sir Winttiam Ramsay, K.C.B., F.R.S., and Bertram D. 


STEELE, D.Sc.* 
[Plate X.] 


THE accurate determination of the densities of gases has 
been for long an object to which chemists have paid 
attention. On the other hand, the density of vapours has 
only been roughly estimated, as a means of arriving at a 
conclusion regarding moleculur weights; whilst accurate 
molecular weights have been deduced from the results of 
analysis, and from previous determinations of atomic weights. 

Every method which brings additional evidence to bear on 
so important a class of constants as atomic weights must be 
welcome ; and it was with great interest that the memoirs of 
M. Daniel Berthelot were perused, “Sur la détermination 
rigoureuse des poids moléculaires des gaz en partant de leurs 
densités et de lécart que celles-ci présentent par rapport à 
la loi de Mariotte (Comptes rendus, 1898, xii. pp. 954, 1030, 
1415, & 1501). In these papers M. Berthelot has brought 
Regnault's determinations of the compressibility of hydrogen, 
nitrogen, oxygen, and carbon monoxide between one and six 
atmospheres to bear on determinations of their density by 
M. Leduc, in such a manner that their relative weights can 
be compared when, if Avogadro's hypothesis be granted, 
equal volumes contain equal numbers of molecules. In the 
case of the elementary gases, oxygen, hydrogen, and nitrogen, 
inasmuch as the molecules are diatomic, the determination of 
the molecular weight is at the same time a determination of the 
atomic weight; and with carbon monoxide the atomic weight 
of carbon is arrived at by simple subtraction. To quote 
Berthelot's words: * Le volume moléculaire d'un gaz à 0? et 
sous la pression atmosphérique étant égal à 1 pour un gaz 
qui suivrait exactement la loi de Marriotte, ce volume a la 
valeur 1—a pour un gaz qui ne la suit pas." The definition 


of a is that given by Regnault, viz. e — 1 =a( p—po), and 


* Read December 12, 1902. 
VOL. XVIII. 98s 
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represents the deviation of the compressibility of the gas 
from Boyle’s law for increase of pressure of one atmosphere. 
The error in the atomic weights of oxygen, hydrogen, nitro- 
gen, and carbon thus determined is estimated not to exceed 
1 part in 5000. M. Berthelot also discusses deviations from 
Boyle’s law exhibited by easily liquefiable gases, namely, 
carbon dioxide, nitrous oxide, hydrogen chloride, acetylene, 
phosphoretted hydrogen, and sulphur dioxide, making use 
for this purpose of van der Waals’ modification of the simple 
gas laws. From the previously determined densities of these 
gases he calculates their molecular weights, using as a basis 
the molecular weight of oxygen taken as 32; whence by 
subtraction the atomic weights of hydrogen, carbon, nitrogen, 
sulphur, and chlorine are deduced. 

Another method of applying M. Berthelot’s procedure is 
this :—Determine the density of the gas; determine also its 
compressibility at low pressures, preferably below one atmo- 
sphere ; assuming the compressibility to be a linear function 
of pressure, calculate the value of the product pv at zero 
pressure; the ratio of the pv's will be the ratio of the den- 
sities when equal volumes contain equal numbers of mole- 
cules. The molecular weights, and consequently the atomic 
weights, follow as a matter of course. The method can also 
be applied graphically, by plotting as ordinates the pressure, 
and as abscisss the values of pv/T; where the curve cuts the 
line of zero pressure the theoretical value of pv/T has been 
reached. 

There appeared every prospect that the determination of 
the density of vapours should, if carried out with pure sub- 
stances, lead to results as interesting and important as those 
deduced by Daniel Berthelot. And if the estimations were 
made with pure substances the atomic weights of the elements 
contained in the compounds might be determined with ex- 
treme accuracy. Moreover, the method of deducing atomic 
weights from density may be regarded as a ** statical" method, 
in contrast with the usual analytical methods, which, on 
account of the transformations which the elements are made 
to undergo during the determination, may well be termed 
* dynamical." 

After some preliminary attempts to apply a modification of 
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Dumas’ method it was discarded in favour of a modification 
of Gay-Lussac’s ; this method has the advantage that while 
densities are being determined compressibilities may be 
simultaneously estimated with the same sample of material, 
at least within certain limits, But for low pressures separate 
estimations of compressibility were made with a special 
apparatus designed by one of us for the purpose (Trans. 
Chem. Soc. 1902, vol. Ixxxi. p. 1176). We had intended to 
investigate the molecular weights of a number of substances 
containing various elements; but the results which some 
compounds of carbon and hydrogen, and of carbon, hydrogen, 
and oxygen have led to are so remarkable that it appears 
desirable not to delay publication. We may here anticipate 
our conclusions, in order that the importance of each point 
may not be overlooked. Our evidence goes to show that the 
densities of certain compounds calculated for zero pressure 
are not proportional to their molecular weights deduced from 
the atomic weights of the elements which they contain. 
This conclusion involves one, or it may be several, of the 
following assumptions :— 

1. The substances employed may not have been pure; 

2. The methods of experiment may not be capable of giving 
sufficiently accurate results; | 

3. Avogadro's hypothesis may not hold for vapours for one 
of the reasons below. 

(a) The vapours may adhere to the glass and increase 
their apparent density ; 

(b) The vapours may contain some complex molecular 
groups, or, in other words, they may display partial 
molecular association at the temperature of experi- 
ment, even under very low pressure ; 

(c) The atomic weights of the elements may alter their 
values according to the ratios between the number 
of atoms in the compounds. 

The first two suppositions, until disproved, are of course 
by far the most likely, and we shall therefore commence 
with a description of the sources and preparation of the com- 
pounds under experiment, in order that our readers may be 
in a position to judge of their probable purity. 

232 
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Preparation of the Compounds. 


These were: hexane, two octanes, benzene, toluene, ether, 
and methyl alcohol. The first three we owe to the kindness 
of Prof. Sydney Young. Beyond drying them with phos- 
phoric anhydride and distilling them into our weighing-bulbs 
they underwent no process of purification. 

1. Normal hexane (Young, Trans. Chem. Soc. vol. lxxiii. 
pp. 910-913).—This specimen was fractionated from petro- 
leum ether. The fractionation was carried out with a 
combined regulated temperature still-head and six-column 
dephlegmator. The separate fractions were heated with 
fuming nitric acid for several days, and after treating with 
potash, and drying, they were distilled. The comparison of 
the constants is as follows :— 


Normal hexane from 
Petroleum. Propyl iodide. 


Boiling-point. .......... ees. 68:05? 68:96? 
D t 0°/4° (four frac 0.67699 
ensity a our fractions : : 
aftel wards mixed together). ] 067697 9o99 
0:67702 
Critical temperature. ......... 234-8? 234-8? 
»  presure ............ 22640 mm. 22510 mma. 


The concordance of these results affords a guarantee of the 
almost absolute purity of the specimen. 

(2) Normal octane (Young, ibid. xvi. p. 166).—This 
sample was made from octyl iodide by Kahlbaum. Its 
boiling-point at normal pressure after purification by Young 
was 125°8°. It was collected in three fractions, which showed 
the densities A, 0:71850 ; B, 071847 ; C, 71848. These 
fractions were mixed. The boiling-points, determined at 
different times, were 125:8?, 125:85?, and 125°75°. 

(8) Di-isobutyl (Young, ibid. xvi. p. 165).—Made by 
Young and Miss Fortey by treating isobutyl bromide with 
sodium in ethereal solution. ‘No great difficulty was ex- 
perienced in the preparation of di-isobutyl, and the yield was 
fair. As the boiling-point of the paraffin (109:2?) is con- 
siderably higher than that of isobutyl bromide (92:39), it 
could be separated fairly completely from the unaltered 
bromide by fractional distillation. The final purification 
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was effected by treatment with a mixture of nitric and sul- 
phuric acids, and subsequent fractional distillation through a 
twelve-column Young and Thomas dephlegmator. Owing 
to the partial conversion of the isobutyl bromide into the 
tertiary bromide a small quantity of hexamethyl-ethane is 
formed ; but this is completely removed during the fractional 
distillation." The boiling-points of three fractions were 
109:2?, 109°2°, and 109°25° ; the density at 0° was 0-71021 : 
Schiff found 0:7108. 

The remaining substances were prepared by ourselves. 

(4) Benzene.—A sample of Kahlbaum's purest thiophene- 
free benzene was twice subjected to fractionation ; the boiling- 
point was absolutely constant. 

(5) Toluene.—Sample A was prepared from paratoluidine 
by diazotization. Its boiling-point was constant. Sample B 
was synthesized from bromobenzene and methyl iodide ; the 
eonstant boiling fraction was crystallized. As the process of 
crystallization at very low temperatures has, so far as we are 
aware, not been described, a short account of it may prove 
interesting. 

Some ordinary crude toluene was cooled by pouring liquid 
air into it until it was partially solid. The purified toluene 
was introduced into a tube into which was sealed an inverted 
filter, plugged with cotton-wool. On dipping this tube into 
the cooled toluene the pure toluene slowly froze, forming 
large crystals ; when about one-third had frozen the un- 
frozen portion, containing any possible impurities, was filtered 
off. The crystals when melted formed the sample. termed B. 

(6) Ether.—Prepared from absolute alcohol in the usual 
way. It was then fractionated from phosphorus pentoxide 
until the boiling-point was constant. The samples of ether 
were treated in three different ways : sample A was distilled 
from phosphoric anhydride into the bottle in which it was 
preserved; sample B was a portion of À which had been 
allowed to stand for three days over phosphoric anhydride, 
and then shaken with mercury to remove possible ethyl 
peroxide : it was then distilled into the weighing-bulb 
from pentoxide by a method to be described. As samples A 
and B both gave the same puzzling density, and as it was 
possible that the methods of purification left something to be 
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desired, sample C was a portion of B which was frozen in a 
manner similar to that described for toluene. It was cooled 
in a tube immersed in frozen crude ether until the ether in 
it had crystallized. The large clear crystals, some of which 
were two inches long, were separated from twice their volume 
of mother-liquor by upward filtration. The crystals when 
melted formed sample C. 

(7) Methyl alcohol.—Methyl oxalate was prepared from 
** pure " methyl alcohol. The crystallized oxalate was washed 
with water until the washings gave no iodoform reaction. 
The ester was decomposed with potash, and the alcohol dried 
with lime of very high quality, which reacted violently and 
at once with water. The sample was re-distilled with lime 
until the boiling-point became constant. 

It is constancy of boiling-point, and not temperature, which 
we regard as a criterion of purity. To register a really ac- 
curate temperature is a difficult undertaking, and one which 
was unnecessary for our purpose. 


Temperatures of Experiment. 


These were approximately 100°, 115°, and 130°. They 
were obtained by surrounding the tubes to be heated with 
the vapour of pure chlorobenzene, which had been very 
carefully fractionated so as to ensure a constant boiling-point, 
boiling under correspondingly reduced pressures. The ar- 
rangement did not materially differ from that described in 
the Trans. Chem. Soc. 1885; all the joints were sealed so 
that no leakage occurred, and temperature could be recovered 
from day to day within 1/100 of a degree. 

As the standard of comparison for the densities of the sub- 
stances mentioned above was oxygen, its density at these 
temperatures was required. Instead of a direct determination 
of the densities of oxygen at these temperatures, however, 
the coefficient of expansion of the gas between 0° and 130° 
was directly measured with an unknown weight ; it was found 
to be 1/272:52—0:0036694. The mean of the determinations 
of the weight of one litre of oxygen at 0? by Regnault, Jolly, 
Leduc, and Rayleigh was accepted as the basis of calculation, 
namely, 1:42961. 
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As the coefficient of expansion of oxygen was determined 
by a method practically identical with that employed for the 
measurements of densities, it will be more convenient to defer 
the description of these experiments until an account of the 
apparatus has been given. 


Description of Density-apparatus. 

The apparatus consists essentially of the volume-tube and 
pressure-gauge A and B (fig. 1) which are connected by a 
short piece of thick-walled india-rubber tubing. The volume- 
tube A consists of a glass tube of about 20 mms. diameter 


Fig. 1. 


and about 780 mms. in length, constricted at its lower end, 
near which is attached the side-tube a. The top is blown 
into a cap b of the form shown in the figure; this serves the 
double purpose of trapping the weighing-bulb after its inser- 
tion, and also of retaining a small globule of mercury. The 
bulb is thus prevented from floating on the surface of the 
mercury in A, and from breaking off the glass points 1, 2, 
9, &. The globule of mercury gives off vapour when the 
tube is heated, and the space rapidly becomes saturated with 
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mercury-vapour ; experiments have shown that if this pre- 
caution be omitted the pressure of mercury-vapour takes 
many hours to rise to its maximum, on account of its great 
density, and consequent slow rate of diffusion. 

The whole tube is inclosed in a jacket D, which contains 
during the experiment the vapour of chlorobenzene; and D 
is attached to the apparatus for regulating the pressure under 
which the chlorobenzene boils. The whole system of tubes 
rests on its cork g in mercury, contained in a vessel E, 
through which water is made to circulate. The temperature 
of the volume-tube A, from its top to where it enters the 
mercury c, required to protect the rubber cork d from being 
attacked by the hot chlorobenzene, is that of the chloro- 
benzene vapour, that of the portion standing in water is also 
known, and that of the intermediate portion is determined by 
means of a thermometer with a long bulb e, of the same 

length as the portion of tube of unknown 

Fig: 5. temperature; the temperature is thus 

| integrated between the point c and the 

surface of the water. The temperature 
is read on the stem f. 

The volumes of the vapour are de- 
termined by adjusting the surface of 
the mercury to a set of points 1 to 8, 
of blue enamelled glass, which should 
be ground on a whetstone with oil 
in the manner recommended by Lord 
Rayleigh. To determine once for all 
the volumes indicated by the different 
points stopcocks were sealed to the end 
of the tube at g and to the end of a, 
as shown in fig. 2. The tube was com- 
pletely exhansted with a Tópler pump, 
and filled with warm mercury; by 
attaching a Fleuss pump to the exit of 
the weighing-flask F the mercury flowed 
tU PO Y out through the capillary end of the 

cau" stopcock À into F. The mercury was 
" drawn below the level of the point 1 in 

question ; the Fleuss pump was disconnected from F, and 
by turning the stopcock rapidly the mercury rose until it 
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nearly touched the point. Adjustment was made by help of 
a single lens. During calibration the whole tube was sur- 
rounded with water of known temperature. The average error 
was about 1/30,000 of the total volume. 

After calibration the next step was to determine the 
vertical distance between points 1 to 8 and a point 0 (fig. 1) 
attached to the outside of the tube below the jacket. The 
volume-tube was set up opposite the scale B, and made 
vertical with a plumb-line, and the distances read with a 
telescope to within 0:02 mm. In order to correct these 
differences the linear expansion of the glass was required ; 
as a sufficient approximation the cubical expansion of this 
sample of glass (0°000029) was determined, and one-third 
taken as the linear expansion. The cubical expansion was, 
of course, also required to correct the read volumes. 

The manometer consisted of a glass U-tube B, 100 cms. 
long and 13 mms. in diameter. It was filled with mercury 
and boiled out in vacuo. This gives no trouble provided the 
tube is carefully freed from dust by washing out with bichrome 
and sulphuric acid, and subsequently with distilled water, 
before drying it. The side-tube k is provided at the highest 
point with a stopcock through which any bubbles of air 
ean be displaced. The short limb of the U-tube is connected 
by means of the side-tube l and thick-walled rubber tubing 
with the mercury reservoir C. Final adjustment of the 
mercury surface to the points in the volume-tube À is made by 
means of a squeezer, consisting of two pieces of wood and a 
screw. The manometer was water-jacketed, a delicate ther- 
mometer being inclosed in the jacket. The scale was obtained 
from Zeiss. It was tested by means of a travelling microscope, 
reading to 0:001 mm., and was found to be consistent to 
0:03; a table of corrections was made by which readings 
were corrected to within 0°01 mm. 

In order to prevent the expansion of the scale the hot 
volume-tube stood at some distance, and the level was 
* carried " from the external point on the volume-tube to the 
scale by means of two mercury cups and a connecting tube. 
The cups were placed fairly level by eye, and mercury was 
poured in until the meniscus stood just a trace below the 
level of the point. By means of a squeezer, compressing the 
indiarubber tube which connected the two mercury cups, 
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the level of the mercury was so adjusted as accurately to 
touch the point. The level of the mercury on the scale was 
the same, and readings could be made of the distance between 
the external point, and consequently of all the internal points, 
and the height of the mercury in the manometer. 

The reading of the levels of mercury in the cup and in the 
manometer was made with a telescope standing at a distance 
of 10 feet. By a simple device due, we believe, to Prof. 
Poynting, readings to an accuracy of 0:01 mm. were easily 
made. It consists of a piece of truly plane parallel glass in 
front of the telescope which can be rotated through an angle 
by means of an attached pointer. The rotation of this plane 
glass displaces the object viewed; it is easy to count the 
divisions on an arc, ruled in sine divisions, which correspond 
io 1 mm. of the scale, and in this way hundredths of a milli- 
metre may be directly and simply estimated. The device 
offers a simple and inexpensive substitute for a cathetometer, 
and is not behind one of the best in accuracy. 

In order to prevent absorption of moisture during the 
filling of the bulbs this operation was carried out in vacuo by 
means of the apparatus shown in fig. 3. The small bulb z is 
about 2 cms. in diameter, there are sealed to it a number of 


Fig. 3. 


small weighing-bulbs y; x is attached by the tube to a some- 
what larger bulb z. 
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After this apparatus is made a small quantity of phosphoric 
anhydride is introduced into z, and the whole is exhausted 
and sealed at v. It is then allowed to stand for a length of 
time so that all moisture introduced in making and sealing 
the apparatus may be absorbed; the point v is then broken 
and the liquid with which the bulbs are to be filled is intro- 
duced; the apparatus is again exhausted and again sealed at 
v. Finally, after the liquid has stood in contact with the 
anhydride for a number of .hours, a portion of it is distilled 
over into æ, and so into the bulbs y; these are sealed off in 
such a manner by a fine blow-pipe flame that a long capillary 
stem remains attached to y, containing no liquid or foreign 
gas, but only the vapour of the contained liquid. The size 
which y should possess for a given substance is calculated 
approximately from the molecular weight and density of the 
liquid in question ; after sealing off the point of the stem is 
melted so as to form a knob about 1 or 2 mms. in diameter, 
and a nick is made with a glass-cutter in the capillary about 
1 cm. from the end. (The filled bulb is shown in fig. 3, v.) 
In the case of methyl alcohol lime was substituted for phos- 
phoric anhydride. 


The Limits of Accuracy. 


The accuracy of the final result depends on the measure- 
ments of four quantities, namely, the pressure, the volume, 
the temperature, and the weight of substance introduced 
into the volume-tube. The smallest pressure that has been 
measured with this apparatus is 220 mms. The divisions of 
the scale employed, when corrected by the calibration table 
previously referred to, are consistent to 0°01 mm. The 
pressures given in the tables on subsequent pages are the 
differences between two readings on the scale, each of which 
is the mean of three independent readings for which the 
surface of the mercury is re-set to the point under observa- 
tion. In no case did the eight settings differ by more than 
0:05 mm., whilst in the great majority of cases they lie 
within 0°03 mm. ; so that the extreme error due to reading 
of pressure may be taken as about 0:05 mm., or about 1 in 
4000. As will be seen from the curves and tables given 


554 SIR W. RAMSAY AND DR. B. D. STEELE ON THE 


later it is only occasionally that a point is found to diverge 
so widely from the curve. 

The error arising from the determination of the volumes 
in the tube A is negligible; this is seen from the following 
result of a calibration carried out in duplicate :— 


February 16th. March 5th. 

I.. . . 228947 . . . 228962 

II.. . . 20r866 . . . 201°856 
II. . . . 179478 . . . 179:463 
IV... . 156399 . . . 156379 
V. . . . 114784 . . . 1147742 
VI. . . . 95171 . . . 95167 


The temperature of the vapour-jacket can easily be main- 
tained constant to within 0°02° by occasionally adjusting the 
pressure under which the liquid boils; this has been re- 
peatedly tested and proved during the course of the research. 
The temperature at which the majority of the experiments 
were carried out was 130°; the absolute temperature was 
therefore about 403°, and a variation of 0:02? would therefore 
amount to only 1 part in 20,000. 

The weighings were made with a long-beam Oertling's 
balance which, on reading by oscillations, recovered weighings 
correct to within 0-00002 gram; duplicate weighings of one 
of the toluene and of one of the methyl-alcohol bulbs will 
serve to illustrate the accuracy that could be attained by 
careful weighing :— 


Toluene. Methyl-alcohol. 
I.. . . 077528 gram 0°39244 gram 
IL. . . 077527 , 0:39242  ,, 


As, however, each experiment involved two weighings, one 
of the full and one of the empty bulb, the total error was 
probably about one twenty-fifth of a milligram, or 0:00004. 
Since the average weight of substance taken was about 
0:15 gram the error should be about 1 in 4000; and this is 
about the degree of concordance which has been found in 
cases in which more than one experiment with the same 
substance has been carried out. 
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The Coefictent of Expansion of Oxygen. 


As already explained it was necessary to determine this 
coefficient in order that the densities of the vapours might 
be compared directly with that of oxygen. What was done 
practically was to express the temperature of the experiment 
in terms of an oxygen thermometer. 

The actual densities of the various vapours were determined 
at three temperatures, namely, the temperatures of chloro- 
benzene boiling under a pressure of 292-75 mms., 468°5 mms., 
and 719:0 mms. of mercury. In order to ascertain these 
temperatures the pressure exerted by a constant volume of 
oxygen was measured, first at the temperature of melting 
ice; second at 99°82°, the temperature of water boiling under 

a pressure of 755°1 mms.; third, 

Fig. 4. at the temperature of chloro- 

benzene boiling under a pressure 

of 292-75 mms. ; and lastly with 

chlorobenzene under a pressure 
of 719:0 mms. 

For this purpose the portion 
of the apparatus À and D (fig. 1) 
was replaced by that shown in 
fig. 4, where a’ is a smaller tube, 
the volume of which was about 
92 c.cs. ; this tube was dried very 
carefully, filled with warm dry 
mercury, and the mercury was 
displaced with perfectly dry 
oxygen which bad been prepared 
by the decomposition of potas- 
sium permanganate. The tube a’ 
was then connected with the 
manometer, after the thermo- 
meter ¢ had been inserted. It 
was next jacketed successively 
with chlorobenzene, with water, 
and with ice. 

For each measurement a number of readings were made, 
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which are given later on. It is necessary first to explain 
the various corrections that have to be applied to the actual 
readings. 

These will best be understood by aid of the Greek letters 
on fig. 1. 

Section a, the manometer column, is surrounded with 
running water, the temperature of which is observed ; a 
correction must here be applied to reduce the height of the 
mercury column to its height at 0°. This correction is 
given in the table under a. 

Section 8, forming the connecting tube between manometer 
and volume-tube, is not jacketed; but its vertical height is 
small, and an error of even a few degrees in its temperature 
is unimportant; the correction is given under heading b in 
the table. 

The temperature of y, the lower portion of the volume- 
tube, is ascertained by means of the long-bulbed thermometer 
. previously described, and its correction is given under heading 
c; the temperature of ô, its upper part, is that of the vapour- 
jacket, and the correction is given under heading d. Cor- 
rections for the portions # and y are not so important since æ 
is small, and since the two limbs of y are of the same length 
and at the same temperature. A constant correction of a 
few hundredths of a millimetre was made for section æ 
when the temperature of a was much lower than that of 
the room. 

Further corrections have to be applied for depression due 
. to capillarity in the manometer-tube, and for vapour-pressure 
in the volume-tube; the former of these is already applied to 
the figure given under the heading “manometer.” Hence, 
if the actual reading of the manometer is m, its true height 
is m—a—b—e, where e is the correction due to vapour- 
pressure of mercury in the volume-tube. From this has to 
be subtracted the height of the mercury in the volume-tube. 
The position of the external point O (fig. 1) is directly 
measured; to its height must be added the vertical distance 
between the points 0 and 1, plus the correction for linear 
expansion of the glass; point (0—1)+/ gives the actual 
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height of the mercury which has to be corrected for tempe- 
rature by subtracting the quantities e and d; hence 


Pressure corrected to 0° 
= (m—a—b—e)— (point 0+ point (0—1)+/—c—d), 
zz (m +0 4- d)— (point 0+ point (0—1)+f+a+b+e). 


The pressures thus found must finally be corrected for the 
change in volume brought about by the cubical expansion of 
the glass; this correction is given under the heading k. For 
these experiments the correction applied to section æ is 
0:06 mm. 

The jacket d' (fig. 4) was so constructed that it was possible 
to insert the delicate thermometer ¢ into the inner tube s ; 
and it was thus possible to obtain the values of its graduations 
in terms of the oxygen scale. 


TABLE I. 
The Coefficient of the Expansion of Oxygen. 
I. Temperature 0? C. 
A... le =542 te ture = 8:9? 
A ngth mms. mperature = E IR no 


» =e 99 » 


O.. , =118 , » = T8? 

D... [] = 16 ” » = 0-0° 
Manometer P 719-33 (2) iic Point 0 (1) 2151 (2) 2150 

+o 17 , O17 HEU UN » 113979 ,, 11879 - 

Td » 000, 000 - 084 , 084 
+006 , O08, 006 M " 049 , 049 
—— ——— +e " 000 , 000 
X = 71956 71957 == E 


Y = 183063 13662 


Hence P=(X—Y)=(1) 58293; 4 582-95. 
ean pressure — 


II. Temperature that of water boiling at 00-82? under a pressure 


of 765:1 mma. 
7 Mies 752 mms. temperature= 8:59 
B... = 172 » » z17 49 to 17779 
C... n 2118 » » = 48-09 to 48: 3° 
D... » - 1 » »» = 82°, 
M 


anometer... (1) 92079 (2) 920°81 (3) 929-84 
+0 i 1:02 » 1:08 a *03 
+d » 02 , 029 , 029 
--0-06 » 0060 , 


958 
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Point 0 (1) 21:22 (2) 21-23 (8) 21-25 
+point(0-1)+/ „ 11384 ,, 11384 , 11884 
+a » lie , 116 , 1:16 
+ò » O54 » 055 » O55 
+e » 096 „ 026  , 026 
Y = 13702 137-08 137-06 


Hence P=(K—Y)=(1) 79414; (2) 794110; (3) 79416 
+k 2:30 2:30 2-30 


True pressure 


» 179644 ,, 79646 ,, 79646 


Mean pressure 790:453 mms. 


III. Temperature that of chlorobenzene boiling at 99:71? under a pressure 


of 20276 mms. 
A... length 752 mms. temperature= 8:6? 
B... id 172 ,, ES = 18°4° to 18:6? 
0O.. , =118 , 2 48:8? to 49° 
D.. i. cem I8 si zz 09:719. 
Manometer... (1) 9290-50 (2) 92960 (3) 929:62 
+o » 104 , 1904 , 191 
+d » 0:29 » 0:29 »" 0:29 
+006 5 0:06 » 006 , 0:06 
X = 930°98 930-99 931 Ol 
Point 0 (1) 2121 (2) 2123 (3) 21:23 
+point(0—1)+f ., 11384 » 119:84 » 113°84 
+a »* 1:16 » 116 » 116 
+6 ‘i 0°57 » 0907 , O57 
+e " 020 , 026 » 026 
Y = 137-04 137-06 137-06 


Hence P=(X—Y)= (1) 793-94; (2) 793-93 ; (8) 793-95 
+k 2:30 2-90 2:30 


”? 99 ” 


, 796-24 ,, 79623 ,, 796-25 
796-24 mms. 


True preesure 


Mean pressure 


IV. Temperature that of chlorobenzene boiling under & pressure 
of 719 mms. = 129-60°. 


A... length=816 mms. temperature= 8:1? 
B.. , =I172 ,, A = 172? to 17:4? 
0.. , =1l18 , á = D8:6? 
D... , 216 , " =129°60° 
Manometer ... (1) 098.66 (2) 993°62 (3) 993:60 (4) 993-64 
+e » 194 ,, l34 ,, 134 ,, 1:34 
Td „n O87 , O87 , O87 n OST 
4- 0:06 rn 000 , $006 , O08 , 006 
X = 99542 995:39 995:37 995-41 


VAPOUR-DENSITIES OF SOME CARBON COMPOUNDS. 559 


Point 0 (1) 2198 (2) 21-26 (3) 21-24 (4) 2124 
Point(OQ—1)+f „ 11386 ,, 11386 ,, 11386 ,, 11386 
+a „ 119 , 119 , 119 , 119 

+b „ O54 „ 054, 053 „ O53 

+e , 101 , 112, 112 „ 112 

Y = 187-97 137-97 137-94 187-94 
P=(X-Y) = (1) 857-45 (2) 85742 (3) 857-48 (4) 857-47 
tk = „ 249 , 249 „ 249 , 2-49 


True pressure „ 85094  „ 85991 ,, 85002 ,, 85996 
Mean pressure = 859°93. 


From the above figures the coefficient of expansion of 
oxygen between 0° and 100° is found to be 


0:0036694, 


whilst the temperature of chlorobenzene boiling 


at 2929-75 mms. is 99:71? ; 
and at 71900 ,, is 12969; 


and from comparison with the thermometer in s,the temperature 
at 468:5 mms. is 114:9?, 


all of them being expressed on the oxygen scale of tempe- 
rature. 


Method of Experiment. 


Before each experiment the volume-tube was carefully 
washed with distilled water and with pure alcohol and dried; 
it was then attached to a Tópler pump by means of an india- 
rubber cork, a tube containing phosphoric anhydride being 
interposed between the tube and the pump. The side tube a 
(fig. 1) was attached by a short piece of thick-walled rubber 
tubing to a capillary tube, dipping into clean dry mercury; 
this. rubber tube was closed by a screw clip. The volume- 
tube was then placed in a long glass jacket having a boiling- 
bulb sealed to one side near the lower end; it contained 
bromobenzene, and the vapour kept the tube at the tempera- 
ture of 160° for a considerable time, during which it was 
from time to time exhausted by the pump. After cooling, 
mercury was allowed to enter through the capillary tube 
attached to a, until the volume-tube was completely filled. 

VOL. XVIII, 2T 
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After this treatment no bubbles of air or gas are developed 
on heating to 130?, the temperature of experiment. The 
tube was then disconnected from the pump; the rubber 
stopper with the attached drying-tube removed, and the 
volume-tube was placed mouth downwards in a trough 
of mercury. | 

The previously weighed bulb containing liquid was then 
broken at the nick under the mercury, and the two portions 
of the tube were immediately inserted into the mouth of the 
volume-tube, into which they rise, and are trapped in the 
cap at the top. 

On account of the bulb not heing completely full of liquid 
nothing escapes; on the contrary, as soon as the tube is 
broken mercury rushes in and fills the capillary portion of 
the stem, which, as previously mentioned, contains only 
vapour at very low pressure. 

The volume-tube is then removed from the trough, the 
mouth being closed by the finger, and placed in a nearly 
vertical position; the thermometer e is next inserted, and the 
side tube attached to the manometer. The jacket is slipped 
over the volume-tube, and after adjusting to verticality with 
a plumb-line the condenser-tube at the top of the volume- 
tube is sealed to the gauge-tube, and the pressure under 
which the chlorobenzene boils is adjusted. 

During the experiment the bulb remains at the top of the 
volume-tube, along with a small globule of mercury; the 
latter gives off vapour quickly, and the heavy mercury-vapour 
falls and mixes with the vapour of the liquid; it is only in 
this manner that it is practicable to saturate the space with 
mercury-vapour without protracted delay. 

After the experiment is finished the rubber tube joining a 
to k is clipped, disconnected, and attached to a flask in which 
a partial vacuum is made with a Fleuss pump; the greater 
part of the mercury is thus withdrawn from the volume-tube. 
The rubber tube is again clipped, disconnected from the flask, 
and attached to a capillary tube of very fine bore; on opening 
the clip air gradually enters the volume-tube without splash- 
ing up mercury. When the volume-tube is full of air the 
cork and thermometer are removed; any adhering globules 
of mercury are brushed away from its interior with a hair 
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pencil, and the two pieces of the bulb and the globule of 
mercury at the top are shaken out on to a clean plate ; these 
are dried and weighed separately, and their volume deducted 
from the volume of the tube. To ensure accuracy the 
density of the sample of glass used to make the bulb was 
determined. 

We have given a detailed account of all these operations 
because unless they are carried out in the manner described 
the experiment fails. It was only after many failures that 
the rigbt method of manipulation was gradually evolved. 


Experimental Results. 


A complete record of one experiment is given, with all the 
necessary corrections, in order that it may be perfectly clear 
how these are applied. It is, however, unnecessary to quote 
more than the final figures for the other experiments, because 
any arithmetical mistakes that might have been made in 
applying the corrections or in making the calculations were 
automatically detected on plotting the curves; many such 
cases have been found, but on interpreting the results graphi- 
cally one point was found to lie off the curve, and on again 
going over the calculations it was always found to be due to 
a simple arithmetical slip. 

In the annexed tables special sections are devoted to 
* Compressibility." It will be noticed that the pressures 
range, in these sections, from 40 mms. to about 200 mms. 
It would be impossible to weigh with sufficient accuracy, 
with the volume space practicable in such experiments, a 
quantity of substance which would yield the small amount 
of vapour necessary; hence the quantity of substance was 
only roughly measured. The curve of compressibility repre- 
senting rise of pv for decrease of pressure, therefore, is not 
continuous with the density curve; but if its position be 
shifted it forms a continuation of that curve. The shift in 
position is easily effected since the two curves generally 
overlap. The factor by which the compressibility numbers 
must be multiplied in order to make the two curves continuous 
is given in each case, 
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TABLE II. 


Methyl Alcohol. I. 


Weight of substance--0:08819 gram =m. 

Volume corrections :—a —0:176. 8-0:099. (a+8)=0275. 
Temperature= 129°60° ; that of chlorobenzene boiling under 719:2 mms. 
Length in mms. of A=(M—177); B=168; C=118. 


Point 222 unice 1 2 3 4 5 
Length of D ......... 21 86 138 195 246 
Volume in c.c. ...... 228962 201856 179463 156379 134656 
(aF B) wescescccesastccts 0:275 0:275 0275 0:275 0-275 
| 228687 201581 179188 156104 194381 
EOE T us 0:858 0756 0:674 0:587 0:504 
True volume ....... 229-54 209:34 179:86 156-69 13488 
Temp. of A  ......... 16:69 16:6? 10:29 10:49 16:4? 
Wo : aeccesei 18:59 19:09 1879 19-09 19-09 
4 BOL Suiisde 69-0? 69-59 69:5? 69:5? 69-39 
Manometer ............ 450-89 555:25 650:083 7607 881:30 
4-006 ............... 0:06 0 06 0:06 0:06 0-06 
dE E ana es 147 1:48 1:48 1:48 1:48 
NE Mc RE 0:49 2-01 3:22 4:55 5-78 
X-..een SUN 452:91 558:80 65179 766 26 888:57 
Points cereus 126°85 192-05 245°64 300-69 352-48 
cc 0°11 0:18 0:93 0-29 034 
+ point O ........... 23:73 23:88 23°83 23°78 23°76 
zn ARN ERES 0:82 1:13 1:38 172 2-08 
SE esca EE vue er pus 0-56 0:58 0:57 0:58 0:58 
nud T. 1:10 1:10 1:10 1:10 110 
p Mama I DEM 16317 218:92 212715 328-16 380°33 
Pz(X-Y) ...... 299-74 339-88 382-04 438:10 508-24 
PUmT ice 1940-2 1939:2 1937:8 19357 1933:3 


Methyl Alcohol. II. 
Weight of substance— 0-10427 gram. Temperature = 129-60^*. 


Volume in c.es. ...... 229°61 202°40 179-92 15675 
Pressure in mms. ... 9363:82 401:19 451:01 51711 
PvmT ........... . 1937°6 1936:6 1935:8 19332 
Compressibility. 
Volume......... 32:162 19:207 12-279 
Pressure ...... 75:893 126:59 198-50 
Factor ......... 0:79735 0779735 0779735 
Pv/mT ......... 1946:2 19449 1943:5 


Pv/mT at zero pressure- 1947°3. 


* In this experiment a sample of chlorobenzene was used as a jacket, which 
was afterwards found to be impure, for its boiling-point varied by some tenths 
of a degree; it also contained moisture, 


VAPOUR-DENSITIES OF SOME CARBON COMPOUNDS. 563 


Ethyl ether, Sample A. I. 
Weight of substance—0:17196— m. Temperature=129°6°. 


Volume in c.c&. ...... 22948 20227 17979 15662 13482 9518 
Pressure in wms. ... 25606 28708 32268 37000 42924 605-8 


POINT oosina 8389:82 839:66 838-99 838:04 83690 8934310 
Weight of substance the same. Temperature=99°7 1°. 

Volume in ees. ...... 22928 20209 17964 15647 13470 95:006 

Pressure in mms, ... 23121 2635°57 298-47 34206 39074 559°38 

DUMP ccivscesccrccctass 838:04 838°50 83765 823622 83190 831:06 


Sample B. II. 
Weight of substance=0°18303 gram=m. Temperature =99:71°. 


Volume in ccs. ...... 22921 20202 17956 15641 13463 95:021 
Pressure in mine. ... 21937 282041 317°68 36414 42238 59535 
Pom 2 usse 838:07 83810 83732 83500 834°66 83037 


Sample C. III. 
Weight of substancezz0:15806 gram =m. Temperature = 129-69. 


Volume in c.cs. ...... 219-16 134771 95:136 

Pressure in mms. |... 206°84 395:03 557:61 

Poll sisciicsrisescass 839:54 837:62 834:64 

Compressibility at 129°6°. 

Volume ......... 51:304 30:274 18:136 11:551 
Pressure ......... 40:047 75:893 126:59 198:60 
Factor............ 0°36678 0°36678 0:36678 0:36078 
PvomT ........ 843:03 81271 842-08 841:00 


Pv'mT at zero pressure —849-45. 
Toluene. Sample A. I. 


Weight of substance = 0°22313 gram=m. Temperature=99°71°. 


Volume in c.cs. ..... 2239°28 20210 179°64 15649 13470 
Pressure in mms. ... 24203 27388 30770 85207 407-33 
PumT E 60724 66554 6004163 66246 65972 


Weight the same. Temperature=114:9°. 


Volume in c.ca, ..... 229.37 20218 17972 15656 13476 95141 
Pressure in mms. ... 25213 28555 32063 36720 42509 596-63 
PORT eese 668-09 66689 66570 66414 606180 655-76 


Weight the same. Temperature —129 6°. 


Volume in c.cs. ...... 22948 20927 179:80 15662 18482 95182 
Pressure in mms. ... 26205 29689 233:48 38197 44236 62099 
PUT cea 669°32 66839 667:36 06085 6060379 025787 


Sample B. 1I. 
Weight of substance 024181 gram. Temperature=120-6°. 


Volume in c.ea, ...... 229:50 202:29 179:81 95:079 
Pressure in mms. ... 9283-45 321:13 360-74 671-78 
Po/mT Le ee 669-00 668-06 666: 83 656:88 
Compreesibility at 129-6». 
Volume ............ 32:388 19:386 12:397 
Pressure ............ 75:893 126°59 198:50 
Factor ............... 027411 0:27411 0:27411 
PomT uico 673°49 672°40 671-00. 
Pv! mT from experiments T. and compressibility =674°40 
=674-72 


»» » S 3 


Moni eR ccc =674°57 
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Benzene. Sample A. I. 
Weight of substance—0-26700 gram. "Temperature— 129-60. 


Volume in ces. ...... 179-937 16209 14287 1206:39 10705 
Pressure in mms....... 453:44 60272 56934 64199 75541 
PUNE. 11 uero 789-48 78849 78709 "8517 782-52 
Weight the same. Temperature=99:71°. 
Volume in c.cs. ............ 179:83 1602-00 14279 12634 
Pressure in mms. ......... 418-86 46419 52546 592-44 
PUmPE. eoo ireveséesusss 787:39 "78610 78430 78240 


Sample B. IT. 

Weight of substance —0:18606 gram. Temperature=129°60°. 
Volume .. 22921 20208 17962 15648 13471 11469 95075 
Preseure ... 23935 27131 30485 34922 40488 47441 57009 
Pom? ...... 792-24 791-61 790°64 78908 78752 738564 7826) 

Weight the same. Temperature=99°71°. 


Volume ... 22946 20225 17977 15662 138483 11436 9880 
Pressure ... 258:84 293:32 32962 377832 43812 513-50 617-98 


PvmT ...... 19382 792-92 791.98 79088 789252 78786 '18598 
Compressibility at 129-6°. 
Volume ......... 55:505 29278 17-532 11:163 
Pressure ......... 40:047 15:898 126:59 198:50 
Factor............ 0:35875 0°35875 0:35875 035875 
PvmT............ 7971:44 79709 796-20 794 88 


Pu/mT at zero pressure— 798:1. 


Hexane. Sample A. I. 
Weight of substance 029424 grams- 74. Temperature =99:71°. 


Volume in c.cs. ............ 21837 19847 15386 13293 
Pressure in mms. ......... 358:38 39363 50515 0582:28 
PUR... este 71451 71330 709638 70671 
Weight the same. "Temperature—114:90^. 
Volume in c.cs. ............ 21847 198:50 15893 132-99 
Pressure in mms. ......... 387327 40998 2526:33 600721 
Puml.. ere ee nee ene 71538 71412 "71181 70837 
Weight the same. Temperature=129°6°. 
Volume in ces. ...... 939-11 218°56 19864 17573 15399 
Pressure in mms. ...... 355-02 389.07 426-48 480°98 547-55 
PwmT .............. 717-44 "1683 "71599 "71433 712-03 


Sample A. II. 
Weight of substance—0'19298 gram. Temperature 129-609. 


Volume in c.cs. ..... 29943 20222 15658 18477 11478 9515 
Pressure in mms. ... 24367 27604 35554 41234 48301 580738 


PUT a ecesesesvo eee 72042 71934 71737 71612 71443 71198 
Weight the same. Temperature=99°71°. 

Volume ......... 229-23 20200 17959 15644 134605 11468 95133 

Pressure ......... 22»87 25521 28684 32859 38076 44588 53554 

Pv/sT ............ 71921 71785 71697 71562 71377 71167 70865 

Oompreasibility at 129-609. 

Volume ......... 52:472 27-660 16:562 10-540 
Pressure ......... 40-047 79893 . 12609 193-50 
Factor............ 0 3446 0:3146 0:3446 03446 


PuvmT............ 12424 123901 722-01 121-10 
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Normal Octane. 
Weight of substance=0°36007 gram. Temperature=125°6°. 


Volume in c.es. ............ 23913 198:62 15404 18317 

Pressure in mms. ......... 32014 38373 49078 564°74 

PUNTI x2 uineis . 63404 53L08 052716 52408 

Weight the same. Temperature— 181:4*. 

Volume in c.cs. ...........- 19890 17507 15342 132°55 

Pressure in mms. ......... 98024 43815 49831 57326 

P104 NEPOS 531:668 52944 527°66 02484 

Compressibility. 
Volume in c cs. ...... 517140 30-386 18:155 11:581 
Pressure in mms, ... 40:047 75:893 120:59 198°50 
Factor......cccccccceses 0:23514 0:23514 0:23514 028514 
POD esc sessoesne §43°71 542-23 540-40 5638:20 
Po/mT at zero pressure—544 4. 
Di-isobutyl. 

Weight of substance —0-26359 gram. Temperature=129°60°. 
Votume............ 9229-2; 20206 179:58 15640 1384601 9497 
Preesure ......... 249:57 28267 SIT 58 36344 42083 059045 
PwmT ............ 539.83 0388:886 037.97 53027 :53443 52903 

Weight the same. Temperature=114:90°. 

Volume ............... 22918 201:99 17953 134-57 9495 

Preesure ............... 240°03 271:68 30-4:94 40401 565-69 

Pin l LL as V indes 538006 037:37 53606 532°39 525°06 

Compressibility. 

Volume ......... 46:181 24:316 14:539 9:241 

Pressure ......... 40:047 15:893 120:59 198-50 

Factor ............ 0:20401 . 0:29491 0-204904 — 029191 


Pu/mT at zero pressure— 51672. 


Inasmuch as the value of this research is absolutely de- 
pendent on the purity of the liquids employed it appears 
necessary to give a rigorous proof of the fact. Mere con- 
firmation of the concordance of any two sets of determinations 
with the same sample of any one substance would be con- 
vincing only as regards the accuracy of the method; it is 
necessary to prove that, at least in several cases, samples of 
the same substance, differently prepared or differently treated, 
yield practically identical results. With the substances kindly 
furnished by Prof. Young redistillation from phosphoric 
anhydride was the only means of purification which we could 
attempt, for we had only small amounts at our disposal; an 
example of the effect of thus treating normal hexane will be 
found in the following table. It did not appear obvious how 
we could improve on a sample of the purest tbiophene-free 
benzene of absolutely constant boiling-point which had been 
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purified by frequent recrystallization. Nor could we devise 
another and better way of obtaining a reliable sample of 
methyl-alcohol than by hydrolysing methyl oxalate, itself 
prepared from “pure” methyl-alcohol, and drying the re- 
sulting alcohol by help of the best lime obtainable. It is 
true it might have been recrystallized, but as the only likely 
impurity was water, the handling of the sample would have 
reintroduced moisture, and the purification would have been 
an illusory one. We therefore rely on results obtained with 
ether and with toluene in order to show that the deviation 
from what may be conveniently termed “ theory ” is real, 
and not due to the presence of traces of impurity. 

In order that the results of different series of measurements 
shall be comparable (for the pressures are not the same in 
any two observations) curves were constructed independently 
from the observations made with each sample, and the values 
of pv at certain definite pressures were read off from these 
curves, on which the values of pv/T were plotted on a very 
open scale. We give first comparative results with two 
samples of hexane, or rather with two tubes filled at the same 
time from the same sample; the observations have been made at 
two temperatures. This serves to show the accuracy of which 
the method is capable. 


Hexane. 


PumT. 


Temp. | Pressure. A. B. Difference. 


712:90 712:03 0:03— 1 part in 24000 
715-16 715-20 0:04 —1 part in 18000 
716-65 71670 0-05 —1 part in 14500 
718-93 419-00 0:07 —1 part in 10300 


710-42 | 71040 | 002—1 part in 35000 
71240 | 712-42 | 002—1 part in 35000 
71445 | 71450 | 0-05=1 part in 14000 
71646 | 71653 | 0-07=1 part in 10000 


129:609 


997719 


The greatest difference between any two measurements is 
thus 1 part in 10000. With benzene, the results were ob- 
tained from two different portions, distilled at different times 
from the same stock. 
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Benzene. 
Pv»T. 


Temp. | Pressure. A. B Difference. 


199-009| 680 | 78434 | 78442 0-08=1 part in 9800 
560 | 78700 | 78710 0:10—1 part in 7900 


0 

99°71°| 680 | 77958 | 77982 0:24—1 part in 3200 
560 | 78302 | 78328 0:26—1 part in 
440 | 78650 | 786-76 0:26=1 part in 3000 
320 | 78998 | 79023 0-27 —1 part in 3000 


Here the limit of accuracy is 1 part in 3000. 

The methods of preparation of the three samples of ether 
have already been mentioned on p. 547. Sample A was 
distilled from phosphoric anhydride; sample B was left in 
contact with phosphoric anhydride for some days, and had 
been shaken with metallic mercury before distillation ; 
while sample C had been recrystallized, and the crystals 
alone used. 


Ether. 
Pv/mT. 
Temp. |Pressure 4, B. C. Difference. 
129609 | 500 | 83370 | .. | 83378 | 0-08=1 part in 10000 — 
400 | 835°94 ae 83603 | 0:09—1 partin 9200 
300 838°20 sink 838.28 | 0:08—1 part in 10000 
200 | 839°36 wie 83943 | 0-07=1 part in 12000 
99-719| 500 | 83003 | 83025 | ... | 0-22=1 part in 3800 
400 | 83808 | 832/24 des 0'21=1 part in 4000 
300 | 83600 | 836:19 Ves 0'19—1 part in 4300 
250 | 837.50 | 837-68 0-18=1 part in 4600 


These results show that the ether of all the samples may 
be regarded as pure. The maximum difference is about 
part in 4000. 

Sample A of toluene was prepared from paratoluidine ; 
sample B from bromobenzene and methyl iodide ; sample B 
was subsequently recrystallized, as described on p. 517. 
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Toluene. 


Difference. 


0:82—1 part in 2000 
0:82—1 part in 2000 
0:35=1 part in 1900 
0-24 —1 part in 2500 


The greatest difference is observable with toluene; it is 
probable that the recrystallized sample was purer than the 
other. But after all, the ditference is by no means large 
enough to affect the conclusions to be drawn. 

The next step is to deduce from the measurements given 
in Table II. the values of pv/[mT at zero pressure, when, if 
Daniel Berthelot's contention is correct, equal volumes may 
be expected to contain equal numbers of molecules; a com- 
parison of the true molecular weights should then be possible. 
The values of pv/mT were therefore transferred to curves; 
which are reproduced in Pl. X. : and the curves represent- 
ing compressibilities, having also been mapped, were shifted 
in position, so as to become continuous with those in which 
the true value, and not merely the variation of pr/mT with 
pressure, was known. From these two sets of data the 
complete curves were drawn. The lower limit of pressure 
lies approximately at from 40 to 60 millimetres. 

These curves were extrapolated until they cut the axis of 
zero pressure. The justice of thus extrapolating the curves 
will be considered later. 

From the weight of a litre of oxygen at 0? C., namelv, 
1:42961, and from the found coefficient of expansion with 
temperature, 00036694, the molecular weights of the sub- 
stances employed were calculated, as shown in Table IV. 

The absolute value of the molecular weight M' in each 
case depends on the coefficient of expansion accepted for 
oxygen; and this, as has been shown by researches (un- 
published) made in the laboratory of University College, 
varies with the pressure. Were the number 0°003675 to be 
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TABLE IV. 
Molecular Weights at 129:6?. 


K=value of Pv/T for one gram-molecule of oxygen at 129:0? at zero pressure 
—62423. 

K' — value of Pv/T for one gram of substance at 129.69, and at zero pressure. 

K/K' — found molecular weight zz M'. 

M calculated molecular weight on the bases O—32, C=12, H —1:007. 


Substance. K. |W-EK. m | Torn 
Methyl Alcohol ...... 19473 | 32056 | 3203 | 1111 
Ethyl Ether ....... 84345| 7401 | 7407 | 1250 
Hexane ......sssscsssee 72475] 8613 | 8610 | 2500 
Di-isobutyl .........-— 5102 | 11429 | 11413 | 714 
Normal Oetane.........- 5444 | 11466 | 11413 | — 213 
Benzene ...eeseseccsrssee 7981 | 7821 | 7804 | 454 
Toluene .................. 6744 | 9206 92-06 182 


accepted instead of 0°36694, the value of M' for methyl-alcohol 
would be 32:105, and that for ether 74:12. But such an 
assumption would have no influence on the main question, 
viz. the variation in the discrepancies between the values of 
M and M'. From the last column these are seen to vary 
from 1 part in 1250 (minus) to 1 part in 182 (plus). The 
discrepancy is made more apparent by accepting for ether 
the “theoretical” molecular weight; the discrepancy is 
then :— 

Methyl alo. Ether. Hexane. Di-isobutyl. Norm. Octane. Benzene. Toluene. 
1 part in 588... c 833 455 182 333 159 


Now the greatest divergence between results with different 
samples occurs in the case of toluene; and it is only 1 part 
in 1900; it is clear, therefore, that the discrepancy cannot 
be attributed to impurity of material, nor to inaccuracy in 
experiment. To what cause, then, is it to be ascribed? We 
have given on p. 545 several hypotheses which may explain 
the divergence between found and “theoretical” results; 
these shall now be considered. 

First, it is evident that Avogadro’s law does not hold for 
vapours, even under the ideal condition of zero pressure. 
There would appear to be only three possible causes which 
would explain the anomaly. 
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We regard it as unlikely that the volume of the vapour is 
decreased by the adherence of a film to the glass walls of the 
volume-tube. It is to be expected that this phenomenon would 
become more observable at high, than at low, pressures; and 
one of the authors, in conjunction with Prof. Young, has 
investigated the behaviour of ether and methyl-alcohol at 
very high pressures, and Prof. Young has himself examined 
the hydrocarbons without finding any ground for entertaining 
this supposition. On the other hand, evidence that it does 
take place in the case of water has been obtained by them. 
It is manifested by an apparently continuous, instead of an 
abrupt, change on passing from the gaseous into the liquid 
condition. It has an effect in modifying what is often termed 
the * Andrews" diagram in the same manner as if a per- 
manent gas were present along with the substance under 
experiment. To quote from the paper mentioned (Phil. Trans. 
1892, A, p. 113):—* As the vapour-pressure is approached, 
the curves, instead of cutting the vapour-pressure line so as 
to form an angle, as is the case with the other liquids which 
we have examined, gradually turn and run nearly parallel to 
the vapour-pressure line at a somewhat lower pressure. When 
a considerable amount of liquid has condensed the true vapour- 
pressure is reached.” Now this phenomenon increases with 
rise of pressure; but in the experiments of which an account 
has been given in this paper, the curvature is such as to show 
that the rate of increase of pv/T is less at low than at high 
pressures. Not merely, then, is the phenomenon absent in 
the class of liquids under experiment, but even if it should 
be conceived to be present its variation with pressure is in 
the wrong direction. We think, therefore, that it may be 
dismissed from further consideration. 

That the formation of complex molecular groups is the 
cause of the high density of these vapours is certainly a con- 
ceivable supposition, but hardly a tenable one. For methyl- 
alcohol, which is known to consist of complex groupings in 
the liquid state, exhibits, if ether is taken to possess the 
theoretical molecular weight, a divergence of only 1 part in 
588 ; whereas the hydrocarbons, which show no such ten- 
dency, are characterized by a greater discrepancy, all except 
hexane. 
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Another supposition which deserves consideration is that 
although there may be no molecular groupings, yet the mole- 
cules attract one another, and thus lower the value of the 
product Pv. And itis conceivable that the nearer the boiling- 
point of the substance to the temperature of experiment, 
129:6°, the more this attraction should manifest itself. This 
possibility finds support to some extent by the results. The 
order of divergence does presenta general correspondence 
with the order of boiling-points ; but the numbers are reversed 
between three pairs of substances, as may be seen from the 
table which follows :— 


Ether Hexane. Methyl Di-iso- Benzene. Octane. Toluene. 


ale. butyl. 
1 part in ......... Ge 833 588 455 333 182 159 
Boiling-pt. ...... 35? 69? 66? 1099 809 126? 110° 


The boiling-points of methyl-alcohol and hexane, of benzene 
and di-isobutyl, and of toluene and octane follow the wrong 
order. Still, if substances belonging to the same class be 
compared, hexane, di-isobutyl, and octane show correspondence; 
and so, too, do benzene and toluene. 

Another plan of attacking the problem is to compare the 
values of the expression d(Pv)/dP for all the substances at 
certain definite pressures and temperatures, the same for all; 
in other words, to compare the slopes of the curves with the 
divergences from the “ theoretical" vapour-densities. This 
is done in the following table :— 


Relative values of d(Pv)/dP at the pressures 


Discrepin 
1 Par "d Temp-| 500 mms. 300 mms. 100 mms. 

Me. Alo.... 588 130° | 0:0000197 0:0000160 | 00000114 

Euer .. us 130 0-0000282 | 0:0000271 0:0000184 
100 365 347 

Benzene... 333 130 236 278 208 
100 376 348 

Hexane ... 833 130 879 321 277 
115 422 402 
100 480 434 

Toluene ... 159 130 466 420 282 
115 548 512 
100 664 

Di-isob. ... 455 130 623 595 480 
115 740 710 


Octane ... 182 - 130 720 656 593 
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It is clear that the order of discrepancy bears no relation 
to the order of slope at any of the temperatures or pressures. 

With a theoretically ** perfect" gas, in the ideal state in 
which its molecules occupy no space and exercise no attraction 
on one another, the curve representing Pv/T should run 
parallel to the pressure-axis. This condition is nearly satisfied 
by the gases examined by M. Daniel Berthelot, all of which 
were weighed at temperatures much above their critical 
points. One would have imagined that at sufficiently low 
pressures the distance between the molecules of vapours such 
as those examined would be so great that neither molecular : 
attraction nor the size of the molecules would influence the 
result ; and it might have been expected that the curves 
showing variation of the value of Pv/T with pressure should 
become parallel to the pressure-axis at sufficiently low pres- 
sure. It is, of course, possible that at pressures lower than 
40 millimetres—the lowest measured—the curves might 
become parallel. A glance at figure 5 (Pl. X.) will show 
this. But it is to be noticed that no such change in the slope 
of the curve in extrapolating to zero pressure would have had 
any important influence on the discrepancy. We have for all 
these reasons been unable to establish any connexion between 
the volatility of the substances examined and their divergence 
from the “ theoretical” molecular weights. 

The last supposition, viz., that it is possible that the atomic 
weights of the elements may depend on the proportion in 
which they are present in the compounds which contain 
them, is added only for the sake of completeness. Even if it 
be considered, there is no regularity in the cases examined 
which would lend probability to the hypothesis. 

It must therefore be concluded that the determination of 
the density of a vapour does not serve as a means of arriving 
at a conclusion regarding the accurate atomic weights of the 
elements present in the compound. 


DISCUSSION. 


Prof. EVERETT referred to ihe work of Regnault and 
Amagat upon the variation of the product pv at high 
pressures. 
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Dr. A. GRIFFITHS, in commenting on the theoretical basis 
of the comparison of densities, indicated his lack of con- 
fidence in one of the fundamental hypotheses, viz., that the 
temperature of a given gas depends simply on a single factor, 
the mean square of the linear velocity of the molecules. 

Dr. Lg&BFELDT asked what standard substance had been 
employed throughout the investigation and whether the 
authors were satisfied that the different graphs of p. all 
cut the zero-pressure line in the same point. The experi- 
ments seemed to be in agreement with Lord Rayleigh's 


Statement that at low pressures tr is a constant for the 


permanent gases. 

Sir W. Ramsay said that the standard substance used was 
oxygen, and that the curves obtained for any vapour at 
ditferent temperatures practically cut the zero-pressure line 
at the same point. 


LVI. On Astigmatic Aberration. 
By R. J. SowTER, B.Sc., A.R.C.S.* 


THE paper affords a simple explanation for some of the 
shadow phenomena observed by Prof. S. P. Thompson in 
his experimental researches on the aberration of lenses f, 
namely, in those experiments in which the aberration is 
wholly or in part astigmatic. In investigating the properties 
of non-homocentric pencils or beams with one or more kinds 
of aberration present, it is necessary to determine what part 
is played by each of the several kinds of aberration. It is 
of interest to know what is the effect of, or part played by, 
astigmatic aberration in the production of shadows by objects 
placed in, or moved about in, non-homocentric pencils or beams. 
It will be found that the presence of astigmatic aberration in 
a non-homocentric beam is accountable merely for the twist 


* Read December 12, 1902. 

T “ Some Experiments on the Zonal Aberration of Lenses.” Eatrait 
des Arch. Néerland des Sc. and Traill Taylor Lecture, 1901. “Shadows in 
Astigmatic Beams,” Prof. S. P. Thompson, Proc. Phys. Soc. June 12, 1903. 
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or rotation shown in the shadow or image formed by an 
object placed in or moved about in the beam. 

To examine mathematically the twists produced in a pure 
astigmatic non-homocentric pencil or beam, the symmetrical 
standard pencil, such as is investigated by Heath (Geome- 
trical Optics, p. 142), is assumed. 

If the axis of the beam is the axis of z, and the origin is 
at the intersection of this axis with a selected orthogonal 
surface or plane cutting the beam in an ellipse of which the 
axes are 2a, 2 8, respectively, the equation to the bounding 
surface of the beam is 


wy xU 
where fı and f are the distances of the focal lines from the 
selected plane. 
If £, », are the coordinates of a point in the selected 
ellipse it is easily shown that 
£= T. and n= —L—> 


$t jr 
A fs 
and if the eccentric angle of the point (£7 0) in the ellipse is 
~ $ then 


(1) 


£= acos $, 
= sin $, 
and f 
T (1 LIS 


y= =A(1—% sing. 


So that if 0 is the inclination of the radius to the point 2 y z 


tan g= 8 (1-4) . tan $. 


(1-3) 


* Heath, Geom. Optics, § 142, p. 161. 
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One section of the beam being assumed elliptical it follows 
from the equation (1) of the bounding surface that all sections 
of the beam are elliptical, the circular sections being particular 
forms. 

Let the lengths of the primary and secondary focal lines 
be 2 a and 26 respectively, and let the focal interval be 8. 

The equation to the bounding surface of the beam, the 
origin being transferred to the middle point of the primary 
focal line, can be expressed as 


a! (8— zy (P y) — 9 22) +5° 9 a3 210. 


This equation is the equation of the skew surface generated 
by the movement of a variable ellipse between the focal lines, 
the axes of the generating ellipses remaining parallel to the 
focal lines. 

Through any point (z yz) on this skew surface there is 
one generator or ray, viz. :— 


2 os $ (52) 
EA 


This ray intercepts the primary and secondary focal lines 
at distances from the axis of the beam of a cos $ and 5 sin $ 
respectively. 

If 0 is the inclination of the radius to the point 2 yz 


tan d= —.——.. tan ¢. 


a z) ` 
Any ray or generator of the astigmatic surface has for its 
equation 


$= constant = tan—! ,— ied 


where y and e are the intercepts of the ray or generator on 
the focal lines, the intercepts being measured from the axis 
of the beam. 

This simple formula $ — constant expresses in a most con- 
venient form the general equation for any ray of a symme- 
trical astigmatic beam, and exemplifies for such a ray the 
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property which causes the twisted effects observed in con- 
nexion with astigmatic beams. 

It is obvious since y=acosd and e=b sin $ that in con- 
structing a string model of the astigmatic surface, points in 
the focallines that correspond and that can be connected by 


a string are points with a phase-difference of 3 in harmonic 
oscillations along the focal lines. 

To investigate the shadow produced by an object placed in 
an astigmatic beam, such as has been dealt with above, 
let the receiving screen SS’ be beyond the secondary focal 


line at a distance s from the plane O X Y. Then the ray 
Q P P’ R, or $,, will intersect the screen SS’ in a point i, the 
coordinates of which are 


$—6 
8€ 
y= 3 
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since $,— tan“, and $, is the eccentric angle of the 


point ¢ in the ellipse on the receiving screen. 

A small point-like object placed in the beam at P will cast 
a small point-like shadow on the screen, and the shadow with 
the positions taken will be inverted in respect to top and 
bottom, and will be unchanged in respect to side and side. 

A straight wire placed say at 45° across the beam and 
cutting the axis of the beam will depict on the screen a 
straight-line shadow in the ellipse on the screen, and this 
shadow is at a definite inclination. The inclination depends 
on the relative distances and positions. 

If the wire is considered to intercept the bounding surface 
of the beam in a point, the eccentric angle of which is ¢, the 
line shadow in the ellipse on the screen is at an inclination 
defined by the eccentric angle ¢. 

Generally, if the wire is inclined at 6 and is at a distance 
z from the primary focal line, the value of ¢ is obtained from 
the equation 


tan 0 2 —.——. tan 9. 


bz 
a(8—2) 
If an inclined straight wire is placed across the pencil or 
beam and is moved, without varying its inclination, from the 
primary focal line to the secondary focal line, the shadow 


rotates through an angle of 3 , for $ changes by M in 


passing from one focal line to the other. 

In non-homocentric pencils or beams that are not purely 
astigmatic but are compounded of astigmatic and other 
aberrations, the presence of astigmatism shows itself in or is 
accountable for the twists or rotations that are discernible in 
the shadows or images formed by objects placed in or moved 
about in such pencils or beams. 

For instance, if in the experimental pencil or beam there 
are astigmatic and spherical aberrations present, then a straight 
wire placed across the beam and moved about does not cast 
a straight-line shadow, but casts a distorted shadow, such as 
a figure of S, which is displaced through an angle or is 
rotated, the displacement or rotation being due to the 
astigmatic aberration present in the beam. 

39 Kestrel Avenue, Herne Hill, S.E. 
2u2 
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DIscUssION. 

Prof. Everett asked if the paper dealt with a zone or 
with the whole of a pencil. He said that generally the focal 
lines were not at right angles. In the case of an ordinary 
lens at 45? to the axis of a pencil, the cross sections of the 
secondary focal region for a narrow zone of the lens were 
figures of 8, and the true secondary line was the locus of the 
point of self-cutting of the 8. It was nearer to parallelism 
with the axis than to perpendicularity. The cross sections 
of the primary focal region were curves with two points 
of self-cutting. 

Dr. R. T. GLAZEBROOK said, in reply to Prof. Everett's 
observation, that much of the author's work was based on 
the assumption that the focal lines were at right angles. 
The analysis had been simplified by the author by assuming 
that the surface can be generated by the motion of an ellipse, 
but he thought this assumption ought to be justified. He 
showed how the results arrived at in the paper could be 
obtained more generally without any such assumption, basing 
his proof on formule given in Heath's * Optics,’ p. 161. 

Mr. Price referred to a figure similar to the elliptic 
irammels. An infinite bar moves so that two determined 
points upon it move along two fixed straight lines which are 
not coplanar and need not be at right angles. Every other 
point on the bar moves in a curve of the second degree in a 
plane parallel to the two fixed lines. If the two fixed straight 
lines are at right angles, the central point of the bar describes 
a circle, and if the motion of this point be uniform, that of 
every other point is harmonic. The surface described by tbis 
infinite bar is similar in character to that of an astigmatic 
pencil, being like a double cone, whose generators are 
straight, and all pass through two straight lines which do 
not intersect. 

The AUTHOR, in reply, said that he had made certain 
assumptions to give a simple explanation of the shadow 
phenomena observed by Prof. Thompson. The fact that a 
generator of the surface could be expressed by the equation 
$ — constant rendered this explanation easy. With reference 
to Prof. Everett's question, he said that the analysis applied 
to the bounding surface of an astigmatic beam. 
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LVII. On the Interpretation of Milne Seismograms. 
By C. CoLrrIDGE Farr, D.Sc.* 


[Plate XI.] 


THE question whethera horizontal pendulum Seismograph 
acts as a clinograph or whether its records must in part 
be ascribed to horizontal movements of the Earth's surface 
has received discussion by Milnet, Omorit, and by others 
also whose arguments I have not been able to peruse. Both 
Prof. Milne and Dr. Omori conclude that the tilts repre- 
sented by the maximum displacement of the boom would 
indicate earth movements too large to be admissible. 

Without attempting to give a complete theory§ of the 
movement of the boom, or denying that horizontal move- 
ments may occur when the inertia weight will act as a steady 
point, yet from the ordinary elementary theory of forced 
vibrations || the equation giving the movement of a vibrating 
body, whose “ free" frequency is n/27, under the action of a 
periodic force E cos pt, is 


uc /Gtap pene (pt—e) . . . (1) 


If k, the resistance due to friction, be small compared with 
the difference of the squares of the frequencies, the resulting 
vibration hus an amplitude 


E. ° 
ISa E v ae wex* uw 2) 


whilst, as is well known, the period of the vibration takes the 
period of the disturbing cause. 

Though an earthquake record is probably due to several 
terms of the form E cos pt with different coefficients of decay, 


* Read March 18, 1903. 

t ‘Nature,’ vol. lxv. p. 202, and B. A. Report Seismological Committee. 

f Publications of the Earthquakes Investigation Committee, No. 5, 
Tokyo, 1901, p. 45, et seq. 

$ The theory of the horizontal pendulum is discussed at length in 
Comptes Rendus des Séances de la Commission Seismique Permanent 1902, 
which reached me after this paper was written. 

| Rayleigh, ‘Sound,’ lst ed, vol. i. p. 38. 
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yet in many instances I have seen a considerable portion of the 
record appear to consist of waves of one wave-length, in which 
case the above simple formula will give at least a general idea 
of the earth movement corresponding to any diagram ; butto 
obtain it a knowledge of “p” as well as “n” is necessary, 
for which purpose the tape must be driven sufficiently fast 
for the period of the forced vibration to be determined, which 
is not the case with Milne seismographs as at present con- 
structed. 

A possibility in these diagrams which appears to have been 
overlooked is that of interference effects between the forced 
and free vibrations of the boom. In order to ascertain the 
effect of periodically loading the pillar, I attached wooden 
boxes on its east and west sides, These were filled with 
sawdust. Two chains, fastened together by a rope passing 
over two pulleys fixed to the ceiling, were hung one over 
the centre of each box, and the rope was of such a length that 
the chains just touched the sawdust in the boxes together. 
By working this arrangement up and down at definite speed, 
I was able to imitate in a rough way a periodic tilting of the 
pillar. The total movement of the boom when one chain was 
removed from its box and the other placed in its proper box 
was 1:6 mm., t.e. the tilt was *35" whilst the chain was in its 
box. With this apparatus I imitated in succession waves of 
periods of 12, 13 ... to 20 seconds, whilst the boom period was 
16:5 seconds throughout. I had previously increased the tape 
speed sufficiently to be able to count the number of vibrations 
of the boom. Some of the diagrams thus obtained are repro- 
duced (figs. 1 to 4, Plate X1.). In every case the number of 
vibrations performed by the boom was exactly the same as the 
number of motions of thechain. Inevery case also the ampli- 
tude due to periodic displacement was greater than that due to 
steady loading, though in no case did the simple formula (2) 
give the observed extent of the swing. The latter is always less 
than it should be. The discrepancy is probably due to three 
causes: (1) The imperfect representation of a sine curve 
with the apparatus. (2) It does not follow (as indeed it is 
one of the objects of this paper to point out) that because the 
pillar was tilted *35" when statically loaded, that it was 
also tilted that amount when periodically loaded by the same 
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weight—it depends on whether n?— p° as applied to the pillar 
was > = or < l. (3) A certain amount of viscosity exists 
in the pillar, which prevents it responding promptly to its 
load. 

The diagrams show interference effects well, especially 
that representing 15 sec. waves. That some of the throbbings 
so common in earthquake diagrams from the Milne instru- 
ment, and called by Professor Milne ‘“‘ Echoes’’*, are in 
reality interference effects I have little doubt. The 15 sec. 
diagram shows a series of lens-shaped throbbings remarkably 
like a very common feature of a seismogram. The interval 
given by Milne of usually from 2 to 6 minutesf between the 
shock and its echo is exactly that between the beats. On the 
15 sec. diagram the interval is about three minutes for a 
boom period 16:5. With a nearer approach to isochronism 
the interval would be longer until, if the periods are 
sufficiently near, the free vibration will have been damped 
out before opposition in phase can occur. This is evident 
in the 16 sec., 17 sec., and 18 sec. diagrams. 

The object of this paper is to point out that on ordinary ele- 
mentary theory it is erroneous to derive information regarding 
the movement of the earth from the measurement of the 
boom of a Milne seismograph as at present constructed, as 
we have no knowledge to what extent synchronism may 
affect the result. To obtain the necessary knowledge the 
tape must be driven at a higher speed, or it might be obtained 
in some cases from the interference effects. In cases where 
there is a near approach to isochronism between the boom 
period and the wave period, the amplitude of swing depends 
largely on the damping effect of friction (equation 1), which 
is entirely ignored at present in this connexion. 


Discussion. 

Dr. R. T. GLAZEBROOK said the paper brought out clearly 
the possibility of interference between the periods of the 
boom and the earthquake tremors. 

Prof. Perry said that, if possible, the period of the pen- 
dulum should be very different to that of the wave. The 


* British Association Reports, p. 227 (1699). 
t British Association Reports, p. 72 (1900). 
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period might be made very great or excessively small, but 
there would probably be difficulties in either case. 

Prof. EVERETT said it was obvious that the records could 
not easily be interpreted unless there was a great difference 
between the periods. He suggested the use of two booms 
having different periods. 

Dr. WarsoN pointed out that the boom would respond 
equally well to any period if it was heavily damped. Fluid 
damping was unsatisfactory because of convection currents, 
and he suggested that the plate at the end of the boom 
should be made of copper and allowed to move between the 
poles of a strong horse-shoe magnet. 

Dr. Curae said that if the period of the boom was increased 
beyond 18 seconds, the apparatus became too sensitive and 
was unstable. 


LVIII. Un an Instrument for Measuring the Lateral Con- 
traction of Tie-bars, and on the Determination of Poisson's 
Ratio. By J. Morrow, M.Sc. (Vict.), Lecturer in En- 
gineering, University College, Bristol *. 


THE ratio of the lateral to the longitudinal strain in a bar 
under the action of a simple pull or push in the direc- 
tion of its axis has been the subject of much controversy and 
a considerable amount cf research. Some French mathema- 
ticians, including Poisson and Navier, held that this ratio 
was } for all isotropic substances, their arguments were based 
on a theory of the constancy of the ratio of the elastic co- 
efficients for all materials. 

Wertheim endeavoured to show that this theory was 
false. He filled hollow prisms with liquid and subjected 
them to a tensile force. The interior of the prism commu- 
nicated with a capillary tube, and the change of volume of 
the interior was measured by the distance the fluid advanced 
or receded in the tube. If Poisson’s ratio be denoted by c, 
change of unit volume = tensile strain (1— 2e) very approxi- 
mately. He maintained that the ratio ø should really be 


* Read May 22, 1903. 
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l for all materials; but it appears doubtful whether the 
specimens dealt with were sufficiently isotropic to justify any 
definite conclusion either for or against the uniconstant form. 

Practical methods for the determination of Poisson's ratio 
may be divided into three classes. First, those by which two 
coefficients of elasticity are obtained, and the required ratio 
inferred by calculation. Second, those which depend on the 
deformation of the section of a beam when bent. And, lastly, 
methods by which the tensile and lateral strains are actually 
measured in specimens of the material under direct tensile 
or compressive stress. 

Kirchhoff experimented in 1859 upon cylinders, which by 
means of a weight attached toa lever were put simultaneously 
under the action of bending and twisting forces and the 
strains produced were measured accurately. The values of 
Poisson’s ratio were calculated from the ratio of the observed 
displacements, and were 


Mean for three steel rods . . . . ‘294. 
5 hard drawn brass rod . . ‘387. 


Many others have worked on similar lines. 

Cornu (and later Straubel) explored the anticlastic surface 
of a rectangular beam by means of the interference-fringes 
produced between it and a plate of glass laid on it, thus 
obtaining data for the calculation of c. 

Mallock (1879) also examined the anticlastic curvature 
By means of a microscope he measured the movement of 
four fine steel wires fastened to opposite diameters of a circle 
on the surface, obtaining data for the radii. 

Another method of investigation would be to find the dis~ 
placements in the sides of a beam, either by measuring the 
lateral strains at any section, or by attaching a mirror to the 
side and finding the angle through which it turns when the 
beam is loaded. 

If f= the maximum tensile stress, the lateral contraction 


is ok) (b being the breadth oí the beam and E Young's 
modulus) and the angle turned through by the side of the 


E. 
beam is tan dim 
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In all the above methods the practical accuracy of the 
theory of elastic materials is assumed. 

Coming now to actual measurements of the lateral con- 
traction of a tie-bar, it appears that Bauschinger (Der 
Civilingenzeur, vol. xxv. 1879, pp. 81-124) was the first to 
construct an instrument which would measure the alteration 
of cross dimensions of a metal test-piece. His apparatus is 
complicated. It is essentially a pair of levers, the small arms 
of which are the diameter of small caoutchouc cylinders, and 
the greater the double distance of the scale from a mirror- 
To read the lateral contraction requires two separate obser- 
valions by means of two telescopes and mirrors on opposite 
sides of the specimen. 

Stromeyer (Proc. Roy. Soc. vol. lv. no. 334, p. 373) 
measured directly the lateral contraction of a bar under 
tension by interference methods; a dark glass attached to 
the specimen advanced or receded from the surface of a 
prism as the diameter of the specimen altered, thus producing 
change in the positions of the interference-bands. 


Elastic Constants, 
If a is the longitudinal strain produced by unit stress, and 
P the linear lateral strain in the material, then 
Bg 1 PEN: » l 
c=, E=- y n= a+)’ and k= 3G -—38j! 
where E, n, and k are Young's modulus and the moduli of 
rigidity and of bulk respectively. 
If any two of the elastic coefficients be known Poisson’s 
ratio can be calculated. 
Also we have that :— 
if c —4 the material is incompressible, and the extension and 
lateral contraction are such that the volume remains 
constant. 
if ø > 4 k would be opposite in sign to E and n, the material 
not being homogeneous and isotropic. 
if s=0 to 4 we have an ordinary elastic body. 
if @=0 either there is no lateral strain or the material is 
perfectly plastic. 
g=} is the value of the uniconstant theory which requires 
n= k=} E. 
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The New Form of Apparatus. 

With the object of measuring, in the most direct way 
possible, the lateral contraction of a tensile specimen or the 
dilatation of a compressive piece when loaded in an ordinary 
testing-machine, the author devised the instrument shown in 
the figure. 

Two hardened set-screws A and B, on opposite sides of the 
specimen S, are pressed inwards by stiff springs C, C. The 
relative motion of the points of these set-screws is transmitted 
by the bars E, F, and the pivot P, to the extremities H, G, 
of the pieces K, L. 


ELEVATION 


Scace Hace Size 

It will be noticed that the instrument touches the specimen 
only at the points between which the alteration of dimension 
is to be measured. When the specimen extends A and B 
approach one another, and consequently G falls with re- 
ference to H. The relative displacement of G and H is 
measured optically. A mirror M rests by three steel points 
(two of which are on G and the other on H, as shown in the 
plan of the instrument) on glass plates fixed to G and H. 
A second mirror N is attached to G in a vertical position, it 
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is capable of a small amount of rotation about a vertical axis 
by the fine adjustment screw Q. The two mirrors are close 
together but not touching. A scale is placed some distance 
away, and by means of a telescope two images of the scale 
are seen, one in each mirror. These images are brought 
together in the telescope and the one is read against the 
other. Thus a certain convenient reading on the N image is 
taken as the index, and as the load is applied to the specimen 
ihe observer reads the values on the M image coinciding with 
this index. 

Every precaution has been taken to ensure the greatest 
possible accuracy. The screws A and B have spherical points 
in order that they may not cut into the specimen. The in- 
strument is balanced by the weight W. The mirrors are of 
specially worked optically plane glass. The joint at P is 
made by centring the screws in the inner piece, and is con- 
structed with the greatest care. 

In order to test the instrument a specially selected bar of mild 
Bessemer steel was used. It was turned to one inch diameter 
as given by a Whitworth gauge. After placing in the testing- 
machine it was loaded several times up to 5 tons. The in- 
strument was attached and allowed to stand for a short time 
before readings were taken. 

The load was then applied by successive tons between the 
limits 1 and 5 tons and the scale-readings observed. The 
results for three series of increasing and decreasing loads are 
given in Table I. 

It was thus seen that the readings could be repeated with 
considerable accuracy. The above are some of the first 
readings taken, further experience in the use of the instrument 
led to still more uniform results. 


Experimental Determination of Poisson's Ratio. 

In these experiments the load on the specimen was in some 
cases varied from 1 to 5 tons, and in others from 1 to 3 tons. 
In the former the readings were taken at intervals of 1 ton, 
and in the latter at intervals of one-half ton. In every case 
the specimens were loaded several times previous to the 
readings being taken. In order to insure complete immunity 
from local strains (due to the method of gripping the specimen) 
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TABLE I. 
| Scale-Readings. | Differences. 
| 
Load Ist 2nd 3rd | lst 2nd 3rd 
* || Loading.’ Loading. Loading.| Loading.! Loading.| Loading. 
1 195:0 201:2 201:8 : : ; 
2 | 1979 | 2M0 | 2047 | 29 |28 | 29 
4 || 9036 | 2008 | 210-4 | 4 s zs 
5 2001 212:6 213-2 27 26 2-5 
9 1977 | 2046 | 92051 || 29 98 2-9 
1 194:8 201:8 202:2 l 


È 


Mean diffs. per ton ... 2:80 | 2778 


an unusually large distance was allowed between the ends of 
the specimen and the portion of it under observation. 

The instrument used was carefully measured under a read- 
ing microscope and found to give a magnification of 4'106. 
The distance between the needle-points of the tilting mirror, 
measured in the same way, was 2960 in. The normal distance 
from the mirrors to the line through the scale parallel to the 
tilting mirror was measured several times in different ways 
and the mean value taken as correct. 

Under these circumstances the total magnification obtained 
was about 2800, but the exact value of course varied with 
the position of the telescope and scale. 

Table II. contains the results of experiments on specimens 
of various materials. | 

The extensions and lateral contractions were measured 
simultaneously, an extensometer having been specially 
arranged so that both instruments could be attached to 
the specimen at the same time and used throughout the 
experiment. 

The caleulated means of the observed tensile and lateral 
strains for half-ton of load are given in the table, and the 
values of the modulus of elasticity and Poisson's ratio are 
obtained from these. The modulus is given in lbs. weight 
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TABLE II. 
ERICH CAPRA 
aie Strains per 3 ton of Load. Younga- Poasi 
x : Modulus. Ratio. 
Tensile. Lateral. 
~ Mild - 000,0464 | -000,0128 |3075x10° 
Steel. 000.0469 | -000,0130 | 30-46 
-000,0465 | -000,0127 | 30-70 
Sheffield | -000,0488 | -000,0135 | 29-60 
Spindle 0000505 | -000,0142 | 28:33 
teel. 000.0488 | 000,0132 | 29:23 
Wrought | 000,0631 | -000,0144 |2908 
Iron. “000,0826 j 29-80 


Drawn Brass | -000,1047 | -000,0335 | 13-26 
(Munts Metal).} -000,0978 | -000.0845 | 14-23 


Drawn 000,0770 | -000,0262 | 17-61 
Copper. "000,0726 | -000,0241 | 18-70 
000,0822 | -000,0255 | 1688 


per sq. inch. It can be expressed in grammes weight per 
sq. cm. by multiplying the numbers in the table by 
70°31. 

The specimens were not annealed, and all the above were 
approximately one inch in diameter except in the cases noted 
in the table, 

Cast Iron.—T wo sets of cast iron specimens were carefully 
cast in a vertical position. The first was from a mixture of 
about equal parts of No. 1 Govan, No. 2 Govan, and Heavy 
Scrap, and the second from 3 parts Redcar Middlesborough, 
and one part Scrap. 

The material was therefore in each case such as might be 
used for engine and machine castings. 

The specimens were brought to a state of ease by continued 
application and removal of load until permanent set was 
completely eliminated. 

The values given in Table III. are those obtained from the 
elastic state of the bar, that is, the strains do not include 
permanent set. 
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TABLE II1.—Cast Iron. 


Strains per 4 ton of Load. ' 
Speci Diamete Young’s 
pecimen. | Diameter. Modulus, 


Tensile. Lateral. 


lst Series. 


No. 1 *000,1552 ° 16:25 x 10° 
No. 2 2 ‘000,0904 : 15:01 
No. 3 *000,1556 
2nd Series. 
No.1 *000,0877 
No. 2 : 000,0947 
No. 8 $ "000,0900 


A long series of observations was made for the purpose of 
determining whether there was any permanent set in the 
lateral strain. Readings were taken for loads varying by 
O'l of a ton up to 0'5 ton on a C.I. bar approximately 
1 inch in diameter. The readings were in 45 of an inch, 
and an estimation of +, of these was made. The total mag- 
nification was 2700. The bar had not been previously loaded, 
and it appeared to be perfectly elastic as regards lateral 
strain. On increasing the load up to 1'0 ton, however, 
there appeared to be a small amount of permanent set, and 


TABLE IV. 
Value of Poisson's Ratio. 
Material, 
Bauschinger. Stromeyer. From Table II. 
Mild Bteel......... 29 278 to lt 
“300 281 
Wrought Iron ... ‘26 to ‘279 to ‘270 to 
'3l 301 280 
Brass Rod.......|  ........ 283 to "320 to 
"357 ‘351 
Copper Rod .....|  ........ 325 ‘810 to 
840 
Cast Iron ......... "16 to (19 "148 "228 to 
(Tension) 269 ‘270 
:82 to 38 


(Compression) 
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between 1:0 and 1:5 tons the set was very marked. It 
increased in amount up to 3 tons, which was the limit of 
load applied. 

Table IV. is a comparison of the results of other experi- 
menters with those given in this paper. l 
In conclusion I must acknowledge my indebtedness to my 
colleague, Mr. E. L. Watkin, M.A., for his valuable assistance 
in carrying out these experiments, which were made in the 

Engineering Laboratory at University College, Bristol. 


DISCUSSION. 


Prof. Everett said he had made determinations of Pois- 
son's ratio by comparing the twist produced in a cylindrical 
rod by a torque, with the bend produced by an equal torque. 
The twist was always greater than the bend and the ratio 
diminished by unity was Poisson's ratio, the material being 
supposed isotropic. This method was inapplicable to fibrous 
material : for instance, with wooden rods he had found the twist 
to be about five times the bend. Mr. Morrow's method had 
the advantage of being direct, and could be applied to fibrous 
materials as well as to those which were isotropic. The 
experiments described in the paper were also on a far larger 
scale than had heretofore been employed. The mode of 
attachment of the mirror, which was a point of great im- 
portance in the experimental arrangements, seemed to be 
quite satisfactory. 

Dr. CunEx indicated several differences between the 
author's terminology and that usual in mathematical text- 
books. He also pointed out the expediency of explaining 
the units in which the values obtained for Young's modulus 
were expressed, and of adding the equivalent values in 
grammes weight per square centimetre. He referred to the 
fact that in the discussion of Wertheim's experiments on the 
value of Poisson's ratio given in Todhunter & Pearson’s 
History of Elasticity, it was pointed out that the materials 
employed seemed hardly to be isotropic, and that if this were 
the case the experiments could not be regarded as decisive. 
He also pointed out that more than one experimentalist bad 
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obtained results for cast iron which indicated that whilst it 
might be elastic, in the sense that strain disappeared on the 
removal of stress, it did not obey Hooke's law ; and that if 
this were the case the application of the term Poisson's ratio 
to the material was not in accordance with mathematical usage. 
He dwelt on the importance of corroborative evidence in 
all cases that the materials dealt with were really elastic 
and isotropic. 

Dr. R. T. GuazEBROOK said it was difficult to assure oneself 
that the materials used were isotropic. The author’s figures 
showed different values for Young's modulus for different 
specimens of the same material. He referred to the import- 
ance of stating the units employed, and to the fact that experi- 
ments had been carried out on an engineering scale. 

Mr. Morrow said the units used in the paper were lbs. 
and inches. His instrument was not dependent on the 
ordinary theory of elastitity. He pointed out that the values 
obtained for the Young’s modulus of cast iron depended upon 
the method employed, elongation and bending giving different 
results for the same specimen. 


LIX. Single-Piece Lenses. By Toomas H., BLAKESLEY*. 


[Plate XII.] 


Ir the definition of a lens is taken to be a mass of refracting 
material contained between two spherical surfaces, then any 
lens is completely determined in shape and size when the 
radii of curvature of its two end surfaces and the distance 
between them are given. The dimensions which are mea- 
sured at right angles to the axis do not affect the focussing 
properties of the lens except in the second order of small 
quantities, and such dimensions are not brought into con- 
sideration in what follows. 

lf the kind of material in reference to any kind of light, 
as defined by the index of refraction of the material for that 


* Read May 22, 1903, 
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light (u) is supposed given, there remain only the three 
linear matters, viz. the two radii of curvature of the surfaces 
and the distance between the surfaces. 

Let these be symbolized under the letters r,, 7,, and d. 

The third may be considered as always positive, and as to 
the radii, let them be considered as having a positive value 
when the light encounters the surfaces upon the concave side; 
in other words, if the light as it passes generally along the 
axis passes the centre of a surface before it encounters the 
surface itself. 

The variables r,, r;, and d being three in number may 
then be looked upon as sufficient to determine all the pro- 
perties relating to focussing for small central pencils of light. 

If we contemplate the relations a, T and symbolize 
them under the letters # and y, or, in other words, if we 
consider d as unity, we reduce the variables to two in number, 
and can then represent all the ordinary properties of lenses 
under a simple system of coordinates, where v implies the 
relation of the radius of the first surface to the thickness or 
length of the lens, and y a similar magnitude applying to the 
second surface. 

The first diagram (Pl. XII.) is based upon this principle. If 
we take any point upon the paper its position will indicate 
some particular lens, and all lenses having some one the same 
property will lie upon a line drawn upon the diagram. If 
two such lines meet the point of intersection will correspond 
to a lens having the properties appertaining to both the lines. 
The general characters of a lens depend upon its shape and 
not upon its scale. But if the general characters of a lens 
are known, and the point on the diagram determined, the 
strength of a lens is then simply dependent upon the scale. 
and can be raised as desired. 

The diagram presented is based upon the supposition that 
#==1'5, a supposition which, though it was long employed 
for glass as sufficiently exact for academical approximation 
in the casual text-books of Cambridge University, when it 
was certainly not so, has, under the laborious care of German 
experiment, become not inapplicable to the glasses of low 
dispersion produced by Schott. 
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It may make the use of such a diagram simpler to take an 
example or two. 

Suppose the condition which it is desired to obtain to be 
that the second principal focus shall lie upon the second 
surface. 

Then from any table of optical properties, e. g. that given 
of lens quantities in my * Geometrical Optics,’ this condition 
implies that the following equation must hold good :— 


p --1ld-4 ur z:0. 
Hence "y —p-—l 
d ` pe’ 
: 1 
or if w=1°5, t=—3. 


The line is therefore drawn parallel to the axis of y and 
at a distance —4 from it. 
The condition that the focal length shall be infinite is 


—] 
— dz — Prio 
u Po Ti 


mask l oyp usr 
Hence y —2— u is if w=1°5. 
This straight line is shown upon the diagram and is called 


the “ Telescope Line.” 
The condition that the focal length shall not change for 
small variations in the value of the index is of course found 


by forming the equation A =0. 
This condition is given by the equation 


3. 
M dzry-—n. 
Hence p -—1 5 Pets: 


y~-z= ". ə OF 5 


This line is marked “ Focal Length a minimum,” and is 
of course parallel to the Telescope Line. All lenses upon this 
line possess a high degree of achromatism. 

A ray may so pass through a lens that it encounters the 
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two surfaces in such a way as to receive equal deviation in 
the same direction at each surface, and therefore on the 
whole minimum deviation, as in the symmetrical passage of 
& ray through a prism. I have shown elsewhere how this 
can take place for all the rays of a pencil emanating from 
any point on the axis of a lens. 

If the point is at an infinite distance the condition is 


2— r - Ar 4 4 —1dz0. 
Hence 2—puy-- uz p —1 =0, 
and if uz 1:5 this becomes 
y T 924-120. 


The line is marked upon the diagram * minimum deviation 
for rays from infinity." 

It passes through the sphere point z= —4, y=4 as all such 
lines must. 

The curve which results from making the position of the 
second principal focus invariable for a small change in the 


index is marked 4-9 =0. 


It is an hyperbola whose asymptotes make an angle of 
45° one with the other. One of these asymptotes is the 
straight line already considered marked “ Focal Length a 
minimum.” 

The curves obtainable from such conditions as f=n.d. 
t.e. for lenses in which the focal length has a specified rela- 
lation to d, are rectangular hyperbolas whose major axis is 
the line 

yt+2=0. 


The numbers corresponding to n are marked along this 
line. The points are the centres of the corresponding hyper- 
bolas. 

The semiaxes of these hyperbolas are given by the expres- 


sion 
/ 2n + 3n? 
6 e 


The second diagram (Pl. XII.) shows the shapes and the 
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general optical properties of certain lenses which have been 
constructed on these principles. 

The conditions selected are described above, and the re- 
lations of the radii of curvature and the focal length to the 
thickness below, each lens. 

The uniform scales indicated along, above, and below the 
axes give the magnification values for any point, the upper 
scale for light before, the lower for light after, passage 
through the lens. 

It should also be mentioned that the value of u selected 
for the computation of the actual quantities was not always 
1:5, but depended upon the glass selected. 

The first, third, and fourth make very good eyepieces, 
especially the first, which has all the advantages of a Huy ghens' 
eyepiece, to which it bears a close analogy in its ruling 
conditions. 


LX. Radioactive Processes. By Prof. E. RUTHERFORD.” 
[ Abstract. ] 


THERE are three distinct types of radiation spontaneously 
emitted from radioactive bodies, which may be called the 
a, B,and y rays. Thea rays are prominent in causing the 
conductivity of a gas, they are easily absorbed by metals and 
are projected bodies, not waves. These bodies are about the 
size of a hydrogen atom, they are positively charged and 
iravel with about one-tenth of the velocity of light. The 8 
rays are similar in all respects to the cathode rays produced 
in a vacuum-tube. The y rays are probably like Röntgen 
rays, but of very great penetrating power. The æ rays are 
by far the most important. 

In addition to these rays two of the radio-elements give off 
radioactive ** emanations," which are in all respects like gases. 
The radiations from these emanations are not permanent, but 
fall off in a geometrical progression with the time. The 


* Read June 5, 1903, 
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radiation of the thorium emanation falls to half value in one 
minute, that from radium in four days. They have all the 
properties of gaseous matter in infinitesimal quantity. Their 
coefficients of diffusion can be measured, the order of their 
molecular weights is 100,they are occluded by solid compounds 
producing them and may be condensed at low temperatures. 
The radium emanation condenses sharply at —150°C., the 
thorium emanation between — 120° C. and —150? C. The 
two emanations excite on objects, with which they come in 
contact, two kinds of temporary radioactivity, that from the 
radium emanation decaying much faster than that from 
the thorium emanation. The latter decays in a G.P. with 
the time, falling to half value in eleven hours. These effects 
appear to be produced by solid matter in invisible and un- 
weighable quantity, which can be dissolved off in some acids 
but not in others. On evaporating the solutions, the radio- 
activity is obtained unchanged in the residue. 

The experiments of Crookes and Becquerel in separating 
by chemical treatment the matter responsible for the activity 
of uranium, called uranium X, were referred to, together 
with the latter’s observation that the separated activity had 
completely decayed after the lapse of a year, by which time 
the uranium itself had completely recovered its activity. 

The work of Ratherford and Soddy on thorium was then 
discussed in detail. Thorium precipitated in solution by 
ammonia retains only 25 per cent. of its activity. If the 
solution is evaporated and ignited the remaining 75 per cent. 
is found in the extremely small residue left, which, by reason 
of its separation, is different chemically from thorium and 
was called Thorium X. Left to themselves, the thorium 
gradually recovers its activity and the ThX loses it. The 
activity of the latter falls ina G.P. with the time, the half 
value being reached after four days. At any time the sum- 
total of the two activities is a constant. This would occur 
if the ThX were being continually produced by the thorium, 
and this was shown to be the case by precipitating thorium 
at definite intervals after its separation from ThX. The 
ThX, and not thorium, produces the thorium emanation. 
The production of ThX by thorium, of the emanation by ThX, 
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and of the matter causing the excited activity by the eman- 
ation, are all changes of the same type, although the rates of 
change are distinct in each case. The change of uranium 
into uranium X is also similar, being the slowest of all. 
Twenty-two days elapse before uranium freed from UrX 
recovers one half of its activity. In radium the radium 
 emanation is the first product produced, and since this in a 
solid is almost completely occluded, the activity of a radium 
salt after it has been obtained from its solution rises after 
precipitation to several times its original value, due to the 
occlusion of the emanation. In all three radio-elements a 
part of the radioactivity is non-separable, and this part con- 
sisis only of a rays. The @ rays only result at the last stages 
of the process that can be experimentally traced. In all 
cases the radiation, from any type of active matter, is a 
measure of the amount of the next type produced, Thus the 
radioactivity of ThX at any period throughout ite life is 
always a measure of the amount of emanation it produces. 

These results find their explanation if it is supposed that 
the a particles projected form integral portions of the atom 
of the radioactive element. Thus ThX is thorium minus 
one or more projected a particles. The emanation similarly 
is ThX less a further « particle, and so on. The non- 
separable activity is due to the atoms of the original radio- 
element disintegrating at a constant rate. The whole of the 
processes take place unaltered in velocity, apparently under 
all conditions of temperature, state of aggregation, and 
chemical combination. This is to be expected of a subatomic 
change in which one system only is involved at each change. 
On this view the spontaneous heat-emission of solid radium- 
salts, discovered by Curie, is explained by the internal 
bombardment by the «æ particles shot off and absorbed in the 
mass of the substance. 

The amount of energy given out in these subatomic changes 
is enormous, and from Curie’s experiments it can be deduced 
that each gram of radium gives out 10° gram-calories during 
its life, which is sufficient to raise 500 tons a mile high. It 
seems probable that the internal energy of atoms in general 
is of a similar high order of magnitude, 
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Discussion. 


Sir Ottver Lopes congratulated Prof. Rutherford and 
Mr. Soddy upon the field of research which had opened up 
to them and upon the way they were pursuing it. Referring 
to the fact that the temperature of a piece of radium is above 
that of its surroundings, he said that Prof. Rutherford’s dis- 
covery that atoms of matter were thrown out by radium at 
one-tenth the speed of light would account for energy-effects, 
and he thought it necessary that when energy passed from 
an unrecognized atomic to an irregular molecular form, that 
previously non-existent heat would be produced. The im- 
portant point in Prof. Rutherford’s work was that he had 
established the fact that one kind of matter is thrown off by 
another kind of matter, and had also measured the velocity 
and weight of the particles thus thrown off. We were 
accustomed to electrons being shot out by matter, but the 
proof that light atoms were thrown off from heavy atoms was 
the evolution or transmutation of matter experimentally 
demonstrated. The heavy atoms of radium appear to collapse 
and throw off atoms of low atomic weight; the remainder is 
unstable, and more matter is thrown off, the original atom 
getting, it is to be presumed, lighter and lighter—according 
to the view of the author of the paper. It might be thought 
that this hypothesis about the degradation and the instability 
of the atoms was mere speculation, but it was the most 
reasonable explanation of observed phenomena. And the 
reason he was thus cordially willing to accept it as a working 
hypothesis was because he had been indistinctly looking for 
some such effect, being guided thereto by pure theory. And 
that was the chief point he wished to bring forward. 

According to an electric theory of matter, ¢. e. on the view 
that an atom contained electrons with rapid interatomic 
movements obeying laws like astronomical laws, this insta- 
bility ought to exist. Taking a formula by Prof. Larmor 
for the radiating power of an accelerated electric charge, 
Sir Oliver Lodge gave a rough proof of the latter statement 
(reproduced in ‘Nature’ for June lith). He stated, in 
conclusion, as a working hypothesis that we must not sup- 
pose that atoms are permanent and eternal, and suggested 
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that we may possibly find a rise and decay in ordinary 
matter, and find that the history of an atom may be written 
—in accordance with the analogy of solar systems and 
cosmic configurations generally. On the electric theory of 
matter the falling together of electrons might producé the 
electric aggregate called an atom, and its subsequent gradual 
decay or separation into other forms would be accompanied 
by epochs of radioactivity. 

Prof. W. E. AYRTON, after congratulating the author, said 
he would like to ask a question. Prof. Rutherford had 
shown us the discharge of an electroscope when a thick plata 
of metal was placed between a piece of radium and the in- 
strument. Would the electroscope be affected if a piece of 
radium completely surrounded by an earthed metal casing 
was brought near to it? Again, if a piece of radium was 
insulated inside a completely-closed metal box, would an 
electroscope, metallically connected with the outside of the 
box—the whole being placed in a very good vacuum—be 
charged, and if so, what would be the sign of the charge? 

Prof. Everett found it difficult to believe that there was 
a sufficient store of energy in the atom to account for the 
effects observed. He asked if the phenomena were not due 
to resonance, the radium atoms being shaken asunder by 
vibrations in the ether to which they were responsive. These 
scattered atoms might knock asunder some of the atoms of 
neighbouring bodies, and so produce the B rays. 

Prof. S. P. THompson pointed out that the notion of 
energy within the atom was based upon the statement that 
the temperature of a piece of radium was above the tempe- 
rature of its surroundings. Without doubting the work of 
Curie, he thought that critical experiments should be made 
on this point before it could be looked upon as an accepted 
fact, or such large generalizations be based upon it. 

Dr. Lowry called attention to the slender evidence on 
which the theory of atomic degradation had been based. The 
behaviour of thorium and ThX was precisely analogous tv 
that of a substance like m broino-nitrocamphor, which exists 
in an inactive “ normal " form as a neutral substance and a 
dielectric, but also in an active * pseudo” form in which it 
is a strong acid and an electrolyte. Both forms are fairly 
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stable in, the solid state, but when dissolved are exceedingly 
labile, and the merest trace of impurity is sufficient to bring 
about an isomeric change which leads in the course of a few 
days or hours to a condition of equilibrium in which there are 
about 94 parts of the inactive normal to 6 parts of the active 
pseudo form. The curves representing the rate of recovery 
and decay of (electrolytic) activity are mathematically iden- 
tical with those shown for the recovery and decay of radio- 
activity by the two modifications of thorium and uranium. 
There is, therefore, the strongest evidence in favour of the 
view that the conversion of thorium into ThX is a reversible 
change, and ihat the emanations and excited activity are 
merely physical phenomena. 

Prof. RUTHERFORD, in reply to Prof. Ayrton, said that 
in the first case discharge would take place, and that the 
result in the second case would depend upon the thickness 
of the walls, and therefore upon the nature of the rays 
which could piss through. He also pointed out that 
Dr. Lowry's explanation involved him in perpetual motion. 
It did not explain radioactivity, and it was difficult to see 
how it could account for the phenomena occurring in stages. 
Moreover, there was no reversible chemical action that went 
on at the same rate ata red heat as in liquid air. With 
regard to Prof. Everett's suggestion, it seemed that such a 
process would be even more wonderful than that suggested. 
The phenomena go on unchanged even when the substance is 
shielded from external influence by many inches of lead. He 
felt confident that Curie's observation of heat emission would 
prove to be well founded. 
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PROCEEDINGS 


AT THE 


MEETINGS OF THE PHYSICAL SOCIETY 


OF LONDON. 


SESSION 1901-1902. 


February 22nd, 1901. 


Meeting held at Burlington House. 
The Prestpent in the Chair. 


The following were elected Fellows of the Society :— 
J. Henry, W. MakowEB, A. E. Turron. 


The following Papers were read :— 

1. How Air subjected to X-rays loses its Discharging Property, and 
how it discharges Electricity. By Prof. E. Vitar, Hon. Fellow 
of the Society. 

2. On the Propagation of Cusped Waves and their Relation to 
the Primary and Secondary Focal Lines. By Prof. R. W. Woop. 

3. On Cyanine Prisms, and a new method of exhibiting Ano- 
malons Dispersion. By Prof. R. W. Woop. 
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March 8th, 1901. 
Meeting held at Burlington House. 
Dr. GrazzgBnaoox in the Chair. 


The following was elected a Fellow of the Society :— 
Prof. J. CouxpeR Boss. 


The following Paper was read :— 

1. A Theory of Colloidal Solution. By Dr. F. G. Dornan. 

Mr. R. Appreyarp exhibited :— 

1. A Slide Bridge for testing the Conductivity of Metals. 

2. A Mechanical Gauge for checking the Diameters of Spheres. 
3. An Electric Lamp for Reflecting Instruments. 


. March 22nd, 1501. 
Meeting held at University College. 
The Presipent in the Chair. 


The following were elected Fellows of the Society :— 
H. Bere and E. Smarr. 


The following Papers were read :— 

1. On the Expansion of Silica. By Prof. H. L. Cartenpar, F.R.S. 

2. Description of the Spectroscopic Apparatus at University 
College. By E. C. C. Baty. 

Exhibition of Apparatus took place in the Chemical Laboratory 
of University College. 


April 26th, 1901. 
Meeting held at Burlington House. 


Dr. GraízkBROook in the Chair. 


The following Papers were read :— 

1. On the Thermodynamical Correction of the Gas Thermo- 
meter. By Prof. H. L. Carrenpas, F.R.S. 
2. On the production of a Bright-line Spectrum by Anomalous 
Dispersion, and its Application the * Flash-Spectrum." By Prof, 

R. W. Woon. ] l 


D 
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May 10th, 1901. 
Mecting held at Burlington House. 
The Presrpent in the Chair. 


The following were elected Fellows of the Society :— 
C. CUTHBERTSON, W. J. GREENsTREET, W. R. Kersey. 


The following Papers were read :— 

1. On the Applications of Elastic Solids to Metrology. By 
Dr. C. Curre, F.R.S. 

2. On the Thermal Properties of Isopentane compared with those 
of Normal Pontane. By J. Rosg-Iuxzs and Dr. 8. Youxo.- 


May 31st, 1901. 
Meeting held at Burlington House. 
The Presipent in the Chair. 


The following Papers were read :— 

1. On the Resistance of Dielectrics, and the Effect of an Alter- 
nating Electromotive Force on the Insulating Properties of India- 
rubber. By A. W. AsHrox. 

2. On a Model which imitates the behaviour of a Dielectric. By 
Prof. J. A. Frxuix6 aud A. W. AsuroN. 

3. On the Electrification of Indiarubber by Extension and 
Percussion. By A. W. AsHTON. 


EE 


June 14th, 1901. 
Meeting held at Burlington House. 
The Presipent in the Chair. 


The following were elected Fellows of the Society :— 
J. M. McEwen and F. J. SELBY. 


The following Papers were read :— 
1. On Herr Jahn's Measurements of the Electromotive Force of 
Concentration Cells. By Dr. R. A. LEnRFELDT. 
. 2. On the Mechanism of Radiation. By J. H. Jeans. 
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June 28th, 1901. 
Meeting held st King's College. 
Prof. J. D. Evererr in the Chair. 


The following Papers were read :— 


1. On the Effeet of a High-frequency Oscillating Field on 
Electrical Resistance. By 8. A. F. Wurrs. 


2. On the Spectrum of Cyanogen. By E. C. C. Bary and Dr. 
H. W. Srxzs. 


An Exbibition of the Laboratory and Museum at King’s College 
by 8. A. F. Waite. 


October 26th, 1901. 
Meeting held at Burlington House. 
The PRESIDENT in the Chair. 


The following was elected a Fellow of the Society :— 
J. H. Jeans. 


The following Papers were read :— 
1. On the Variation with Temperature of the Thermoelectromotive 
Force, and of the Electric Resistance of Nickel, Iron, and Copper, 


between the Temperatures of —200° and +1050°. By E. P. 
HABRISON. 


2. On Asymmetry of the Zeeman Effect. By G. W. WALKER. 


November 8th, 1901. 
Meeting held at Burlington House. 


Mr. T. H. Buaxesrey in the Chair. 


The following Papers were read :— 
1. On a Voltameter for Small Currents. By Dr. R. A. Lxnrzupr. 


2. Note on a paper by Prof. Fleming and Mr. Ashton on a Model 
which imitates the behaviour of Dielectrics. By Dr. J. Buchanan. 
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November 22nd, 1901. 
Meeting held at Burlington House. 
The Presipent in the Chair. 


A Special General Meeting was held at which the following 
Resolution was passed :— 

Resolution :—'* That the Five Hundred Pounds Ordinary Stock 
(fully paid up) in the London, Brighton, and South Coast Railway 
Company, offered to the Society by Wittram Forp SrANLEY, Esq. 
(a Fellow), be accepted and retained, the said Stock being hereby 
approved of as an investment in pursuance of No. 93 of the Articles 
of Association. And that the said W. F. Stanley be requested to 
transfer the same Stock into the name of the Society to be held 
upon the trusts declared by a Deed Poll which has been already 
prepared and approved, and that the Seal of the Society be affixed 
to such Deed Poll.” 


The following was elected a Fellow of the Society :— 
B. Hopxtnson. 


The following Papers were read :— 

1. A Multiple Transmission Fixed Arm Spectroscope. By Prof. 
W. Cassis. 

2. Measurement of Young's Modulus. By Prof. W. Cassin. 

3. Notes on Gas Thermometry. By Dr. P. Cuarpuis, 


December 18th, 1901. 
Meeting held at Burlington House. 
The Presipent in the Chair. 


The following Papers were read :— 

]. On Circular Filaments or Circulur Magnetic Shells cquivalent 
to Circular Coils, and on the equivalent Radius of a Coil. By Prof. 
T. R. Lye. 

2. On Air Pressures used in playing Brass Instruments. By 
Dr. E. H. Barton and 8. C. Laws. 

3, Note on a now Hygrometric Method. By E. B. H. Wang. 
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January 22nd, 1902. 
Meeting held at Burlington House. 
The Presipent in the Chair. 


The fullowing were elected Fellows of the Society :— 
M. E. J. Gueury, M. O’Gorman, F. P. SEXTON. 


The following Paper was read :— 

On the Factors of Heat. By J. SwiNBURNE. 

Mr. EvsracE H. Larcr exhibited some Twinned Crystals of 
Sclenite. 


——— —À a M — — À— 


Annual General. Meeting, 
February 14th, 1902. 
Mr. T. H. BraxzsrEY in the Chair. 
The following Report of the Council was read by the Secretary :— 


The year 1901 has not been an eventful one to the Society. The 
Meetings have been held with regularity, and the attendance quite 
equals that of the preceding years. Those falling on March 22nd 
and June 25th were held respectively in University College and 
King's College, by the kind permission of Profs. Callendar and 
Ramsay and Prof. Adams. 

The number of Fellows on the roll remains unchanged since last 
year. The Society has had to mourn the loss of Principal J. 
Viriamu Jones and Dr. Shettle by death; and there have been five 
resignations and four names removed for non-payment of subscrip- 
tions. Eleven new Fellows have been elected. The Society has 
also lost by death two of the Honorary Fellows, Prof. Rowland of 
Baltimore, and Dr. Rudolph Koenig of Paris, who was only elected 
at the last Anniversary Meeting, 

On the occasion of the ninth Jubilee of the University of Glasgow 
in June 1901, the Physical Society was invited to send a Delcgate, 
and was represented by the President. An illuminated address of 
congratulation was presented on that occasion. 

More recently, on January 12th, 1902, our Honorary Fellow, 
Prof. Hittorf, of Münster, attained the Jubilee of his Professorship 
of Physics in the University of that city; a telegram of congratu- 
lation was sent to him in the name of the Physical Society. 

The chief event of the year was the generous gift by Mr. W. F. 
Stanley to cnable the Society to send out a short résumé of the 
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Proceedings at each meeting to every Fellow. Mr. Stanley’s 
wishes have been carried out since the opening of the Session. Your 
Council feel that the issue of this bulletin will tend to bind the 
Fellows of the Society together, and to increase their appreciation 
of the value to the Society of Mr. Stanley’s generous action. 


The Report of the Council was received. 


The Treasurer read his Report and presented the Balance Sheet, 
which were received. 


The election of Officers and other Members of Council then took 
place, the new Council being constituted as follows :— 


President.— Prof. S. P. Toompson, D.Sc., F.R.S. 


Vice- Presidents who have filled the Office of President.—Dr. J. H. 
GrapsroNE, F.R.S. ; Prof. G.C. Foster, F.R.S.; Prof. W. G. ADAMS, 
M.A., F.R.S.; Lord Kzrvis, D.C.L, LL.D., F.R.S.; Prof. R. 
B. Crrrron, M.A., F.R.S.; Prof. A. W. Rernotp, M.A., F.R.S. ; 
Prof. W. E. Ayrton, F.R.S.; Prof. A. W. Rücker, M.A., D.So., 
F.R.S.; Sir W. pe W. Aswey, R.E., K.C.B., D.C.L, F.R.S.; 
SHeELFoRD Bipwrntrt, M.A., LL.B., F.R.S.; Principal Oxiver J. 
Lopez, D.Sc., F.R.S. 


Vice- Presidents.—T. H. Brakesrer, M.A. ; Prof. J. D. EvznzrT, 
D.C.L., F.R.S. ; S. Lupron, M.A.; J. WALKER, M.A. 

Secretaries.—H. M. ELDER, M.A.; W. Watson, B.Sc., F.R.S. 

Foreign Secretary.—R. T. Grazesroox, D.Se., F.R.S. 

Treasurer.—Prof. H. L. Catcenpar, M.A., F.R.S. 

Librarian.—W. Watson, B.So., F.R.S. 

Other Members of Council.—C. Curre, D.Sc., F.R.S.; W. R. 
Cooper, M.A.; G. GRIrrrrTH, M.A:; R. A. Lenrzrpr, D.Se.; A. W. 
Porter, B.Sc.; W. A. Price, M.A.; W. N. Saaw, M.A., F.R.8.; 


W. F. SranLeyY, F.G.S.; J. SWINBURNE; A. A. CAMPBELL Swinton, 
M.I.C.E. 


The following were elected Honorary Fellows of the Society :— 
Prof. S. P. Lanerey and Prof. H. A. Lorentz. 


"The Prestpent of the German Physical Society was elected an 
ex-officio Fellow of the Society. 


Votes of thanks were pussed to the Auditors, the Officers and 
Council, and to the Chemical Society. 


8 PROCEEDINGS OF THE PHYSICAL SOCIETY. 


An Ordinary Science Meeting then took place, at which Mr. T. H. 
Lirrtgwoop exhibited an improved form of Atwood’s Machine. 


Treasvker’s Rerorrt. 


The number of Members has remained practically constant at 410, 
but the smount received in subscriptions and donations has increased 
from £407 in 1900 to nearly £700. Part of this increase is 
accounted for by the generous response of many of the life-members 
to an Appeal issued in the early part of the year; £104 was received 
in compositions and donations from this source, and 24 new annual 
subscribers of one guinea were secured; .£100 was transferred to 
the Guarantee Fund on deposit, which now amounts with interest 
to about £569, representing contributions made to assist the Society 
in the publication of ‘Science Abstracts.’ There were also two life- 
compositions of 30 guineas each from new Members. The emount 
realized im collecting arrears of subseriptions, namely £79, consi- 
derably excecded the estimate of £42 made last year. The amount 
collected for current subscriptions in 1901 was £56 in excess of that 
collected in 1900, and the arrears now due are much less than usual. 
The greater part of the increase of receipts is of a temporary 
character, but there is a nett increase of revenuo of about £50, 
which will probably be maintained. The amount paid for printing, 
£287 12s., is unusually large, but includes a liability of £71 out- 
standing from last year, so that the actual expenditure for 1901 
was less than that for 1900. The bill for periodicals covers a period 
of 4 years, extending to the end of 1902. Omitting exceptional 
sources of revenue and expenditure, there remains a margin on the 
right side, which may be utilized in future years for extending the 
sphere of aetivity of the Society. 


PHYSICAL SOCIETY OF LONDON. 


ADDRESS OF THE PRESIDENT. 


Professor Si.vanus P. Tuompson, D.So., F.R.S. 


Delivered at the Annual General Meeting, 
February 14th, 1902. 


Ix the year which has passed since I had the honour of addrossing 
you from this Chair, some changes, happily few, have passed over 
the membership of our Society. Death has, however, robbcd us of 
two of our Honorary Fellows, and it is fitting that we should pay at 
least a passing tribute to their worth. 

Professor Henry A. RowLawp, who had been our Honorary 
Member since 1884, died suddenly on April 16th, 1901, aged 53 
years. He was educated as an engineer, and graduated in 1870 at 
the Rensselaer Polytechnic at Troy, N.Y. He subsequently joined 
the staff of that College as Assistant Professor, and on the founding 
of Johns Hopkins University at Baltimoro, was appointed its 
Professor of Physics. Prior to this, he had made researches on tho : 
magnetic permeability of iron, using the ring method, which ho 
perfected greatly. This research was published through the inter- 
mediation of Clerk Maxwell in the Philosophical Magazine. Prior 
to taking up his Chair at Baltimore, he spent a year in Berlin in the 
laboratory of Helmholtz, where ho carried out tho classical experi- 
ment of measuring the magnetic field due to the rotation of a 
charged disc of ebonite. Though some doubt was thrown upon this 
experiment by Lecher some years ago, and by Crémieu moro recently, 
there seems to be no doubt that in such experiments electric con- 
. vexion does produce a magnetic field in accordance with the 

conceptions of Faraday and Maxwell. After Lecher’s unsucecssful 
attempt of 1885 to repoat the experiment, I urged upon Rowland 
that he should himself repeat it under better conditions than those 
possible in 1875. This he did in collaboration with Dr. Hutchinson; 
the results being published in 1839. Rowland’s career at Baltimore 
was fruitful in original researches of great precision. He deter- 
mined and redetermined the absolute value of the B.A. unit of 
resistance, using a modification of the method of Kirchhoff. Ie 

c 
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also redetermined the absolute value of the specific heat of water, 
commonly called Joule's equivalent, using an apparatus on thesame 
principle as Joule’s perfected apparatus of 1898, but on a larger scale, 
requiring an engine to drive it, and converting much more energy 
into heat in a given time than had been possible in the older deter- 
minations. Rowlands value ranks amongst the most accurate of- 
the determinations of “J.” In 1882, he communicated to this 
Society an account of the concave diffraction-grating, by which it 
became possible to produce spectrum photographs directly, without the 
intervention of lenres or prisms. To perfect tho grating he devoted 
himself with untiring energy, and himself designed a new ruling 
machine which was set up in the basement of his laboratory at 
Baltimore. The fruitfulness of this instrument of research in his 
hands and in the hands of others is too well known to need any 
comment.  Rowland's own large-scale maps of the spectrum, 
photographed by its means, are a witness to its capability. He also 
with it investigated the wave-lengths of the principal spectrum-lines. 
His Table of standard wave-lengths, published in the Philosophical 
Magazine for July 1893, remains of permanent authority. At the 
Electrical Exhibition of 1884 at Philadelphia he presided at the 
Congress of Klectricians, and read a paper on dynamos in which he 
enunciated the principle of the magnetic circuit. He oocupied 
himself during recent years with multiplex telegraphy and some 
other practical applications of electricity ; but his heart was in more 
abstract researches, and by these he will be known. He presided at 
the International Congress of Electricity at Chicago in 1893, and 
was a permanent member of the International Commission on 
Standards. He was the first President of the American Physical 


Society. He was elected a Foreign Member of the Royal Society in 
1889. 


Dr. Ru»crpPu KorN16, the eminent constructor of acoustical instru- 
ments, the inventor of the ingenious manometric flame so useful 
in acoustic research, and the author of many important experimental 
rescarches in acoustics, died October 2nd, 1901, aged 68. He was 
elected as our Honorary Fellow only at the last Annual General 
Meeting. To his scientific work I made a lengthy allusion in my 
Presidential Address of last year. There is little now to add, save 
to recall with a mournful satisfaction that in his failing condition 
of health, he received with undisguised.. pleasure the recognition of 
his services to physical science implied.in our Honorary Fellowship. 
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He left behind an unpublished memoir, sufficiently completed, I 
trust, for publication, relating to the influence of the phase of the 
components of a compound tone upon its timbre. Ho had devised 
some new experiments which he himself showed me in September 
1900; having been enabled, as he told me with a feeble smile, to 
afford the cost of the new apparatus, because in the spring his 
business had been somewhat more prosperous than of late. At the 
time of his death the great Tonometer was still in his possession. 
Would that this incomparable collection of acoustical standards— 
unique as it must for ever be—could be purchased, ere too late, for 
our National Collection. Such a collection, whatever its destination, 
ought not to be dispersed. Its preservation intact as a monument 
of the great acoustician will be desired by every lover of physical 
Science. 


You have this day chosen to fill the gaps in the rank of our 
Honorary Fellows the names of Professor Samuel Pierpont Langley 
and of Professor Hendrik Antoon Lorentz. 


Professor LaxeLEY needs no words from mo to commend him to 
you. You are aware of the eminent position which he holds in 
the United States as Director of the Smithsonian Institution of 
Washiugton; and all the world knows of the admirable work 
which he did while Director of the Alleghany Observatory. In his 
book, published in 1884 by the United States Signal Service, under 
the title of Researches in Solar Heat and its Absorption by the Earth's 
Atmosphere, Langley put together a large number of facts and 
observations which had in part been previously announced in his 
original memoirs. For some timo, his observations of solar radiation 
were made with black-bulb thermometers, with the actinometer, and 
the pyrheliometer. But, not satisfied with these instruments, he 
devised the bolometer, an apparatus which, since it depends upon 
the change of electric resistance produced in a thin conductor of 
blackened motal, and observed electrically, can readily be made into 
a recording instrument. In Langley's hands it became a sufficiently 
sensitive iustrument to be capable of application to spectroscopic 
work. It is,in fact, with the spectro-bolomoter that the greater 
part of Langley’s later work has been accomplished. Armed with 
this instrument of research, he has explored in the olear air of tho 
high North-American peaks, the infra-red region of the spectrum, 
known to us it is true to a limited extent before. Sir William 
Herschel in 1880 had found that a thermometer placed in the 

c2 


14 PROCEEDINGS OF THE PHYSICAL SOCIETY. 


spectrum showed heating effects beyond the limit of the visible 
radiations at the red end; while his son Sir John Herschel, in 
1840 published a crude thermograph showing discontinuous absorp- 
tion in that region. ‘Iyndall in 1866 concluded that about one-third 
only of the energy radiated is comprised within the visible spectrum ; 
the remaining two-thirds being in the infra-red. In 1876 Edmond 
Becquerel, using a phosphorescent method discovered by him in 
1842, had roughly mapped the infra-red spectrum; while his son 
Henri Becquerel in 1883 carried out this mapping much further, 
using a bisulphide prism and a Rutherford grating. Our former 
President, Sir William Abney, taking advantage of his own discovery 
of the sensitiveness of bromide of silver emulsions to red and infra- 
red light, produced in 1886, after several years of work, a map of 
the infra-red region from the line A down to a wave-length of about 
180 microcentimetres, with a table of over 400 absorption-lines. 
This map he had photographed by means of a Rowland concave 
grating. But Langley has now extended the limits of our know- 
ledge. In his researches from 1891 to 1898, he has investigated 
what may be called the “ lower infra-red region " down to a wave- 
length of over 530 microceutimetres; so that the now known infra- 
red spectrum extends to a length more than ten times that of the 
visible spectrum. In his recent book, Annals of the Astrophysical 
Observatory of the Smithsonian Institution (Washington, 1900), he 
gives a magnificent map of this region of the spectrum, as taken by 
the bolometer with a rock-salt prism of 60°. He finds well-defined 
absorption-bands and lines, many of which are due to terrestrial 
atmospheric absorption, somo of them showing an annual variation 
of definite regularity, others liable to irregular change. He has 
thus opened out a new chapter connecting meteorology with the 
properties of the infra-red rays. Professor Langley is well-known 
personally to many physicists on our side of the Atlantic: he was 
elected a Foreign Member of the Royal Society in 1895. But in 
view of his recent achievements, we may well feel that we may 
congratulate ourselves on being permitted to enroll him now amongst 
our twelve Honorary Fellows. 


Professor Henprik AnTooN Lorentz has made for himself a name 
in a very different branch of physics, that of mathematical theory, 
which he has applicd with great elegance to the problem of the 
aberration of light, to the equations of the electromagnetic field, and 
to the theory of electrons. The greater part of his contribution to 
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physics is to be found in papers which have appeared during the past 
twenty-five years in the Archives Néerlandaises. 

He has worked at hydrodynamics, sound, and thermodynamics, 
but his most important work is without doubt his extension of the 
theory of Maxwell, by the introduction of new conceptions in 
relation to the interaction of ponderuble matter and imponderable 
ether. It is familiar history that though Maxwell’s work was 
followed up and very generally accepted by British physicists during 
his life-time and in the years which immediately followed, it was 
not till ten years later, when Hertz's researches established experi- 
mentally the phenomena of the clectromagnetic waves, that Conti- 
nental physicists generally began to appreciate its merits. Long 
before this, however, Maxwell's work had been assiduously studied 
in Holland. Lorentz's thesis for the doctorate, in 1875, shows a 
deep understanding of it. In this paper he explains the electro- 
magnetic theory of the refraction and reflexion of light ; having 
been led to this study by an assertion of Helmholtz that the formulas 
of Fresnel could be explained by the electromagnetic theory of light 
better than by any other form of the undulatory theory. Lorentz, 
indeed, brought in evidence that Maxwell’s theory is to be preferred 
to the other theories. This result he derived not only from the 
calculation of ordinary reflexion and refraction, but also from an 
investigation of total-reflexion, crystalline reflexion, and metallic 
reflexion. At the end of the same paper, he points out that dis- 
persion and emission have also to be brought under this theory. 
This extension, including also aberration, Lorentz published twenty 
years later, in 1895, in his Theorie der elektrischen und optischen 
Erscheinungen in bewegten Körpern, being a recast of another paper 
of 1892, entitled la Théorie électromagnétique de Maxwell et son 
application aux corps mouvants, this being again a developmont of 
a communication to the Academy of Amsterdam in 1891, and — 
showing that all electrodynamie phenomena can be explained by 
applying the electromagnetic equations for moving conductors to 
moving atoms of electricity. Lorentz’s conception of the relation 
between matter and ether is oondensed in this paper into a simple 
mathematical formula including the laws of all electric and optical 
phenomena. The stepping-stones by which ho arrived at this con- 
ception, a conception wide enough to eliminate any special hypothesis 
as to the structure of matter, yet definite enough to allow rigorous 
mathematical treatment, were the following. In 1878, following 
closely upon his thesis for the doctorate, he investigated the relation 
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betwcen density and refractivity, and so, independently of Lorenz 
(1? — 1) 
(^F Ld 
this result he was obliged to take into consideration more strictly 
than before the molecular structure of the ponderable medium, and 
to accept the possibility that in every molecule there are particles 
with opposite charges of which one kind can shift under the influence 
of external forces ; the surrounding ether being supposed to have 
the same properties as in vacuo. The explanation of dispersion 
was then given by assuming that the electric particles, shifted to a 
certain extent by elastic forces against a harmonic force exerted by 
the pondcrable atoms, have a certain mass. In Lorentz's memoir 
on the formule of electrodynamics, published in 1831, there is 
nothing pointing to a further use of electric particles for explaining 
clectrodynamic laws: even in his paper of 1883, on the explanation 
of the Kerr effect aud allied magneto-optic cffects, by postulating a 
Hall effect on the electric-light vibration-currents, he does not recur 
to the conception of electric particles which later he used to such 
striking purpose. Tho starting-point from which Lorentz travelled 
toward the new views on the róle of the ions was the study of the 
intricate problem of aberration. Those new views he reached only 
after a struggle of some years with the difficulties presented by the 
aberration-theory of Stokes, and the experiment of Michelson. In 
his memoir entitled De l'influence du mouvement de la terre sur les 
phénomènes lumineux, which appeared in the Archives in 1887 
(vol, xxi. pp. 103-176), he discusses with great keenness the 
experiments of Michelson in relation to the theories of Fresnel and 
of Stokes, and concludcs that so far as the facts of Michelson’s 
observations are concerned, they lend support to Stokes’s supposition 
that the ether moves in independence of the matter of the earth. 
The excecding difficulties of discussions of this sort suffice to bring 
out the real genius of the man. It would be of interest to know 
Lorentz's views on the recent work in this direction of Prof. Lodge, 
and the still more recent and rather surprising paper of Professor 
Hicks. 

In Lorentz’s paper of 1892 on Maxwell’s electromagnetic theory 
and its application to moving bodies, he starts with the postulates of 
Maxwell's theory and compares them with those of Hertz. He 
points out the distinction between the methods pursued by these 
two great thinkers: Maxwell always haunted by his mechanical 
analogics and attempting to explain the properties of the electro- 


of Copenhagen, discovered the law =constant. To obtain 
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magnetic field by the properties such as inertia and momentum of 
mechanical systems ; Hertz, on the other hand, contenting himself 
with clear and succinct descriptions, independent of all preconceived 
ideas as to that which passes in the electromagnetic field. Lorentz 
appears to sympathize with both methods of vision; and in attempting 
to generalize Maxwell’s methods was clearly influenced by Hertz’s 
views. But his principal aim in this generalization was to ascertain 
the laws which would govern the movement of electricity in bodies 
which should in their movement in space not drag the ether (as Hertz 
had assumed) along with them. Adopting the displacements or 
movements of the ions as the causes of electric phenomena, he 
extends Maxwell’s fundamental equations to include their move- 
ments. To attempt here to give any outline even of these memoirs 
of Lorentz would be misplaced labour. Suffice it to say that, amongst 
a number of other results, he arrives at the conclusion that the 
movement of ponderable matter impresses on ether waves a velocity 
which is a determinate fraction of its own, the factor being precisely 
the coefficient introduced arbitrarily by Fresnel into the theory of 
aberration. 

In the memoir mentioned, end in others which followed it, 
Lorentz took up in a refined form his earlier hypothesis, and pro- 
ceeded to apply the theory of a system of electric particles moving 
through the ether, leaving the ether iteelf at rest. In this theory 
the electric corpuscles are now clearly and explicitly named ; and, 
in harmony with the views of Giese, Schuster, Arrhenius, Elster 
and Geitel, they aro provisionally identified with the ions of electro- 
lysis. Formula are now given in the style of Maxwell for the state 
of the ether in the neighbourhood of the electric particles and for 
the forces exerted by the ether on the corpuscles. Looking at 
these formulm, one secs at a glance that in every experiment where 
a conductor is displaced, in order to understand the truo meaning 
of the resulting phenomena one must go back to the whole dis- 
cussion that is at the bottom of the aberration theory. The theory 
of Lorentz partakes of the old form of that of Weber and Clausius 
as well as of that of Maxwell. Electrostaties return mathematically 
to the old form of Coulomb; but the electrical interactions are pro- 
pagated through the ether, as in Maxwell's theory; and in optics 
the equations yield Fresnel's coefficient for aberration phenomena. 
An opportunity to test the new theory experimentally presented 
itself within a very few years of its publication. While pursuing 
another train of ideas, and one which had occurred to him during a 
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protracted research on the Kerr effect, Zeeman discovered that the 
magnet exercises an influence on the light emitted or absorbed by 
metallic vapours, Lorentz immediately realized the important 
bearing which this new fact had upon his theory. The explanation 
of the fact which his theory was able to afford was so striking, that 
it has been universally accepted as & direct proof of the fundamental 
correctness of the theory. And not only did Lorentz give the 
explanation of the Zeeman effect, but he added a brilliant prediction 
as to the polarization of the doublets and triplets which Zeeman had 
found in the spectral lines. This polarization was verified imme- 
diately by Zeeman, thus leaving no doubt as to the nature of the 
new effect. In the mean time Lorentz, showing how the mass of 
the “light-ions” could be determined from the observations of 
Zeeman, that is to say from optical phenomena, found in Zeeman’s 
discovery the means of putting the finishing touch to his theory, 
inasmuch as it enabled him to identify these ** light-ions" with the 
electrons introduced in other departments of research. 

Many important contributions to the theory of magneto-optic 
phenomena have since been given by Lorentz. He has given a 
résumé of them in the Report which he presented to the Congress of 
Physics at Paris in 1900. He has also applied his views to furnish 
& hypothesis to explain the null result of the famous Michelson- 
Morley experiment, viz., that the dimensions of a body are sub- 
jected to a minute change by their translation through the ether. 
He has also investigated a kindred explanation of gravitation. He 
deduced from the law of Wien the inference that the electrons in all 
bodies are of the same size. To sum up all this admirable work, it 
may suffice to say that to Lorentz we owe the new proof derived 
from optics of the necessity of recasting our fundamental ideas in 
physies in the way that this reconstruction has already been forced 
upon us in electrical matters, the essence of that new fundamental 
idea being that which Lord Kelvin has so recently discussed under 
the title of '**Aepiuus atomized,” that new atomic theory of 
clectricity which has emerged from the work of Faraday, Hittorf, 
Helmholtz, Budde, Stoney, Arrhenius, and J. J. Thomson. 

Vory important work has also been done by Lorentz in the 
kinetic theory of gases. In 1880 he deduced from Boltzmann’s 
differential equation for the law of molecular velocities in a medium 
where the densities and velocities of the gas are not everywhere the 
same, a law for the propagation of sound in a gas. In 1887 he 
attacked the law of partition of velocities, and treating the problem 
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of the reversal of molecular collisions as set forth by Boltzmann, ho 
devised a new and simpler proof of Maxwell’s velocity-partition law 
for monatomic gases, and removed some of the difficulties in finding 
the relation between the differentials of variables characterizing the 
beginning and end of a molecular collision. He also published a 
study on the meaning of the laws of emission proposed by Boltz- 
mann and by Wien. In 1881, in a contribution to the study of the 
equations of state, he described a mode of finding the correction for 
the volume of the molecules in van der Waals’s theory, by calcu- 
lating the virial of the impulses of the collisiuns, a method later 
developed by Boltzmann in his treatise on the kinetic theory of 
gases. To this, in 1891, he added some considerations on the kinetic 
theory of solutions, and in 1897 some applications of the thermo- 
dynamic potential in connexion with questions of equilibrium 
of phases occurring in Schreinmaker’s extensive experimental 
research on equilibrium in ternary systcms. 

Lorentz has also published a very admirable series of papers in the 
Physikalische Zeitschrift on the electromagnetic theories of physical 
phenomena, His latest paper, published last November, is upon the 
method of the revolving mirror for the determination of the velocity of 
light. He discusses here the question whether, since the act of 
reflexion at the surface of a mirror must take a finite, though 
excessively short, time, the revolving mirror must not necessarily 
drag round the luminous beam with itself. He finds that no error 
from this source could affect the accepted value of the velocity of 
light by one ten-millionth part ; and that if the perturbing effect of 
the revolving air, caught by the mirror, is taken into account, the 
error from that source would not exceed one part in twenty-five ' 
millions. 

Lorentz is not only a pioneer in mathematical physics, he is above 
all one of the leaders of scientific life in Holland, a man of wide 
sympathies and views, one whom it is truly & privilege to enrol 
within our ranks *, 


During the course of last month one of our most distinguished 
Honorary Fellows, Professor Hittorf of Münster, completed the 
fiftieth year of his professoriate. On the lith of January 


* In preparing this notice of Prof. H. A. Lorentz, I am indebted to 
Prof. H. Kammerlingck-Onnes, who has kindly furnished me with a complete 
Bibliography of the scientific memoirs of Lorentz, aud copious Notes thereon. 
—8. P. T. 
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I addressed to him a brief telegram congratulating him in the name 
of the Physical Society of London on the attainment of his Jubilee. 
I have since received from Professor Hittorf a letter acknowledging 
the good wishes so conveyed to him, and asking me to communicate 
his best thanks to the Society. 


The Fellows of the Society are probably aware that some years 
ago an organization was set on foot under the name of the Gilbert 
Club, the principal aim of which was to guarantee the cost of pro- 
ducing an English version of the great classical work of Dr. William 
Gilbert, the De Magnete, which was published in London in the 
year 1600. 

The work of translation, revision, and production which was 
entrusted to a small committee of the Club took an unexpectedly 
long time. Amongst those who took part in the work in one way 
or another were the late Mr. Latimer Clark, F.R.S., the late Sir 
Benjamin W. Richardson, F.R.S., Dr. Joseph Larmor, Sec.R.S., 
Prof. R. A. Sampson, Mr. H. B. Wheatley, Mr. Conrad W. Cooke, 
Prof. Meldola, F.R.S., Rev. A. W. Howard, Rev. W. C. Howell, 
and myself. Our ideal was to produce the work as nearly in the 
same style as the original Latin folio—in fact as Gilbert would 
himself have produced it if he had written in English instead of 
Latin. We may have come short of that ideal, but we hope at 
least that the book in its new form is not unworthy of its celebrated 
author, the father of the science of electricity and of the theory of 
terrestrial magnetism. We had hoped that the work would have 
been completed in 1900, the three-hundredth year after its original 
publication. But though most of it was in type by the end of that 
year, and the title-page bears 1900 as its date, the printing of the 
later sheets was not completed before the summer of 1901. It 
comes about, therefore, that the work has been put into the hands 
of its subscribers during my year of office as your President, a 
circumstance which entitles me to mention it hero; though 
obviously, as I have taken a leading part in the work of its pro- 
duction, it would be out of place for me to comment upon the 
merits of the book. With your kind permission I will place a 
copy upon the shelves of the Library of the Society. In this con- 
nexion I will merely say that a statue of Dr. Gilbert is shortly to 
be erected in one of the niches of the Town Hall of Colchester, his 
native place, and that it is intended to celebrate in his memory the 
Tercentenary of his death on November 3rd, 1903. 
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Occupied as our Society is with pure Science rather than with its 
applications, any reference to the protection of scientific inventions 
by patents might seem scarcely germane to a Presidential Address. 
The time has long gone by when a Scientific Society should take the 
arbitrary course of refusiug a paper upon any topic which has been 
made the subject-matter of letters patent. Foolish as such an 
attitude toward the inventor was, it was, doubtless, intended to 
uphold the view that there is virtue in the pursuit of science for its 
own sake, apart from material rewards which its applieations may 
bring. But what can be said for the counter-proposition, which 
is today unfortunately true, that the law refuses to recognize as 
valid matter for the granting of letters patent anything which may 
have been brought before any of the lcarned or scientific societies ? 
In the abstract one would have thought that if any course of action 
would establish any man's right to receive credit for & scientific 
invention embodying some new discovery or the application of 
scientific principles to novel and useful applications, that course 
would be the reading of a paper on the subject before a body of 
qualified critics. For by so doing the author submits the subject 
to the test of public discussion by those most likely to understand 
its importance. But no: as the law stands, no man after having 
read a paper before any of the learned societies on any invention, 
however meritorious, can take out a valid patent for the same. It 
is not so in the United States: in that country a man may appeal 
to the fact of his having read such a paper in proof of his subse- 
quent claim to receive a valid patent for his invention. The law in 
this country works very inequitably. As an example, the late 
Professor Hughes, in May 1878, described before the Royal Society 
his classical researches on the microphone. Thereby he debarred 
himself from taking out a patent for the same. But, unfortunately, 
his benovolent intention of making his invention a present to the 
scientific world was defeated. There came after him a host of so- 
called inventors who took out patents for arranging two, four, six, 
or more Hughes's microphones in particular ways. One heard of 
Johnson's transmitter, of Crossley’s transmitter, of Blake's trans- 
mitter, of the Gower transmitter, of Moscley’s transmitter, all of 
which patents were sold for large sums of money: while Hughes 
the real inventor received nothing, not even the legal credit for his 
invention. 

Let me mention a much smaller matter of quite recent occurrence. 
Many of the Fellows present will remember a meeting of this 
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Society on December 8th, 1899, when I rcad a paper on Cylindrical 
Lenses, such as are used for measuring and correcting astigmatism. 
I had worked out new formul for the refractive power of two 
such cylindrical lenses crossed obliquely ; and while working at this 
investigation it occurred to me that it would be possible to devise 
an instrument, never before known, which would give a variable 
amount of cylindrical refraction along any given meridian. This I 
achieved by taking two cylindrical lenses, both of which had equal 
positive and negative curvatures respectively on their two faces 
(but with axes of cylindricity set at right-angles to one another). 
These I mounted one in front of the other so that they could be 
given equal angular movements in opposite directions, I had a 
little instrument made up—and it was exhibited at that meeting, 
publicly—with the two lenses arranged with a driving-pinion 
between their mounts, so that if one was rotated 10° to the right, 
the other would simultaneously be rotated 10° to the left. Now 
marked what happened. Less than two months after my publica- 
tion before this Society of this invention a patent was taken out for 
this very same thing, and it is being now manufactured and sold 
under the name of Mr. ’s Astigometer. I have no remedy. 
The fact that I showed the instrument before this Society does not 
in the eye of the law give me any prior right; at the most it 
invalidates the patent that was granted to the sharp-witted optician 
who has pirated my invention. 

Take a third example, even more striking in its nature. In 
1894 there was publicly described before two learned bodies, the 
Royal Institution and the British Association at its Oxford meeting, 
an account of the application of Hertz-waves to transmit signals to 
a distance. ‘This was accomplished by using as receiver a coherer 
in a local circuit with a telegraph-instrument (a Morse receiver or 
an electric bell), and the coherer was made to decohere after each 
signal by tapping it either by hand or by a clock, or else by the 
vibrations of the telegraph-instrument. I was present on both 
occasions, and saw the signals so telegraphed without wires from 
one room to another, or, in the case at Oxford, from one building 
(the Clarendon Laboratory) to another (the University Museum). 
You all know that he who accomplished this feat, the true and 
original inventor of the so-called wireless telegraphy, was no other 
than my predecessor in this Chair, Principal Oliver Lodge. Now 
mark what has followed. Lodge having, as one would have thought, 
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established for ever by his thus seeking publicity and the criticism 
of his peers in science, by communicating his invention to bodies 
competent to judge, took out no British patent for his invention. 
Indeed, having so described it he cannot—as our foolish law stands— 
obtain a valid British patent for his invention. Two years go by, 
and the Government, through its Patent Office, is asked to grant a 
patent which on the face of it covers the use of & coherer in a local 
circuit, with telegraph-instruments and automatic tappers, for 
receiving Hertz-waves. Every one knows that this patent was 
granted to a certain Signor Marconi, who up to that date had done 
absolutely nothing that Lodge had not done before him. What 
remedy has Lodge? Nay, what remedy has the British publio 
against being thus imposed upon? None save the indifferent 
satisfaction of knowing that a patent granted under such circum- 
stances must, if called into legal question, prove invalid. But, 
strange as this injustice may seem, it is not more strange than the 
sequel, namely, that Lodge is in the United States, under its more 
enlightened patent laws, granted a patent that covers the system 
which he invented; and the irony of the situation is that in order 
to establish his claims to be accorded this American patent, he 
appeals to the dates of his lectures at the Royal Institution and at 
Oxford to prove his case! 

Is it not time then that something was done to remedy this 
outrageous state of things in England? There is now before 
Parliament a Patent Law Amendment Bill. Why should not 
Parliament be asked to insert a clause which should have this effect : 
that publication by any scientific man before any of the recognized 
and scientific societies should be regarded as affording a prima facie 
claim to the invention therein described, and as evidence of the 
date of such claim? One of the provisions of the Bill is that what 
are known as “ paper anticipations "— prior suggestions by other 
persons than the inventor, which never passed into fact or led to 
any result—should no longer, as hitherto, be regarded as reasons 
for upsetting an otherwise good patent. Surely if there is any 
kind of prior publication which ought to be excluded from operating 
to invalidate a patent, it is the inventor's own account to a scientific 
body of that which he has achieved. To turn it, as the law at 
present does, into a weapon of destruction against himself, is an 
injustice to the individual, and hurts the scientific societies, because 
it makes the scientific worker, who thinks he sees some useful 
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applieation looming ahead to reward him for his toil, hold back 
from making any communication to the scientific society, lest he 
damage in any way his prospective rights. 


But lastly, it is not on the utilitarian applications of physics that 
I would dwell, since none of us knows what branch of the most 
abstract science may or may not hear within itself the germs of 
some future utilitarian application. When we see how by an 
unwritten law the useful application (so-called) reacts on the pro- 
gress of pure science, we may well abstain from drawing invidious 
lines of demarcation. Was not the telephone answerable for almost 
all the attention given by the devotees of pure science between 1978 
and 1888 to the subjects of self-induction and electric oscillations? 
Was not the telegraph, and especially the submarine telegraph, 
responsible for all our modern systems, instruments, and even 
theories of electrical measurement? Has not the need of practical 
improvement in telescopes and microscopes been at. the bottom of all 
the advances in theoretical opties from the days of Newton and 
Euler to those of Abbe and of Lord Rayleigh? The work of 
Rowland and of Langley, can it be dissociated from that branch of 
practical opties which deals with the ruling of diffraction-gratings ? 
Or, on the other hand, shall we think any the less of the study of 
the Kerr effect, or of the Zceman effect, or of the Becquercl rays, 
because none of them has yet been worth sixpence from the 
utilitarian point of view? When Arago discovered that slices of 
quartz would rotate the plane of polarization of light, and, in 
concert with Biot, constructed the first rude instrument—/polarimeter 
or polaristrobometer we may call it—to measure the amount of that 
rotation, no one, I imagine, dreamed that this discovery of pure 
science would become a matter worth millions a year to Great 
Britain, or of financial importance to her West Indian Colonies. 
And yet we know that the great beet-root sugar industry has 
grown up and almost ousted the industry in cane-sugar, mainly 
because of the possibility of using in the sugar factories the polari- 
meter to measure optically the strength of sugar solutions. The 
scientific discovery of today may, like the scientifio theory of today, 
appear useless to the man in the street. But the most utilitarian 
practice of today is founded upon the apparently useless theory of 
yesterday, or upon the still more useless observation of the day 
before.. Pure science, whether in observation of facts or in the 
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correlation of phenomena and their generalization inte theory, goes 
on her way quite independent of eventual utilitarian applications. 
Only she looks to those who may have benefitted by the utilitarian 
applications to keep alive the torch and feed its flame. Within the 
membership of the Physical Society we number men who belong to 
each class of workers. To both we appeal that they will continue 
to support and to extend the usefulness of the Society, enabling it 
to band together for good all who desire to promote the advanco of 
Physical Science in all its branches. 
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February 28th, 1902. 


Meeting held at Burlington House. 
The Presipent in the Chair. 


The following were elected Fellows of the Society :— 
J. M. McG. Barr, G. M. Grace, H. R. Nonrs, J. ScHorIEL»p. 


The following Papers were read :— 

1. On Focal Lines and Anchor-ring Wave-fronte. By Prof. 
J. D. Evznsrr. 

2. Contributions to the Theory of the Resolving Power of 
Objectives. By Prof. J. D. EvznzErT. 

3. On the Absorption, Dispersion, and Surface Colour of Selenium... 
By Prof. R. W. Woop. i 

The Presipent exhibited some Mirrors of Tellurium. 
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Mareh 14th, 1902. 
Meeting held at Burlington House. 
Mr. 8. Lupron, Vice-President, in the Chair. 

The following Papers were read :— 

1. On the Thermal Expansion of Porcelain. By A. E. Turrox. 
2. On the Temperature Variation of the Electrical Reeistances of 

Pure Metals, and Allied Matters. By W. Wittiams. 
3. On a Suspected Case of the Electrical Resonance of Minute 


Metal Particles for Light Waves. A new Type of Absorption. By 
Prof. R. W. Woo». 


April 11th, 1902. 
Meeting held at Burlington House. 
The Present in the Chair. 


The following was elected a Fellow of the Society :— 
J. R. Esse Murray. 


The following Papers were read :— 

1. On the Use of Kathode Rays for Alternate Current Measure- 
ments. By Dr. J. T. Mozzis. 

2. On an Experiment on the Current Growth in an Inductive 
Circuit. By Dr. J. T. Morris. 

Dr. Laurgtor exhibited an Electric Heater. 

Mr. Grant exhibited an Apparatus for Vapour-Pressure Measure- 
ments. 

Mr. W. B. Crorr exhibited :— 


(a) Some methods of graphically solving the Equstions of 
a Lens. 

(b) A method of solving a Quadratic. 

(c) Prof. Weinhold’s Apparatus for distributing a Continuous 
Current into a Three-phase System. 

(d) Examples of the Regular Solids in Crystals. 

(e) Testing a Plane Surface. 

(f) An Electric Lamp with a flat filament. 
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April 25th, 1902. 
Meeting held at Burlington House. 
The Presrpent in the Chair. 


The following Paper was read :— 

A Note on the Compound Pendulum. By 8. A. F. Warts. 

Dr. Dawson Turner exhibited a Mechanical Break for Induction 
Coils, and showed some Experiments on the Transparency of 
Materials to Ultra-Violet Light. 

Mr. WirsoN Noste exhibited a Mechanical Break for Induction 
Coils. 

Mr. R. S. WnuiPPL& exhibited a Temperature Indicator for use 
with Platinum Thermometers, in which Readings are Automatically 
reduced to the Gas Scale. 


May 9th, 1902. 
Meeting held at Burlington House. 
Prof. R&INor», Vice-President, in the Chair. 


The following was elected a Fellow of the Society :— 
A. WHITWBLL. 


The following Paper was read :— 
On an Electrical Micrometer. By Dr. P. E. Saaw. 


May 23rd, 1902. 
Meeting held at Burlington House. 
The Presper in the Chair. 


The following Papers were read :— 
1. The Ebullition of Rotating Water. By T. C. PonrER. 
Mr. Bors showed an experiment bearing on the Paper. 
2. On the Conservation of Entropy. By J. A. ERSKINE. 
3. On Rational Units of Electromagnetism. By Signor Gi1onaer. 


a2 
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June 13th, 1902. 
Meeting held at the National Physical Laboratory. 
The Prusienst in the Chair. 


Dr. GrazzBRooK described the arrangement and objects of the 
Laboratory. 


June 20th, 1902. 
Meeting held at Burlington House. 
The PnRzsrpENT in the Chair. 


The following Papers were read :— 

1. On the Heat absorbed when a Liquid is brought into Contact 
with a Finely-divided Solid. By C. J. Panxs. 

2. On the Electrical Resonance of Metal Particles for Light 
Waves. By Prof. R. W. Woop. 

3. On a Remarkable case of Uneven Distribution of Light in a 
Diffraction-Grating Spectrum. By Prof. R. W. Woop. 

Mr. G. F. Hansert Surra exhibited a Three-Circle Goniometer. 

Prof. CarnswpAR exhibited a Simple Form of Apparatus for 
Measuring the Mechanical Equivalent of Heat. 


October 31st, 1902. 
Meeting held at Burlington House. 
The PRzarpzuT in the Chair. 


The following Papers were read :— 

1. On the Existence of a Relationship between the Spectra of 
some Elements and the Squares of their Atomic Weights. By 
Dr. W. MARSHALL Watts. 

2. On the Size of Atoms. By H. V. Rrpovr. 

Prof. Cattenpar exhibited some Vacuum Calorimeters. 

Miss Everett exhibited some Photographs of Cross Sections of 
Hollow Pencils formed by Oblique Transmission through an Annulus 
of a Lens. 
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November 14th, 1902. 
Meeting held at Burlington House. 
The Present in the Chair. 


The following Papers were read :— 

1. On the Theory of the Aluminium Electrode. By J. K. H. 
Inenrs and Dr. W. W. TAvLon. 

2. On a Determination of the Ratio of the Specific Heats at 
Constant Pressure and at Constant Volume for Air and Steam. 
By W. Maxower. 

Prof. CazLBNDAR exhibited a Regulator for a Current of Steam. 


November 28th, 1902. 
Meeting held at Royal College of Science. 
The Presipent in the Chair. 


The following were elected Fellows of the Society :— 
W. H. Eoorzs, M. Fray, 8. J. WHITAKER. 


The following Paper was read :— 

On a Slide-Rule for Powers of Numbers. By Prof. Perry. 

Prof. Cattenpar exhibited a Lecture Experiment to determine 
the Value of the Mechanical Equivalent of Heat. 


December 12th, 1902. 
Meeting held at Burlington House. 
Mr. Lupton, Vice-President, in the Chair. 


The following Papers were read :— 

1. On a Portable Capillary Electrometer. By S. W. J. Surra. 

2. On Astigmatic Aberration. By R. J. SowrBR. 

8. On Vapour-Density Determinations. By Prof. Sir W. Ramsar 
and Dr. Srsszs. 

Prof. WiLBEBFORCE exhibited a Lecture Experiment on Diffusion. 
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January 23rd, 1903. 
Meeting held at Burlington House. 
The Presipent in the Chair. 


The following was elected a Fellow of the Society :— 
Prof. T. R. Lyre. 


` The following Papers were read :— 

1. Note on an Elementary Treatment of Conducting Networks. 
By Prof. WirsERFORCE. 

2. On the Theory of the Quadrant Eleotrometer. By G. W. 
WALKER. 

Mr. W. H. Dz&RIMAN exhibited an Oscillating Table for deter- 
mining Moments of Inertia. 


Annual General Meeting. 
February 13th, 1903. 
Meeting held at Burlington House. 
The Presipent in the Chair. 
The following Report of the Council was read by the Secretary:— 


Since the last Annual General Meeting of the Society the usual 
number of Meetings has been held. One of these, on June 13th, 
1902, was held at the National Physical Laboratory at Bushy House, 
on the kind invitation of the Director, and was well attended in 
Spite of à downpour of rain ; another, on November 28th, was held at 
the Royal College of Science, by the invitation of Prof. Callendar ; 
and that which should have been held on June 27th took place on 
June 20th, owing to the fact that the former day had been declared 
a National] Holiday. 

The Society has to mourn the loss of several Fellows by death. 
Among these occur the names of Sir F. Abel, Dr. J. H. Gladstone, 
the first President of the Society, Mr. G. Griffith, long an active 
member of the Council, Sir W. Chandler Roberte-Austen, first 
Secretary of the Society, and Mr. James Wimshurst. Memoirs of 
some of these will be found in the Proceedings. Prof. Cornu and 
Prof. R. Felici, Hon. Fellows of the Society, also died during the 
year. 

The Council also regrets that, owing to the calls of business, 
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Mr. Elder has found it necessary to resign the post of Secretary. 
They feel that the Society owes & debt of gratitude to Mr. Elder 
for the energy and devotion with which he has ministered to the 
interest of the Society during the last decade. 

There have been four resignations, and eleven new Fellows have . 
been elected. The numbers are therefore well maintained. 

The Bulletins of the Proceedings of the Meetings have been sent 
out regularly in accordance with the terms of Mr. Stanley’s generous 
gift to the Society. 

A new agreement fora term of three years has been arranged 
between the Society and the Institution of Electrical Engineers to 
provide for the continuation of * Science Abstracts,’ and it is hoped 
that the usefulness of this publication will be thereby increased. 


The Report of the Council was received. 


The Treasurer read his Report and presented the Balance Sheet, 
which were received. 


The election of Officers and other Members of Council then took 
place, the new Council being constituted as follows :— 


President.—R. T. GrazgBRoox, D.Soc., F.R.S. 


Vice-Presidents who have filled the Office of President. —Prof. 
G. C. Foster, F.R.S.; Prof. W. G. Apams, M.A., F.R.8.; The Lord 
Kzrvis, D.C.L., LL.D., F.R.8.; Prof. R. B. Currron, M.A., F.R.S. ; 
Prof. A. W. Rzixor», M.A., F.R.S. ; Prof. W. E. Ayrton, F.R.S. ; 
Prin. Sir Antaur W. Rtcxsr, M.A., D.So., F.R.8.; Sir W. ne W. 
Asner, R.E., K.C.B., D.C.L, F.R.S.; SHetrorp Bi»wxnr, M.A., 
LL.B., F.R.8. ; Prin. Sir OLIvae J. Lopes, D.Sc., F.R.S. ; Prof. S. P. 
Tuompson, D.So., F.R.S. 


Vice- Presidents.—T. H. Buaxestey, M.A.; Prof. J. D. Evensrr, 
D.C.L., F.R.8.; 8. Lupron, M.A.; J. SwiNsSURNB. 


Secretaries.—W. Watson, D.8c., F.R.8. ; W. R. Cooper, M.A. 
Foreign Seoretary.—Prof. S. P. Tuoursox, D.8c., F.R.S. 
Treasurer.—Prof. H. L. Catcenpar, M.A., F.R.8. 
Inbrarian.—W. Watson, D.8o., F.R.S. 


Other Members of Council.—C. Cuer, D.Sc., F.B.S.; W. B. 
Crorr, M.A. ; F. G. Dowwan, M.A., Ph.D.; H. M. Exogn, M.A.; 
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R. A. Leuretpt, D.8e.; Prof. J. Peary, D.Sc., F.R.S.; A. W., 
Porter, B.Sc.; W. A. Price, M.A.; W. F. Sranzey, F.G.8. 
W. C. D. Wusrgay, M.A., F.R.8. 


Votes of thanks were passed to the Auditors, the Officers and 
Council, and to the Chemical Society. 


The following were elected Honorary Fellows of the Society :— 
M. Henri BgcquEREL and Prof. Ave. Rieni. 


The following were elected Fellows of the Society :— 
J. Ruoginsene, W. E. TEuPLETON, W. S. TUCKER, 
C. J. L. Waesrarr. 


The Present then delivered his Address. 


TREASURER’S REPonT. 


The receipts for the present year do not include any exceptional 
sources of revenue such as life-compositions or donations. On the 
other hand, there are additional sources of expenditure : (1).on the 
International Catalogue, £16 4s. 9d.; (2) on the printing and 
distribution of abstracts of proceedings, about £35. In spite of 
this the bill for printing has been somewhat below the average, so 
that the revenue has just balanced theexpenditure. The difference 
between the bank balance of £167 13s. 3d. at the beginning of the 
year, and the balance of £68 6s. 6d. at the end of the year, is 
satisfactorily accounted for by the investment of about £98 from 
the current account, in addition to £571 10s. 5d. from the deposit 
account, in the purchase of Great Eastern Railway Debentures. 
By this purchase and the gift of L. B. & 8. C. Railway Stock from 
Mr. W. F. Stanley, the revenue of the Society from investments 
has been materially increased, and will next year amount to about 
£115. The payments made to * Science Abstracts’ next year will 
be redaced to about £256, under the new agreement with the 
Institution of Electrical Engineers. Thus, although some increase 
in the printing bill may be expected, it is probable that the revenue 
will continue to balance the expenditure. 
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OBITUARIES, 
Sir FREDERIC Aveustus ABEL, Bart., G.C.V.O., K.C.B., F.R.S. 


Sir Frederic Abel was the eldest son of the late J. L. Abel, of 
Kennington, & musio master of German descent, and was born in 
London on the 17th July, 1827. He began his studies in 1844 
under Dr. Ryan at the Royal Polytechnic Institution ; but in the 
following year he entered as one of the twenty-six original students 
of the Royal College of Chemistry under Hofmann. Here he soon 
became one of the assistants, and in 1851 Demonstrator of Chemistry 
at St. Bartholomew’s Hospital. Two years later he succeeded 
Faraday as lecturer on Chemistry at the Royal Military Academy, 
Woolwich, where he became Scientific Adviser to the War Office, 
and was soon appointed Chemist of the War Department, with 
official residence at Woolwich. At this time he wrote with Bloxam 
a ‘Handbook of Chemistry, which has passed through many 
editions and is now known as Bloxam’s ‘Chemistry.’ During his 
long connection with Woolwich (up till 1887) he was in close 
touch with all the vast changes which have taken place in modern 
warfare and explosives. From 1887 to 1901 he was Organizing 
Secretary of the Imperial Institute. 

Sir Frederic Abel was a British Representative at the Paris and 
Vienna Electrical Exhibitions of 1881 and 1883; and was chief of 
the Executive of the International Inventions and Music Exhi- 
bitions held in London in 1885. He was elected President of the 
Chemical Society 1875-7, President of Section B of the British 
Association and of the Institution of Electrical Engineers in 1877, 
President of the Institute of Chemistry in 1881-2, President of 
the Society of Chemical Industry in 1883, and Chairman of the 
Society of Arts. In 1883 he was elected an Honorary Member of 
the Institution of Mechanical Engineers, in recognition of his having 
undertaken a series of experiments for their Committee on the 
Hardening of Steel. He was also President of the British Asso- 
ciation in 1890, and of the Iron and Steel Institute in 1891. He 
received the honour of C.B. in 1877, K.C.B. in 1891, and was 
created a Baronet in 1893, and a Knight Grand Cross of the 
Victorian Order in 1901. 

The original papers by Sir Frederic Abel were chiefly on ex- 
plosives and kindred subjects. 
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Joan Hatt Grapsrone, D.Sc., F.R.S. 


Dr. Gladstone was born in 1827, and studied first under Prof. 
Graham at University College, London, and then under Baron 
Liebig at Giessen. From 1850 to 1853 he lectured on Chemistry at 
St. Thomas’s Hospital, and carried out investigations on explosives 
and phosphorus compounds, resulting in his election to the Royal 
Society at the early age of 26. In 1869 his paper on “ Refraction 
Equivalents of the Elements” appeared in the ‘ Philosophical 
Transactions.’ This paper formed a sequel to his research with 
Dale on the Refraction, Dispersion, and Sensitiveness of Liquids. 
From 1874 to 1877 Dr. Gladstone was Fullerian Professor of 
Chemistry at the Royal Institution. In conjunction with Mr. Tribe, 
Dr. Gladstone discovered the Copper-zinc Couple formed by the 
deposition of copper on zinc crystals, which is largely used in 
certain chemical operations. In 1877 he gave a discourse on the 
* Influence of Chemical Constitution on the Refraction of Light." 
About this time his researches were chiefly on the action of the 
copper-zinc couple. In 1880 he published, with Mr. Tribe, a paper 
on the “ Aluminium Iodine Reaction," which was followed by 
papers on * Thermal Electrolysis” and the “Chemistry of the 
Secondary Batteries of Planté and Faure.” Dr. Gladstone also 
worked with Dr. W. H. Perkin on Dispersion Equivalents, and with 
Mr. Hibbert on Electrolysis and Secondary Batteries. The latter 
papers have added much to our knowledge of the theory of this 
difficult subject. Their most recent work was on the Molecular 
Refraction of Dissolved Salts and Acids, bringing out the relation- 
ship between change of specific refraction and of electrical con- 
ductivity on dilution. They also published papers on the action of 
metals and their salts on Róntgen rays. 

Dr. Gladstone was President of the Physical Society from its 
formation in 1874 to 1876, President of the Chemical Society from 
1877 to 1879, and President of the Education Society from 1880 to 
1881. A few years ago he was awarded a Davy medal by the 
Royal Society. 

In addition to scientific work, Dr. Gladstone took an active 
interest in politics. 

GaBones GRIFFITH. 

George Griffith was born at Liangunner, Carmarthen, in 1833. 
His father was Canon of St. David's He was educated at 
St. David’s School and at Jesus College, Oxford, where he took a 
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First Class in Natural Science in 1856. From 1864 to 1866 he 
was Science Master at Winchester College, and then Science Master 
at Harrow from 1867 till 1893. His long official connexion with 
the British Association for the Advancement of Science began in 
1862, when he became Assistant General Secretary. He held this 
office till 1878, and resumed it in 1890, and this time retained it 
till his death in May 1902. j 

He was an original member of the Physical Society of London, 
and from 1895 till his death he was one of the most assiduous 
members of the Council. He was elected a Vice-President in 1898. 
His duties at the British Association brought him into personal 
contact with nearly all the leading men of science belonging to this 
country, and with very many of those of other countries; and it is 
universally recognized that the success which has attended the 
meetings of the Association for the last forty years was very largely 
due to his tact and urbanity and to his remarkable knowledge of 
men and things. He was aided by an unusually exact and ready 
memory, which made him an unfailing authority on the usages and 
precedente of the Association. 

Though the study of science formed the chief occupation of his 
life, he kept up his classics and had a wide knowledge of general 
literature. After giving up school-work at Harrow, he worked 
hard for several years upon the Royal Society’s Catalogue of 
Scientific Papers, a laborious task for which his accurate and 
varied knowledge gave him special qualification. 

His death took place very suddenly as he was on his way home 
to Harrow after a day spent on his usual work at the Royal Society 
and the British Association. He knew practically everybody, and 
he gained the friendship and respect of all who knew him. In 
1863 he married Harriet Dyke, second daughter of the late 
Arthur H. D. Troyle (formerly Acland), who, with four sons and 
five daughters, survives him. 


Sir WiLLIAM CHANDLER RopERTS-AÁvusTEN, K.C.B., D.C.L., 
D.Se., F.R.S. 


The Society has to record the loss of one of its most eminent 
members in Bir William Roberts-Austen, who died on November 
22nd, at the age of 59. He was the son of George Roberta, and 
in 1885 assumed the name of Austen at the request of his uncle, 
Major Austen. He was educated at the Royal School of Mines, 
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and in 1865 became private assistant to the late Prof. Graham, the 
Master of the Mint. Since that time he has been continuously 
associated with Mint works, having been appointed ** Chemist of 
the Mint" on the creation of the post in 1870, and Assayer in 
1871. Additional duties were assigned to him in 1882, and in 
June last, on the death of the late Deputy Master, Sir William 
Roberts-Austen was appointed to fill the office ad interim. He was 
also Professor of Metallurgy of the Royal School of Mines from 
1880 to the time of his death. 

His early scientific work was mainly connected with the assay of 
gold and silver bullion, but from the year 1888 he devoted himself 
to the study of the physical properties of metals and alloys, and has 
been largely instrumental in building up the new branch of science 
to which the name * metallography " has been applied. He pub- 
lished an “Introduction to the Study of Metallurgy,” and more 
than twenty papers describing original researches, some of the best 
known being as follows :— 

* On the Liquation, Fusibility, and Density of the Alloys of 
Silver and Copper," 1875; ‘On the Mechanical Properties of 
Metals," 1888; * The Recording Pyrometer," 1891; * The Diffusion 
of Metals," Bakerian Lecture, 1896; and a series of Reports to the 
Alloys Research Committee of the Mechanical Engineers between 
1891 and 1901. 

As a lecturer Sir William Roberts-Austen had few equals, his 
five series of Cantor Lectures on Metals and Alloys at the Society 
of Arts, his Friday evening discourses at the Royal Institution, and 
his Presidential Addresses to the Iron and Steel Institute, being 
instances of his marvellous powers in arranging and polishing the 
wealth of material which always appeared to be at his command. 
He was one of the original members of the Physical Society, of 
which he was the first Secretary, and subsequently a Vice-President. 
He became a Fellow of the Royal Society in 1875, and served on 
the Council in 1890-2. He was a Vice-President of the Chemical 
Society, of the Society of Arts, and of the Institution of Mining 
and Metallurgy, an honorary member of the Institution of Civil 
Engineers and of the Institution of Mechanical Engineers, the 
President of the Chemical Section of the British Association in 
1891, and one of the General Secretaries of the Association from 
1897 to the year of his death. He was the President of the Iron 
and Steel Institute in 1899-1900. 
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He served on several Departmental and other Committees, his 
most noted services of this kind being those rendered to the 
Explosives Committee during the last two years of his life. He 
was made a C.B. in 1890, a K.C.B. in 1899, a D.C.L. of Durham 
University in 1897, and a D.Sc. of Victoria University. In 1890 
he received the Order of the Legion of Honour from the French 
Government. 


Jamas WiusnHumsT, F.R.S. 


Mr. Wimshurst was born on April 13th, 1832, and died suddenly 
of heart failure on January 2nd, 1903. 

He was educated at Stelonheath House, London, and then served 
an apprenticeship at the ** Thames Iron Works." 

In 1853 he was appointed one of the Surveyors for Lloyds in 
London, and in 1865 was transferred to Liverpool, where shortly 
afterwards he took the position of Chief of the Registry. In 1875 
he left Lloyds to become Principal Shipwright Surveyor to the 
Board of Trade, which post he held until he reached the age-limit 
in 1899. 

His spare time he occupied in his own private laboratory, working 
along several mechanical and scientific lines, the most important of 
which was his work on Influence-Machines. A description of a 
Holz Machine, which he read in 1881, caused him to make first a 
small Holz, and then a large one having 12 revolving discs and 
24 fixed glass inductor-plates. This machine he so improved as to 
make it certain that all the discs worked regularly with the same 
polarity. Following along this line of work, he next invented the 
machine which is now so famous under his name, and which has 
discs revolving in opposite directions but on fixed inductors. By 
careful thought and experiment he brought this form of machine 
to perfection, and made it far superior to all previous forms, 
especially in ite ability to work under adverse atmospheric con- 
ditions, and to produce a continuous stream of electricity without 
reversing. This machine, as he made it, is invaluable for laboratory 
experiments, because it requires so little power and attention. It 
is also much used for Róntgen-ray work, and has lately been tried 
for the cure of Lupus. 

Mr. Wimshurst was a member of the Institution of Electrical 
Engineers, and also à member of the Board of Managers of the 
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Royal Institution. In 1890 he was elected a Member of the 
Council of the Physical Society, and in 1898 a Fellow of the Royal 
Society. He freely gave all his scientific discoveries to the world, 
and many of his machines to friends and learned Societies. He 
was always glad to help a fellow-worker, and was a man of simple 
tastes and of a kindly genial nature. His loss is sincerely felt 
by all who knew him, and by the Fellows of this Society in 


particular, 


ADDRESS OF THE PRESIDENT, 
Dr. R. T. GLAZEBROOK, F.R.S. 


Delivered at the Annual General Meeting, 
February 13th, 1903. 


My first duty as it is my pleasure on taking this Chair is to thank 
the Members of the Society for placing me in it. 

I accept the position as a recognition of the importance of the 
post I hold, and a token of their confidence and expectation that 
the National Physical Laboratory will become a great factor in 
promoting the progress of Physical Science. This it is the object 
of our Society to further. 

Whether it is doing this as successfully as it might, is a question 
to which we may perhaps return. Meanwhile, let me occupy you 
for a few minutes with a reference to some of the events since 
our last Annual Meeting. 

We are poorer, for the hand of death has been laid on not a 
few who have for years been among our honoured Members. 
Gladstone and Roberts Austen, Griffith and Wimshurst have each 
contributed in no small degree to the advance of natural 
knowledge. 


Dr. GrapsroNB was our first President, a very perfect gentlemen, 
who devoted himself with untiring energy, through many years 
of active life, to promoting the good of his fellows. Most of his 
work perhaps was of special interest to the chemist rather than to 
the physicist, but his long series of experiments on molecular 
refraction, and some of his studies on the chemical action in a cell, 
have earned him a high position among physicists. 

RonrRrS Austen was our first Secretary, and in its early days, 
now nineteen years ago, the Society owed much to his tact and to 
his enthusiasm. In late years his increasing duties had prevented 
any frequent attendance at our meetings; when he came, the 
contributions he made to our discussions were always welcome. 

b 
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His name will live in the work of the Alloys Research Committee 
of the Institution of Mechanical Engineers, and in the long series 
of Reports he issued for that Committee. 

Grorez GairrrTHS was not the author of any notable paper 
or discovery, but by the ability with which he discharged the 
duties of his official position as Secretary of the British Association, 
he contributed in no small degree to the advance of science. 
His knowledge too of the literature of our subject was unrivalled. 
Many of us have profited from time to time by his generous help 
when struggling to find out what had been done in some subject 
of enquiry. 

James Wimsuurst freely gave to science the results of those 
ideas which his skill and practical training enabled him to work 
out in so perfect a form. 

These four men have all held office in our Society, and in their 
several ways helped to promote its prosperity. 

The Report of the Council mentions other familiar names of 
men who are no longer with us, and among them two of our 
distinguished Honorary Fellows, Ricardo Felici of Spezia, and 
Alfred Cornu of Paris. 

To myself Fxrticr is known by the beautiful series of experi- 
ments published in 1852 and 1859, by which he established the 
fundamental laws of electromagnetic induction. Those who 
do not know his work, now fifty years old, let me recommend 
to read Maxwell’s account of it (Maxwell, Electricity, vol. ii. 
$ 536-539). 

Maxwell concludes thus :—‘ These experiments therefore show 
that the total current of induction depends on the change which 
takes place in a certain quantity My, and that this change 
may arise either from a variation of the primary current y or 
from any motion in the primary or secondary current which 
may alter M.” 

This law now enters so largely into our daily life and appears 
so old, that it may seem strange to realize that the man by whose 
work it was first completely established, died but yesterday, and 
was an Honorary Fellow of our Society. It is a pleasure to us 
to know that he attached a high value to that membership. 

ALFRED Cornv’s name is perhaps more familiar. Some of us 
knew him well and valued his friendship no less than we admired 
his work. 
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The perfection of his style, his skill as an experimenter, and 
his personal charms all contributed to make him deservedly 
esteemed. 

It is but a few years since we heard him express in the Rede 
Lecture at Cambridge, in terms most happy and appropriate, those 
sentiments of admiration and respect which all men of science 
felt for that great Cambridge Physicist, who only last week was 
laid to his rest. 

Grores GABRIEL Stoxes it seems was not a Fellow of the 
Society. We are the poorer for it, and regret it. To many 
here I suppose he was hardly known, even by sight. To 
myself, for nearly thirty years he has been a most kind master 
and a friend; my first research was due to his inspiration, he 
lent me the apparatus to carry it out, and encouraged me by his 
advice and help during its progress. 

He was the greatest of those who, since Newton’s day, have 
sat in Newton’s Chair; it would be a fitting task for the Physical 
Society to take its share in raising for him a monument near that 
of Newton in the Abbey. 


To turn now for a moment to the more domestic affairs of the 
Society. 

We have today suffered a heavy loss by Mr. Elder’s retirement 
from the post of Secretary. The Council accepted his resignation 
with regret, but the reasons he gave for wishing to retire could not 
be gainsaid. 

You will feel that ten years of devoted service have earned 
your hearty thanks. In your name I feel sure I may express 
the hope that Mr. Elder may be long able to help us by his advice 
and counsels. 

Many years ago when he was my pupil, I learned to value 
his cooperation, and my own task as your President would seem 
& less responsible one, if I could have the assurance that 
the business affairs of the Society were still in his experienced 
hands. 

At the same time, I am confident that the choice of a successor 
has been a wise one, and that in Mr. Cooper you have found 
an officer who has both the will and the power to further the 
interests of physical science, the object which unites us all. 

How best can we do this? The Society has had a distinguished 
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history, its publications have a real valne, in particular the 
re-publication of certain Memoirs and the initiation of ‘Science 
Abstracts’ will be of permanent service to the world. 

‘Science ‘Abstracts’ this year enters on a new period of its 
career, which promises for it a wider sphere of usefulness and a 
larger growth. I trust that you will feel the Council have acted 
wisely in the arrangements they have made. 

But withal it can hardly be urged that the growth of the Society 
has been commensurate with the interest and importance of the 
subject. 

Of late years our numbers have been nearly stationary, and 
& Society which does not grow, stagnates and will die. Is our 
utility at an end? Have we fulfilled our appointed task, and 
must we make way for those more technical Societies which 
flourish so abundantly? I would say no! Rather let us profit 
by their example, and claim for ourselves a new and a wider range 
of activity. 

Physics is a far-reaching subject, one which has contact at many 
points with other sciences, and our range of papers should be 
correspondingly great. 

And yet of recent years, at least, the range has narrowed. There 
is an ill-defined feeling that we do not deal in so-called technical 
papers. The feeling is mistaken, I think. There are some 
technical papers, it is true, which are better absent—for example, a 
paper in which the author describes some apparatus or instrument 
he has patented, not because of its scientific merit, but because 
he wishes to advertise his patent; but what, for example, are 
the technical applications of electricity but applied physics. 

Not a few of the papers which have recently been read before 
the Institution of Electrical Engineers—I know the President 
of the Institution agrees with me in this—might at least as well, 
probably better, have been read before us. 

I need only mention two in the present Session: Dr. Fleming's 
most interesting and important paper on Photometry, which 
contains, besides details of the photometry of electric lamps, a 
valuable discussion of principles reaching beyond the domain of 
the Electrician; and the discussion on the Metric system, opened 
recently by Mr. Siemens and Sir Frederick Bramwell. 

Or again, the Electrothemists have recently formed themselves 
into a Society. I believe it was inevitable; there must be number 
of points of detail which can best be discussed by a body of experts 
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among themselves, and we are not all experts in Electrochemistry. 
Nevertheless, I am sure there are numberless matters dealing 
with Electrochemistry which may well be brought before us, and 
on which, if proper preparation is made, discussion by a mixed 
audience may throw a useful light. Take for example the very 
interesting paper by Dr. Inglis read in November last. And 
moreover, of how great interest to a student of physical theory 
are the points which rise in practice. Prudence forbids me to 
touch on one subject recently the cause of vigorous discussion, but 
its interest cannot be denied. 

Let me refer to another closely allied to it, on which I have 
been asked some questions, which I could not answer—the thermo- 
dynamics of the petrol motor; or to a third, the optics of the 
photographic lens. 

I trust sincerely that, at any rate while I hold the office of 
President, no one will be deterred from bringing forward papers on 
such subjects, because he thinks them too technical. We should 
be prepared, that goes without saying, to discuss difficult points of 
theory; at the same time, it is our bounden duty to bring our 
knowledge of physical facts and laws to bear on the every-day life 
of the nation, and to make our influence as a corporate body felt in 
its counsels and its life. 

But if we are to do this; if our debates are to be interesting 
and real, care and preparation are required. 

We have a custom, I do not think it is a rule, to print any 
important paper either in full or in abstract before it is read. 
Now I have been too long a secretary of a scientific society not to 
know the difficulty of enforcing this. It can only be done with the 
cordial concurrence of the senior and more influential members ; 
but in the case of any paper worth discussing, it is essential that 
the custom should become a rule, and that proofs should be in 
the hands of those who may be expected to discuss the paper some 
days at least before the meeting. Nor is this in itself enough ; 
persons who might contribute to the discussion must be asked 
to come and take their part. It might be convenient, I think 
it is done elsewhere, for the officers to divide the list into groups of 
persons who might be regarded as specialists in the various 
branches of physics, so as to be ready to send out notes asking 
for assistance in a discussion easily and readily. I recommend 
the suggestion to our Junior Secretary, who has, I think, some 
such scheme in his head; we should then avoid the catastrophe 
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which happened not long since, when a distinguished Fellow 
brought forward an intricate paper on a difficult subject. None 
had seen it, and it passed almost without discussion. 

Again, we might arouse interest by arranging at times for 
set discussions. I should myself like to see this more generally 
done. 

One obvious source of weakness is the fact that we have no 
home of our own. Our hosts here are very kind to us, but a 
hired lodging is not a home. We have no place to collect the 
belongings of the Society ; our books are at South Kensington. 
Does anyone find them useful? When a Fellow wishes to illus- 
trate his paper by experiment, all the material has to be collected 
from afar; the opportunities for meeting are but few; corporate 
life as a Society is entirely wanting. I do not know that I can 
suggest any method of remedying this at present, but it is to 
be borne in mind. 

Then as to the hour of meeting. Most of us are busy men, 
and at 5 p.m. have done a good day's work; when we are tired 
and want our tea and rest, we have to come here to discuss 
Physics. 

It is true we have an illustrious example next door, but, 
speaking for myself, I must say I think it is the half hour before 
the meeting that is of value at the Royal Society. 

There are of course difficulties in arranging for an evening 
meeting, and I do not wish to be understood as pressing a change; 
it is, however, a matter on which I should like to take the opinion 
of the Society, and I trust it may be possible during the ensuing 
year to discuss it. 

The Technical Societies could not meet in the daytime, their 
members are otherwise engaged. I want the Physical Society 
to appeal to the same clase of men, and not merely to teachers 
and lecturers in Physics who are resident in London. 

Another suggestion for increasing our usefulness was made to 
me the other day. I put it forward merely for discussion, the 
difficulties of giving it effect are great, yet if it could be done 
it would be of value. 

It was pointed out to me that there are men in isolated positions 
about the country who are interested in Physics and have some 
small opportunities for research, but have no one to guide them. 
Occasionally, such a man may attempt, for a time, to work at 
some problem only to find that he has been forestalled, or possibly 
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that the problem is insoluble; in other cases he does not know 
where or how to start. Would it be possible to formulate, 
for the guidance of such would-be workers, a list of problems 
they might attack, indicating in a general way the methods of 
approach. The value of such a list is obvious, I am not sure 
that it is feasible. 

Other suggestions may be made with the object of increasing 
our utility and our strength; it will be for the Council to con- 
sider these and to bring the result of its deliberations before you 
in due time, 


Theoretical Optics since 1840.—A Survey. 


Sir George Stokes took his degree in 1841; the first of the 
papers contained in his Collected Works was read in 1842: he 
became Lucasian Professor in 1849. 

Speaking as I do so soon after his death, it is, perhaps, not 
unnatural to look back over the progress of our Science during 
the sixty years for which he has been one of the most prominent of 
its exponents. 

To attempt such a task in any completeness would need a 
fuller knowledge and an abler pen than mine; will you, however, 
bear with me if I take one corner of the field covered by his 
activities and attempt a brief survey of this. It is, perhaps, the 
more necessary, for I think it is not always recognized how much 
of our knowledge of Optical Science is due to Stokes. It was 
he who first verified with any degree of exactness Huyghene' 
construction for the refraction of light at a uniaxial crystal ; 
the interpretation of Kirchhoffs discovery of the coincidence 
between the dark lines of the solar spectrum and the bright 
lines of certain incandescent solids and gases is due to him, and 
on this the whole of spectrum analysis rests; he explained the 
phenomena of fluorescence, and as an old man, some years ago, 
expounded in his own unrivalled manner the origin of the Réntgen 
rays and their connexion with the kathode rays. The analysis 
of a plane wave of light into its constituent parts, and the first 
dynamical account of diffraction, are due to him; and his ex- 
periments, if we accept any modification of the elastic-solid theory 
of light as true, settled that Fresnel’s explanation of the oause of 
refraction, rather than that of Neumann and MacCullagh, is the 
right one. 
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In his brilliant Rede Lecture, Cornu writes :— 

“ The study of the properties of waves, looked at from every 
aspect, is then at present the really fruitful path. 

* It is that which Stokes, in his double capacity of mathe- 
matician and physicist, has followed.... All his beautiful 
investigations, whether in hydrodynamies or in theoretical or 
experimental optics, relate to the transformations which waves 
undergo in the diverse media through which they pass. 

** In the varied phenomena which he has discovered or analysed, 
movement of fluids, diffraction, interference, fluorescence, Róntgen 
rays, this guiding idea that I have pointed out is ever visible, and 
it is this which has made the scientific life of Sir George Stokes 
one harmonious whole." 

Let us consider then very briefly the progress of theoretical 
optics since the days of Stokes' first paper on the subject : ** On the 
Theories of the Internal Friction of Fluids in Motion, and of 
the Equilibrium and Motion of Elastic Solids" *, The advance 
in the early part of the century had been most marked. The 
discovery of the principle of interference by Young, and the 
brilliant work of Augustin Fresnel, who had covered the ground 
with giant strides, had placed the undulatory theory on a firm 
footing, but there was no consistent view of the subject which 
would account even for the facts then known on a rational basis. 

Fresnel's theory of double refraction was not dynamical; he 
arrived at it in the first place by purely geometrical reasoning, 
based on Huyghens' construction, and only attempted at a later 
date to give it a mechanical basis. In this attempt he failed. 
“Tf we reflect,” says Stokes, “on the state of the subject as 
Fresnel found it and as he left it, the wonder is not that he failed 
to give a rigorous dynamical theory, but that a single mind was 
capable of effecting so much.” 

Between the days of Fresnel and Stokes great men had worked 
at the subject. Navier, Poisson, and Cauchy in France; Neumann 
in Germany; MacCullagh in Dublin; and George Green in 
Cambridge, had all contributed their share, and the results were 
somewhat confusing. 

MacCullagh and Neumann, treating the ether as an elastic 
solid, had obtained on certain hypotheses Fresnel's laws for 
reflexion and refraction, and his theory of double refraction. 


* Camb. Phil. Trans. viii. (1845). 
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Green, using a somewhat different method, had shown, apparently, 
that the tangent law was only an approximation to the truth, 
while the wave-surface could only be deduced from the true 
equations of an wsolotropic elastic solid by some forced and 
improbable relations between the constants. 

According to all the theories, two waves in general can traverse 
an elastic medium, the one travelling with velocity / Alo, the 
other with velocity »/B/p, where A and B are two constants. 
Of these the first cunsists of longitudinal, the second of transverse 
vibrations; and since there is no evidence of the former wave in 
optics, the constant A must either vanish or be infinite. 

Neumann’s theory assumed A to vanish ; Green had shown that 
for an elastic solid with free boundaries the condition of stability 
demanded that A—4/3 B should be positive, and hence he assumed 
A to be infinite. On this view of the sther he was clearly right. 
Such was the position of the problem in 1839, the year in which 
the papers of Green, MacCullagh, and Cauchy were published. 
Stokes’ earliest paper on the subject, written when he was 26 years 
old, deals with the properties which we must assign to the ether 
if we are to explain the facts observed. To propagate transverse 
waves it must behave to light motions as an elastic solid; the 
constancy of the length of the year, and other astronomical results, 
shows that it opposes no sensible resistance to the motion of the 
earth and the planets, for such motions it has the properties of 
a perfect fluid. 

He distinguishes—the fact is well-known now, but it was a 
great step then—between the two kinds of elasticity, rigidity and 
resistance to compression. B is a measure of the rigidity, 
A—4B/3 of the resistance to compression. For a fluid, then, 
which is practically incompressible, the ratio of A to B may be 
very great, as Green requires it, while in Stokes’ view it is still 
possible that for the tiny motions involved in the propagation 
of light the fluid may have rigidity. 

However, be this satisfactory or not, and the difficulty is one 
which occurs in every elastic-solid theory of Optics, the result 
remains that an elastie-solid theory is not consistent with the facts. 
The phenomena of reflexion and refraction at the bounding surface 
of two media may be due either to a change in density or to a 
change in rigidity. 

Green's theory of refraction assumes the change to be one of 
density, the rigidity of the sther in all isotropic media is the 

c 
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same; his theory of double refraction assumes this to arise from 
a variation of the rigidity in different directions within a crystal. 

These difficulties are clearly exposed in Stokes’ Report to the 
British Association in 1802, in which he also shows that MacCullagh 
and Neumann's theory is impossible so long as the potential energy 
of the ether when transmitting light is assumed to be that of a 
strained elastic solid. If we suppose the sther to differ from an 
ordinary elastic solid but to possess what has been called rotational 
elasticity, in consequence of which it opposes forces tending to 
cause molecular twist to an extent proportional to the twist, then 
MacCullagh’s form of the potential energy is obtained and hie 
conclusions hold. From this point of view the matter has been 
developed of late years by Larmor. 

The Report of 1862 deals with another matter, specially interesting 
to myself, because in later years Stokes encouraged me to pursue it. 

Up to that date the experiments to verify Huyghens' construction 
for a uniaxial crystal had been of the roughest character. Stokes 
devised a method of testing the construction to a very high degree 
of accuracy and carried it into effect for Iceland spar. The results 
are very briefly referred to; they were published later, but hardly 
in greater detail, at Lord Kelvin’s urgent request, in the Proceedings 
of the Royal Society. 

The outcome was that while for a uniaxial crystal at least 
Huyghens’ construction was undoubtedly trne, no theoretical basis 
could be given for it. 

It was left to Maxwell to carry the question a stage further. 
He showed that the laws which regulate the propagation of 
electric force in a crystal are identical with those of light, while 
experiment proved that the velocity of light is the same as that 
of an electric disturbance, and hence we have the electromagnetic 
theory of light. 

It should be noted, however, that this theory, as Maxwell left 
it, is not mechanical. Electric displacement and magnetic force 
are vector quantities which accompany each other in a changing 
electric field. They satisfy certain equations; and it follows from 
these, and the result is verified by experiment, that they are pro- 
pagated according to the same laws as light. It is reasonable to 
suppose that the periodic disturbance which constitutes light is 
very intimately connected with one or other of these; the suppo- 
sition that it is identical with Maxwell's electric displacement leads 
to consequences consistent with fact, and, indeed, in the able hands 
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of those who have developed the theory has been the fruitful means 
of correlating many varied phenomena; but it does not tell us 
what electric displacement is, or how it is related to the move- 
ments of the ether; neither does it enlighten us as to the structure 
and mechanical properties of the sther, beyond the simple fact 
that in the ether transverse waves only are propagated, no forces 
can be called into play which tend to set up a pressural wave. 
Maxwell himself attempted to formulate a mechanical model of the 
æther, and to some extent succeeded. Lord Kelvin, so fertile in 
his thoughts, has made various suggestions: we will return to one 
later. To-day the electron theory of electricity, thanks mainly to 
the brilliant work of Stokes’ Cambridge colleague, J. J. Thomson, 
holds the field ; but the relation of the electron to the sther and 
the mechanism by which electrons produce sther waves have yet 
to be discovered. 

Larmor's suggestion that the flow of æther constitutes magnetic 
force, while a twist in an ether endowed with rotational elasticity 
produces electrio displacement, forms perhaps the most consistent 
picture of the process which we possess. 

Lord Kelvin, indeed, in 1888, suggested a structure for the sether 
which allows of & homogeneous mechanical account of optical 
phenomena being given. 

On this view the resistance to compression of the sther is 
negative, if free it would collapse, but the necessary stability is 
given by the supposition that it is fixed at the boundaries; it is a 
structure like a collection of soap-films stretched across a wire 
framework ; if the connexion be broken the whole collapses, so 
long as it remains the system can propagate transverse waves. 
With such an ether there is no difficulty in giving a consistent 
account of Optics, but it is difficult to imagine that the ether 
has such properties. I believe, however, that Lord Kelvin now 
thinks that a slight modification of his original hypothesis will lead 
to the same result so far as optics are concerned, but will enable 
him to get over the difficulty of postulating fixed boundaries. 

On such an hypothesis the molecular velocity of the ether might 
measure magnetic force, while electric displacement would then be 
proportional to the curl of the twist; or we might adopt the analogy 
suggested by Heaviside (‘Electrician,’ Jan. 23, 1891), and de- 
veloped, as I have said, by Larmor, according to which the kinetic 
energy measures the magnetic force and the twist the electric 
displacement, j 


28 PROCEEDINGS OF THE PHYSICAL SOCIETY. 


The electromagnetic theory, though it does not rest on a mechan- 
ical basis, has linked together optical and other phenomena in a 
striking fashion. The advance from the days of Green has been 
a great one. 

And leaving now the general theory, the development of its 
details has not been less striking. On all sides there has been 
advance, and along most of the lines of advance Stokes was a 
pioneer. 

Newton’s difficulty in accepting the undulatory theory was 
really solved when Young enunciated the principle of interference, 
but it needed Fresnel's experiments to convince men of its truth. 
It was clear, of course, that the effect at any point due to a wave 
of light could be calculated by finding the effect due to each 
element of the wave and summing these; but Stokes, in his papers 
on diffraction (1851), was the first to establish a correct expression 
for the effect produced at a distant point by an element of the 
wave and to show how these effects were to be summed. 

The germ of all that has been discovered by means of spectrum 
analysis is contained in his explanation of Kirchhoff’s original ex- 
periment, often quoted by Lord Kelvin, and from his paper on 
* Fluorescence" have sprung the modern theories of dispersion, 
including anomalous dispersion. On this point the note he has 
added to this paper in the third volume of his Collected Works 
has a special interest, Although he did not fathom the connexion 
between sther and matter, and, on the whole, the criticisms 
passed by later writers on his theory of aberration are to be 
accepted as justified, his papers must be studied by any one who is 
anxious to penetrate the mystery, and did much to put the facts in 
a clear light. 

My survey is, I realize, entirely inadequate; it is but a fraction 
even of the corner of the field I set out to examine that I have 
covered, but I must stop. Ihave said enough, I hope, to show that 
progress has been continuous and marked, and in no small degree 
that progress has been due to the work of Bir George Stokes. 


I had intended to bring before you some more practical queetions 
connected with the work of my own Laboratory. These must 
await a more fitting opportunity; meanwhile let me conclude as I 
began, by thanking you very heartily for placing me in this position, 
and assuring you of my desire to forward your best interests. 


yer. - Gc: * | 
Ursi v. Oe titik. 
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